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Preface

Most classes of operators that are not isomorphic embeddings are characterized by
some kind of a “smallness” condition. Narrow operators are those operators defined
on function spaces that are “small” at signs, i.e. at ¹�1; 0; 1º-valued functions. The
idea to consider such operators has led to many interesting problems that can be ap-
plied to geometric functional analysis, operator theory and vector lattices.

Narrow operators were formally defined and named by Plichko and Popov in 1990
(see [110] and [115]) for operators acting from a rearrangement invariant function
F-space with an absolutely continuous norm to an F-space. However, several au-
thors studied this type of operators earlier, including Bourgain [19] (1981), Bour-
gain and Rosenthal [20] (1983), Ghoussoub and Rosenthal [44] (1983), and Rosen-
thal [126, 127, 128] (1981–1984). In [44] the so-called norm-sign-preserving oper-
ators on L1 were considered, which are exactly the nonnarrow operators. There are
also two citations that have an essential influence on the theory of narrow operators,
even though they do not explicitly mention narrow operators: the book by Johnson,
Maurey, Schechtman and Tzafriri [49], and Talagrand’s paper [138].

The first systematic study of narrow operators was conducted by Plichko and Popov
in the memoir [110] mentioned above. In 1996 V. Kadets and Popov [57] extended the
notion of narrow operators to operators on C.K/-spaces. In 2001 V. Kadets, Shvidkoy
and Werner [63] introduced another notion of narrow operators with domains equal to
Banach spaces with the Daugavet property. In 2005 V. Kadets, Kalton and Werner [53]
introduced hereditarily narrow operators. In 2009 O. Maslyuchenko, Mykhaylyuk and
Popov [93] extended the definition of narrow operators to operators defined on vector
lattices.

This book describes the current theory of narrow operators defined on function
spaces and vector lattices. We aim to give a comprehensive presentation of known
results and to include a complete bibliography. The only topic that we do not de-
scribe in detail are the operators introduced by V. Kadets, Shvidkoy and Werner [63],
which are also called narrow operators, but which are very different from our nar-
row operators. Their theory is based on a completely different idea and is actually a
part of the modern theory of Banach spaces with the Daugavet property; we suggest
that this class of operators should be named Daugavet-narrow. These operators are
of great interest, but they deserve a monograph of their own, and there is not enough
space here to present all necessary background information for their study. We briefly
mention them in Section 11.3 without giving any details, but do provide the relevant
bibliography.



viii Preface

Chapter 1 contains preliminaries on F-spaces, Köthe function spaces, operator the-
ory and vector lattices, including the definition and initial properties of narrow opera-
tors defined on a Köthe function F-space on an atomless measure space .�;†;�/.

In Chapter 2 we show that the class of narrow operators contains compact and AM-
compact operators, Dunford–Pettis operators, operators whose ranges have smaller
density than the domain space, and some other classes. We also show that every
narrow operator from E to a Banach space can be restricted to a suitable subspace
isometrically isomorphic to E, in such a way that the restriction is compact and has
an arbitrarily small norm.

It turns out that for a large class of strictly nonconvex Köthe function F-spaces E
including Lp.�/ with 0 < p < 1, the only narrow operator defined on E is zero.
Using this fact, in Chapter 3 we show that a homogeneous nonseparable Lp.�/-space,
with 0 < p < 1, has no nontrivial separable quotient space; we also give an elegant
isomorphic classification of a class of spaces, which we call strictly nonconvex Köthe
function F-spaces.

Chapter 4 is devoted to an example of a narrow projection of a rearrangement invari-
ant (r.i.) space E onto a subspace isomorphic to E, showing that the class of narrow
operators is not contained in any other class of “small” operators, including compact
operators and strictly singular operators. In the separable case, this projection is de-
scribed as the integration operator with respect to one variable acting on functions of
two variables. This operator also plays an important role in other counterexamples.

In Chapter 5 we deal with the following natural questions about narrow operators:
What subsets of the complex plane could be spectra of narrow operators? Is the con-
jugate operator of a narrow operator, narrow? Is the sum of two narrow operators
narrow? Does the set of all narrow operators have the right-ideal property? Do nu-
merical radii of narrow operators approximate the numerical index of Lp?

It is well known that L1 has the Daugavet property, that is, the Daugavet equation
kI CKk D 1CkKk is satisfied for every weakly compact operatorK on L1 where I
is the identity of L1. In Chapter 6 we show that the Daugavet property and some of its
generalizations hold for narrow operators, and present applications to the geometric
structure of Lp.�/-spaces. In particular, for each 1 � p < 1, p ¤ 2, there is a con-
stant kp > 1 such that if X is a complemented subspace of Lp and the projection P
from Lp onto X satisfies kI � P k < kp then X is isomorphic to Lp. Further, if the
Banach–Mazur distance between two spaces Lp.�i /, i D 1; 2, is less that kp then the
corresponding measure spaces have isomorphic homogeneous parts are isomorphic,
up to constant multiples, for details see Section 6.4.

We showed in Chapter 4 that narrowness does not imply strict singularity. In Chap-
ter 7 we study in what situations various versions of strict singularity imply narrow-
ness. This chapter contains some of the deepest results of this book. Many of them
were obtained before the notion of narrowness was formally defined. We present
the theorem of Bourgain and Rosenthal [20] that every `1-strictly singular operator
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from L1 to a Banach space X is narrow and the very deep Rosenthal’s characteriza-
tion of narrow operators onL1 [128], which in particular implies that everyL1-strictly
singular operator onL1, also called a non-Enflo operator onL1, is narrow. We present
this result together with its connections with pseudo-embeddings, pseudonarrow op-
erators and the Enflo–Starbird maximal function �. This combines results of Enflo
and Starbird [37], Kalton [66] and Rosenthal [128]. We also present the theorem of
Johnson, Maurey, Schechtman and Tzafriri’s that every Lp-strictly singular operator
onLp, i.e. every non-Enflo operator onLp , is narrow. We finish the chapter with some
applications of these results. The study of `2-strictly singular operators logically be-
longs in this chapter, but the two known partial results require additional techniques
so we present them in Chapters 9 and 10, respectively.

In Chapter 8 we discuss different notions of “weak” embeddings of L1, namely
semi-embeddings,Gı -embeddings and sign-embeddings. We also present Talagrand’s
[138] construction of a subspaceX ofL1 such thatL1 does not isomorphically embed
in either X or L1=X . This is interesting for us, because the corresponding quotient
map is a nonnarrow operator from L1 to a Banach space that contains no isomorphic
copy of L1. Thus, an L1-strictly singular operator defined on L1, that is, a non-Enflo
operator defined on L1, does not have to be narrow if the range space is an arbitrary
Banach space.

Chapter 9 contains all known information concerning the Banach spaces X for
which every operator from Lp to X is narrow. Here two facts should be mentioned.
Every operator from Lp to Lr is narrow if 1 � p < 2 and p < r < 1, and
this is no longer true for any other values of p and r . The second result asserts that
every operator from Lp to `r is narrow if r ¤ 2. The techniques developed in this
chapter, which are quite interesting and include a probabilistic approach, allow us to
prove a partial result concerning narrowness of `2-strictly singular operators, which
is presented in Section 9.5.

One of the most striking facts concerning narrow operators is that, if an r.i. function
space E has an unconditional basis then every operator on E is a sum of two narrow
operators. In contrast, the sum of two narrow operators on L1 is narrow. These
phenomena are explained through the extension of the notion of narrow operators to
vector lattices. O. Maslyuchenko, Mykhaylyuk and Popov [93] (2009) proved that
the set of all narrow regular operators (i.e. differences of positive operators) between
lattices that are “nice enough,” including Lp, form a band, and so, in particular a
sum of two narrow regular operators is narrow, like for operators on L1. In fact all
operators on L1 are regular, so the phenomenon of sums on L1 is a special case of the
general behavior of regular narrow operators on “nice” vector lattices. In Chapter 10
we present a generalization of Kalton’s and Rosenthal’s representation theorems for
operators on L1 to vector lattices, which was proved in [93]. The last Section 10.9
contains a generalization of a result of Flores and Ruiz [39] about narrowness of
regular `2-strictly singular operators.
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Chapter 11 contains some variants of the notion of narrow operators. One of them,
hereditarily narrow operators, allowed V. Kadets, Kalton and Werner [53] to prove
the strongest generalization of Pełczyński’s theorem on the impossibility of the iso-
morphic embedding of L1 into a Banach space with an unconditional basis. Another
variant, gentle narrow operators introduced in [102], is used to give a partial answer
to the problem whether Rosenthal’s characterization of narrow operators on L1 can
be generalized to Lp for 1 � p < 2. Next we present the notion of C-narrow opera-
tors on C.K/-spaces defined in [57]. Since C.K/-spaces do not contain characteristic
functions, the definition of C-narrow operators is based on Rosenthal’s characteriza-
tion of narrow operators on L1. This approach proved quite fruitful and C-narrow
operators share many properties of narrow operators on Köthe–Banach spaces. The
last two sections are devoted to the usual notion of narrow operators but in somewhat
unusual settings. Most of the results on narrow operators use the absolute continuity
of the norm of the domain. Investigation of narrow operators defined on spaces with-
out this property, like L1, leads to many surprising results. For example, there exist
compact operators and even linear functionals on L1 that are not narrow. We present
the known results and open problems in this setting in Section 11.4. We finish the
chapter with a result that every 2-homogeneous scalar polynomial on Lp, 1 � p < 2,
is narrow. We think that it would be interesting to investigate the notion of narrowness
for polynomials on Banach spaces.

A number of proofs in this book are new, and some of them are due to our col-
leagues. Whenever we present their proofs, we gratefully credit the authors.

The concept of narrow operators, a subject of numerous investigations during the
last 30 years, gave rise to a number of attractive open problems. We state these prob-
lems throughout this book near the context from which they originate. For the conve-
nience of the reader, in the last Chapter 12 we list all open problems that were stated
in different chapters. We hope that the book will inspire new work on these problems.

This book was started during the visit of the first named author to Miami University
in Oxford, Ohio, USA, for the 2010/11 academic year. He thanks the Department of
Mathematics and Miami University for their hospitality and financial support.

We are grateful to our coauthors A. Dorogovtsev, V. Kadets, O. Maslyuchenko,
V. Mykhaylyuk and A. Plichko for their contributions to new proofs of different results
presented in the book, and to A. Kusraev, M. Ostrovskii and M. Pliev for their helpful
comments on preliminary drafts of the book. We also thank G. J. H. M. Buskes for
bringing to our attention the reference [99].

Chernivtsi/Oxford (Ohio), Mikhail Popov,
May 2012 Beata Randrianantoanina
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Chapter 1

Introduction and preliminaries

1.1 Background information

We assume that our readers are familiar with functional analysis in general, and the
well-known facts on Banach spaces. Standard texts on this material include books
by Lindenstrauss and Tzafriri [79, 80] and Albiac-Kalton [3]. Some sections require
elementary knowledge on vector lattices; we refer the reader to the books by Alipran-
tis-Burkinshaw [6] and Kusraev [74].

For the sake of generality, in a number of statements we consider the so-called
Köthe F-spaces as domain spaces for narrow operators. We understand that some of
the readers may not be interested in the non-Banach case. However, some signifi-
cant applications to the isomorphic structure concern the nonlocally convex F-spaces,
(these are contained in Chapter 3, and do not play a significant role in other chapters).
Our main reference in this direction is Rolewicz’s monograph [122].

1.2 Terminology and notation

Throughout the book, we consider Köthe function spaces (for definitions see below)
on finite atomless measure spaces only. We concentrate on atomless spaces since, by
definition, a narrow operator must send any atom to zero, and hence a narrow operator
is a direct sum of the zero operator on the atomic part and a narrow operator on the
atomless part of a measure space. Furthermore, an operator defined on a Köthe F-
space on an infinite atomless measure space is narrow if and only if all its restrictions
to finite measure parts are narrow. Therefore, we consider finite atomless measure
spaces only.

Let .�;†;�/ be a finite atomless measure space. For A 2 †, we set†.A/ D ¹B 2
†WB � Aº and †C.A/ D ¹B 2 †.A/W�.B/ > 0º. In particular, †C D †C.�/. By
a sub-� -algebra of† we mean a sigma-algebra†1 of subsets of� such that†1 � †.
In particular, � 2 †1 for each sub-� -algebra †1 of †. For A, Ai 2 †, i 2 I the
notation A D F

i2I Ai means that A D S

i2I Ai and simultaneously Ai \ Aj D ;
for each i; j 2 I , i ¤ j . For the � -algebra of Lebesgue measurable subsets of the
unit segment Œ0; 1� we use the same notations † and � as in the case of an arbitrary
measure space .�;†;�/. By 1A we denote the characteristic function of a set A 2 †.

IfM is a subset of a vector spaceX , then linM denotes the linear span ofM in X ,
that is, linM D ¹Pn

kD1 akxk Wn 2 N; ak 2 K; xk 2 M; k D 1; : : : ; nº, where
K 2 ¹R;Cº is a scalar field. The equality X D Y ˚ Z for a linear space X and its
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subspaces Y;Z means that X is a direct sum of subspaces Y and Z, that is, for every
x 2 X there exist unique elements y 2 Y and z 2 Z, such that x D y C z.

For a Banach space X by BX and SX we denote the closed unit ball and the unit
sphere of X , respectively. The symbol Œxn�1nD1 (or simply Œxn�) denotes the closed
linear span of a sequence .xn/1nD1; and M denotes the closure of a subset M of X .

Let 1 � p � 1 and let .Xn/1nD1 be a sequence of Banach spaces. By .
P1
nD1Xn/p

we mean the p̀-sum of Xns, that is, the Banach space of all sequences x D .xn/
1
nD1,

xn 2 Xn such that kxkdefD.P1
nD1 kxnkp/1=p < 1 if p < 1 and for p D 1 we set

kxkdefD supn2N kxnk < 1.
For Banach or F-spaces X and Y , the symbol L.X; Y / stands for the linear space

of all continuous linear operators from X to Y . In the case when X;Y are Banach
spaces, L.X; Y / is a Banach space endowed with the standard norm. If X D Y then
we shorten L.X/ D L.X;X/.

1.3 Narrow operators on function spaces

F-spaces

An F-space is a complete metric linear space X over a scalar field K 2 ¹R;Cº with
an invariant metric � (i.e. �.x; y/ D �.x C z; y C z/ for each x; y; z 2 X). Any
complete metric linear space has an equivalent invariant metric [122, Theorem 1.1.1].
We set kxk D �.x; 0/, and so, �.x; y/ D kx � yk, because � is invariant. Thus
defined map k � k W X �X ! Œ0;C1/ is called the F -norm of the F-space X .

A very important class of F-spaces that are not Banach spaces is the class of Lp.�/-
spaces with 0 � p < 1. Given a finite measure space .�;†;�/ and 0 < p < 1,
Lp.�/ is defined as the linear space (with respect to the natural operations of addition
and multiplication by scalars) of all classes of equivalent †-measurable functions
x W � ! K such that kxkpdefDR� jxjp d� < 1. The space L0.�/ is defined as the
linear space of all classes of equivalent †-measurable functions x W � ! K with the
metric kxk0defDR�jxj=.1C jxj/ d� < 1.

The space Lp.�/ for 0 � p < 1 is an F-space with respect to the defined above F -
norm. It is well known and not hard to check that the metric convergence in L0.�/ is
equivalent to the convergence in measure.

For elements x; y of L0.�/ the inequality x � y means that x.!/ � y.!/ for
almost all ! 2 �.

An important class of Banach spaces, which are linear subspaces of L0.�/, are the
spaces Lp.�/ for 1 � p < 1 defined by

Lp.�/ D
´

x 2 L0.�/W kxk D
�

Z

�

jxjp d�
�1=p

< 1
μ

;
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and the space

L1.�/ D
´

x 2 L0.�/W kxk D inf
A2†;�.A/D0

sup
t2�nA

jx.t/j < 1
μ

:

Köthe F-spaces and rearrangement-invariant F-spaces

Let .�;†;�/ be a finite measure space. An F-space E of equivalence classes of
measurable functions on� is called a Köthe F-space if the following conditions hold:

.Ki/ if y 2 E and jxj � jyj then x 2 E and kxk � kyk;

.Ki i/ 1� 2 E.

If, moreover, E is a Banach space and

.Ki i i/ E � L1.�/

then E is called a Köthe–Banach space.
Note that, in the terminology of Lindenstrauss–Tzafriri [80, p. 28], a Köthe func-

tion space is a Köthe–Banach F-space in our terminology, without the assumption of
integrability of its elements.

Let E be a Köthe–Banach space. Using the closed graph theorem, one can show
that, by .Ki i i /, the inclusion embedding of E to L1.�/ is continuous. For the same
reason, every element y 2 L1.�/ such that x � y 2 L1.�/ for every x 2 E, defines
an element g 2 E� by

g.x/ D
Z

�

xy d� : (1.1)

The set of all elements of E� of form (1.1) is denoted by E 0. It is a Köthe–Banach
space with respect to the norm kykE 0

defD sup¹R�0 xy d�0 W x 2 BE º.
A Köthe F-space E is said to have an absolutely continuous norm provided that

limn!1 kx � 1An
k D 0 for each x 2 E and every decreasing sequence of sets An 2

† with
T1
nD1An D ;. It is not hard to show that, if E is a Köthe F-space on a

finite measure space (which is always assumed in this book) then the norm of E is
absolutely continuous if and only if lim�.A/!0 kx � 1Ak D 0 for each x 2 E.

The majority of results on narrow operators are obtained under the assumption that
the norm of the domain space is absolutely continuous. However, it is possible to
replace this assumption with a weaker property, which is sufficient for most of these
proofs.

Definition 1.1. We say that a Köthe F-space E on a finite atomless measure space
has an absolutely continuous norm on the unit if lim�.A/!0 k1Ak D 0.

Observe that if a Köthe F-spaceE on .�;†;�/ has an absolutely continuous norm
on the unit, then E has an absolutely continuous norm on “any essentially bounded
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element.” Indeed, let x 2 L1, say, kxkL1
� n0 for some n0 2 N. Then for each

A 2 † we have kx � 1Ak � kn01Ak � n0k1Ak ! 0 as �.A/ ! 0.
Evidently, an absolutely continuous norm is an absolutely continuous norm on the

unit. The following example shows that the converse is not true.

Example 1.2. There exists a Köthe–Banach spaceE on Œ0; 1� with an absolutely con-
tinuous norm on the unit, which is not absolutely continuous.

Proof. Let E0 be any Köthe–Banach space on Œ0; 1� with an absolutely continuous
norm, and let Œ0; 1� D F1

nD1An with An 2 †C for each n 2 N. Then the Köthe–
Banach space E D .

S1
nD1E0.An//1 has the desired properties. Indeed, since

k1AkE D supn k1A\An
kE0

� k1AkE0
, we have that lim�.A/!0 k1AkE D 0 by

the absolute continuity of the norm of E0. Thus, setting x D P1
nD1 k1An

k�1
E0

1An
, we

obtain that kx �1An
kE D 1 for each n 2 N, and hence, the norm ofE is not absolutely

continuous.

The space Lp.�/ has an absolutely continuous norm if 0 � p < 1 and does not
have an absolutely continuous norm on the unit if p D 1.

For a function f 2 L0.�/, we define the distribution function df : R ! Œ0; �.�/�

of f by df .a/ D �¹! 2 � W f .!/ > aº.
We say that two functions f and g are equimeasurable if they have the same dis-

tribution function, that is, df .a/ D dg.a/ for all a 2 R. Two functions f and g are
called equimeasurable in modulus if their moduli have the same distribution function,
that is, djf j.a/ D djgj.a/ for all a � 0.

Following Braverman [22], we will say that an F-spaceE on a finite measure space
.�;†;�/ is rearrangement-invariant (r.i.) if

(a) if x 2 E and jyj � jxj a.e. then y 2 E and kykE � kxkE , and

(b) if x 2 E and djyj D djxj then y 2 E and kykE D kxkE .

We note that in the literature, some authors include additional conditions in the
definition of an r.i. space. Some authors also use a term “symmetric space” in this
context.

We will always consider r.i. spaces on a finite atomless measure space .�;†;�/.
All the spaces Lp.�/ with 0 � p � 1 are r.i. F-spaces. For more information on r.i.
F-spaces see [22, 80].

Some important systems of functions

We define the dyadic intervals as I kn D Œk�1
2n ;

k
2n / for n D 0; 1; : : : and k D 1; : : : ; 2n.

The L1-normalized Haar system is the following sequence in L1: h1 D 1 and

h2nCk D 1I2k�1
nC1

� 1I2k
nC1
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for n D 0; 1; 2; : : : and k D 1; 2; : : : ; 2n. Sometimes it is convenient to enumerate
the Haar system in a different way, namely h0;0 D 1, hn;k D 1I2k�1

nC1
� 1I2k

nC1
for

n D 0; 1; 2; : : : and k D 1; 2; : : : ; 2n. We reserve the notation .hn/1nD1 or .h0;0/ [
.hn;k/

1
nD0

2n

kD1 for the normalized Haar system in a Köthe space E on Œ0; 1�.
It is well known that the Haar system is a monotone basis of every separable r.i.

Banach space E on Œ0; 1� [80, p. 150], and it is an unconditional basis of E D Lp for
any p 2 .1;1/ [80, p. 155]. Moreover, it is an unconditional basis of a separable r.i.
spaceE on Œ0; 1� if and only if the Boyd indices ofE satisfy 1 < pE and qE < 1 [80,
p. 157]. The Haar system is the “best” possible system in any r.i. space E in the
following sense: if E embeds isometrically into a Banach space X with a basis .xn/
then, for each " > 0 there exists a block basis .uk/ of .xn/, which is .1C"/-equivalent
to the Haar system in E (this property is called the precise reproducibility of the Haar
system [80, p. 158]). In particular, it follows that if E embeds isomorphically into a
Banach space with an unconditional basis then the Haar system is unconditional in E,
and in this case the unconditional constant of the Haar system is the least possible
among all unconditional constants of unconditional bases of E.

Definition 1.3. Let .�;†;�/ be a finite atomless measure space. A sequence of sets
.Gn;k/

1 2n

nD0;kD1, Gn;k 2 † is called a tree of sets if

Gn;k D GnC1;2k�1 tGnC1;2k and �.GnC1;2k�1/ D �.GnC1;2k/ D 1
2
�.Gn;k/ ;

for n D 0; 1; : : : and k D 1; : : : ; 2n. The corresponding system of functions .gi /1iD1
defined by g1 D 1G0;1

and g2nCk D 1GnC1;2k�1
� 1GnC1;2k

for n D 0; 1; : : : and
k D 1; : : : ; 2n is called a Haar-type system.

As in the case of the Haar system, we will also sometimes use another notation for
a Haar-type system: .g0;0/[ .gk;i /1 2n

nD0;kD1 and for a tree of sets (see Definition 7.5).
The following notion plays an important role in the book.

Definition 1.4. An element x 2 L0.�/ is called a sign if x takes values in the set
¹�1; 0; 1º, and a sign on A 2 †, if it is a sign with supp x D A. A sign x is of mean
zero, provided

R

� x d� D 0.

Let .�;†;�/ be a finite atomless measure space. GivenA 2 †C, by a Rademacher
system on A we mean any sequence of mean zero signs on A which are independent
random variables. In other words, a sequence .rn/ of mean zero signs on A is a
Rademacher system on A if for any n 2 N and any n-tuple of sign numbers .	k/nkD1,
	k D ˙1 we have �¹! 2 � W rk.!/ D 	k ; k D 1; : : : ; nº D 2�n�.A/. Since � is
atomless, it is easy to construct such a sequence. The usual Rademacher system on
Œ0; 1�, or just the Rademacher system, is the sequence defined using the Haar system
by

rn D
2n
X

kD2n�1C1
hk D

2n�1
X

kD1
hn�1;k ; n D 1; 2; : : : :



6 Chapter 1 Introduction and preliminaries

Note that rn.t/ D sign sin.2n
t/ for each n 2 N and almost all t 2 Œ0; 1�. If an r.i.
space E on Œ0; 1� is not equal to L1, up to an equivalent norm, then .rn/ is a weakly
null sequence in E [80, p. 160].

By N<! we denote the set of all finite subsets of the positive integers. The Walsh
system .wI /I2N<! is defined as

wI D
Y

i2I
ri ;

where .rn/ is the Rademacher system (in particular, w; D 1, by convention). The
Walsh system with respect to the lexicographical order w;, w¹1º, w¹2º, w¹1;2º, w¹3º,
w¹1;3º, w¹2;3º, w¹1;2;3º; : : : is a Schauder basis of Lp for 1 < p < 1. The Walsh
system is an orthonormal basis of L2, a conditional basis of Lp for p ¤ 2, and a
Markushevich basis of L1.

Conditional expectation operator

Let .�;†;�/ be a measure space and let F be a sub-� -algebra of†. The conditional
expectation y D MF x of an x 2 L1 (or, generally, x 2 L1.X/ where X is a Banach
space) with respect to F is defined as the F -measurable function y 2 L1.F / (respec-
tively, y 2 L1.X/) such that

R

A x d� D R

A y d�, for each A 2 F . The uniqueness
of the conditional expectation is obvious; its existence in the scalar case is guaranteed
by the classical Radon–Nikodým theorem; in the vector-valued case is proved in [29,
p. 123], and in the case when F is generated by a finite partition � D Fm

kD1 Ak ,
Ak 2 †, is easily verified. Indeed, for each x 2 L1.X/ we have

MF x D
m
X

kD1

� 1

�.Ak/

Z

Ak

x d�
�

1Ak
: (1.2)

It is well known that the conditional expectation operator MF with respect to any
sub-� -algebra F of† is a contractive projection onLp.X/, for any p 2 Œ1;C1/ [29,
p. 122].

A typical example of a conditional expectation operator with respect to a nonatomic
sub-� -algebra is the integration in L1Œ0; 1�2 over one of the variables

.MF x/.s; t/ D
Z

Œ0;1�

x.s; t 0/ dt 0 ;

where F D ¹A � Œ0; 1� W A 2 †º.

Narrow operators and rich subspaces of Köthe spaces

For the rest of the book, unless specifically noted, by a Köthe F-space we mean a
Köthe F-space on a finite atomless measure space.
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Definition 1.5. Let E be a Köthe F-space and X be an F-space. An operator T 2
L.E;X/ is called narrow if for each A 2 †C and each " > 0 there exists a mean
zero sign x on A such that kT xk < ". If for each A 2 †C there exists a mean zero
sign x on A such that T x D 0 then T is called strictly narrow.

The property for an operator to be strictly narrow is a property of its kernel. This
leads us to the notion of a strictly rich subspace.

Definition 1.6. Let E be a Köthe F-space. A subspace X of E is called strictly rich
if for every A 2 †C there exists a mean zero sign x on A that belongs to X .

Obviously, X is strictly rich if and only if the quotient map from E onto E=X is
strictly narrow. On the other hand, an operator is strictly narrow if and only if its
kernel is strictly rich.

Definition 1.7. Let E be a Köthe F-space. A subspace X of E is called rich if the
quotient map from E onto E=X is narrow.

In other words, X is rich if for every A 2 †C and every " > 0 there exists a mean
zero sign y on A and x 2 X such that kx � yk < ".

The same definitions can be applied for a wider class of maps. In particular, to
prove that every order-to-norm continuous AM-compact operator (see Section 10.2)
from a vector lattice to a Banach space is narrow, we consider nonlinear narrow maps.

The following left-ideal property of narrow operators immediately follows from the
definition.

Proposition 1.8. Let E be a Köthe F-space and let X;Y be F-spaces. If T W E ! X

is a narrow (resp., strictly narrow) continuous linear operator and S W X ! Y is a
continuous linear operator then ST W E ! Y is narrow (resp., strictly narrow).

However, the set of all narrow operators from a Köthe F-space E to an F-space X ,
as we will see later, very seldom forms a linear subspace in the space L.E;X/ (see
Chapter 5).

If the domain space has an absolutely continuous norm on the unit then the con-
dition on signs to be of mean zero can be equivalently removed from Definition 1.5.
Moreover, the following conditions are sufficient for an operator to be narrow.

Proposition 1.9. Let E be a Köthe F-space with an absolutely continuous norm on
the unit, X an F-space and T 2 L.E;X/. Then the following assertions are equiva-
lent:

(i) T is narrow.

(ii) For each A 2 †C and each " > 0 there exists a sign x on A such that kT xk < ".
(iii) For eachA 2 † and each " > 0 there are B 2 †.A/ and a sign x on B such that

�.B/ � �.A/=2 and kT xk < ".
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Proof. (iii) ) (ii). Fix A 2 † and " > 0. Choose B1 2 †.A/ and a sign x1 on B1 so
that �.B1/ � �.A/=2 and kT x1k < "=2. Then set A1 D A n B1, and choose B2 2
†.A1/ and a sign x2 on B2 so that �.B2/ � �.A1/=2 � �.A/=4 and kT x2k < "=4.
Suppose B1; : : : ; Bn and x1; : : : ; xn have been chosen. Put An D An .B1[ : : :[Bn/
and choose BnC1 2 †.An/ and a sign xnC1 on BnC1 so that �.BnC1/ � �.An/=2

and kT xnC1k < "=2nC1. Then put x D P1
nD1 xn (the series converges because E

has an absolutely continuous norm on the unit). Since .xn/ are disjoint signs and
�.A nS1

nD1Bn/ D 0, x is a sign on A and kT xk < " by the construction.

(ii) ) (i). Fix A 2 † and " > 0. The absolute continuity of the norm on the unit
yields that there is ı > 0 such that for everyB 2 † the condition �.B/ < ı=2 implies
k2 � 1Bk < "=.2kT k/ (for general F-spaces we cannot take a constant out of the norm,
however k˛unk ! 0 as kunk ! 0 is still true). Now we choose n 2 N so that
�.A/=n < ı and partition A into n subsets A1; : : : ; An of measure �.A/=n. For each
k D 1; : : : ; n choose a sign xk on Ak with kT xkk < "=.2n/ and set ak D R

� xk d�.
Since jakj � �.A/=n for all k, we can inductively choose sign numbers 	k D ˙1 so
that

ˇ

ˇ

ˇ

n
X

kD1
	kak

ˇ

ˇ

ˇ

� �.A/

n
:

Then x D Pn
kD1 	kxk is a sign on A with kT xk < "=2 and

ˇ

ˇ

ˇ

Z

�

xk d�
ˇ

ˇ

ˇ

� �.A/

n
:

Now we put AC D ¹! 2 � W x.!/ D 1º and A� D A n AC. Observe that
x D 1AC � 1A� and j�.AC/ � �.A�/j � �.A/=n. Without loss of generality we
may and do assume that �.AC/ � �.A�/. Choose A0 2 †.AC/ so that 2�.A0/ D
�.AC/ � �.A�/ and set

x.!/ D
² �1 if ! 2 A0;
x.!/ if ! 2 � n A0:

It remains to observe that x is a mean zero sign on A and

kT xk � �

�T .x � x/��C kT xk < kT k��2 � 1A0

�

�C "

2
< " :

The implication (i) ) (iii) is obvious.

We do not know whether Definition 1.5 remains the same if for operators from
L.L1; X/, the condition on a sign to be of mean zero, is omitted.

Open problem 1.10. Does Definition 1.5 remain the same for E D L1 if the condi-
tion on a sign to be of mean zero is omitted?
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Theorem 11.55 below provides a partial answer to this problem.
The following lemma is a useful characterization of narrow operators.

Lemma 1.11. Let E be a Köthe F-space,X an F-space, and T 2 L.E;X/ a narrow
operator. Then for each A 2 †, " > 0 and any integer n � 1 there exists a partition
A D A0 tA00 into disjoint subsets of measures �.A0/ D .1�2�n/�.A/ and �.A00/ D
2�n�.A/ such that kT hk < ", where h D 1A0 � .2n � 1/1A00 .

For the proof one should use the definition n times.
We will also use the following elementary fact.

Lemma 1.12. LetE be a Köthe–Banach space on Œ0; 1� with an absolutely continuous
norm on the unit, X a Banach space and T 2 L.E;X/. Assume that for any dyadic
interval I kn and any " > 0, there exists x 2 E such that x2 D 1Ik

n
and kT xk < ".

Then T is narrow.

Proof. Given any A 2 † and " > 0, we choose n 2 N and J � ¹1; : : : ; 2nº so that
for I D S

j2J I
j
n we have k1A4I k < "

2kT k . Then for each j 2 J we find xj 2 E

such that x2j D 1
I

j
n

and kT xj k < "
2m

where m D jJ j. Then setting x D P

j2J xj
we have that x2 D 1I and kT xk � P

j2J kT xj k < "=2.
Finally, setting x D 1AnI C x � 1A\I we obtain x2 D 1A and kx � xk D k1A4I k.

Thus, by the above,

kT xk � kT xk C kT kkx � xk < "

2
C "

2
D " :

By Proposition 1.9, T is narrow.

1.4 Homogeneous measure spaces and Maharam’s theorem

When considering an r.i. spaceE on a general measure space .�;†;�/, sometimes it
is convenient to considerE over an isomorphic measure space of a special kind which
is provided by the Maharam theorem, as we describe below.

Some set-theoretical terminology

For the set-theoretical terminology we refer the reader to Jech’s book [48]. A set A is
called transitive if the relations C 2 B 2 A imply C 2 A. A transitive set which is
well ordered by the relation 2 is called an ordinal. For example, the sets

0
defD;; 1defD¹0º D ¹;º; 2defD¹0; 1º D ¹;; ¹;º¯; 3defD¹0; 1; 2º D

°

;; ¹;º; ®;; ¹;º¯
±

; : : :

are ordinals. The set ¹;; ¹;º; ¹¹;ººº is transitive but is not an ordinal. The axioms of
ZFC (more precisely, the axioms of choice and regularity) imply that, if a transitive
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set is linearly ordered by the relation 2 then it is an ordinal. Any well-ordered set A
is isomorphic to a unique ordinal � (i.e. there exists a monotone bijection between A
and � ). For any two ordinals ˇ; � one of the following mutually exclusive relation
holds: ˇ 2 � , ˇ D � , � 2 ˇ. So, the natural well ordering of ordinals is defined as
ˇ < � if and only if ˇ 2 � . In particular, an ordinal � equals the set of all ordinals
less than � .

The cardinality of a set A is denoted by jAj. A cardinal is any ordinal � having
the property that jˇj < j� j for every ˇ 2 � . An infinite cardinal � is denoted by !˛,
where ˛ is the ordinal which is isomorphic to the set of all infinite cardinals, less
than � . For example, !0 is the least (countable) infinite cardinal; !1 is the least
uncountable cardinal. For every ordinal ˛ there exists the cardinal !˛. The cardinality
of the cardinal !˛ is denoted by @˛ , i.e. j!˛j D @˛.

Isomorphisms of measure spaces, homogeneous spaces

Given a measure space .�;†;�/, by e† we denote the Boolean � -algebra of sets
from †, equal up to a set of measure zero, with respect to the natural operations _
and ^. Two measure spaces .�i ;†i ; �i /, i D 1; 2 are called isomorphic, if there
exists a Boolean measure-preserving isomorphism between the Boolean algebras e†1
and e†2. We say that an isomorphism I W .e†1; �1/ ! .e†2; �2/ is induced by a map
J W �1 ! �2 provided that I.�1.A// D �2.J.A// for every A 2 †1, where �i is
the quotient map from †i to e†i for i D 1; 2.

Note that r.i. spaces defined on isomorphic measure spaces are isometric. In-
deed, for every f 2 E.�1;†1; �1/, if 
 is an isomorphism between .�1;†1; �1/
and .�2;†2; �2/ then Tf .t/ D f .
�1.t// defines an equimeasurable function on
E.�2;†2; �2/.

The density densX of a topological space X is defined to be the least cardinality
of a dense subset of X . Let .�;†;�/ be a measure space. By dens† we denote the
density of the metric space .e†; �/ where �.A;B/ D �.A4B/. One can show that
dens† D densLp.�;†;�/ for every p 2 Œ0;1/.

A measure space .�;†;�/ is called homogeneous if dens†.A/ D dens† for
each A 2 †C. By the Maharam theorem [87], [75, p. 122], [110, p. 17], a homoge-
neous measure space .�;†;�/ is isomorphic to the measure space .D!˛ ;†!˛

; �!˛
/,

whereD!˛ is the !˛th power of the two-point setD D ¹�1; 1º with the Haar measure
�!˛

on the compact Abelian group D!˛ where @˛ D dens†.
If the reader has never considered this measure space, it is worthwhile to outline

some details of the construction. Given any nonempty set J , the set DJ is the set of
all J -sequences of sign numbers � W J ! D. For any finite subset F � J and a
collection ‚ D .	j /j2F of sign numbers 	j 2 D we define the cylindric set

AF;‚ D ®

� 2 DJ W �.j / D 	j for each j 2 F ¯



Section 1.4 Homogeneous measure spaces and Maharam’s theorem 11

of measure �J .AF;‚/ D 2�jF j. The collection of all disjoint unions of cylindric sets
is an algebra, called the cylindric algebra, to which the measure �J is extended in the
obvious manner. Then†J is defined to be the least � -algebra containing the cylindric
algebra, with the extended measure �J .

Definition 1.13. We say that a function x W DJ ! K depends on the coordinate
j 2 J if the set ¹� 2 DJn¹j º W x.� � ¹1º/ ¤ x.� � ¹�1º/º is not a null set with
respect to the measure �Jn¹j º.

A measurable function x W D!˛ ! K depends on, at most, countable set of coor-
dinates [36].

The Maharam theorem

By a disjoint union of sets .Ai /i2I we mean a union of “disjoint copies” of these
sets, for example

S

i2I .Ai � ¹iº/. Let .�i ;†i ; �i /, i 2 I be any family of measure
spaces. Denote by � the disjoint union of the sets � D S

i2I �i � ¹iº and let

e�i D �i � ¹iº and e†i D ®

B � ¹iº W B 2 †i
¯

; for all i 2 I :
Define a � -algebra† of subsets of� as† D ¹A � � W .8i 2 I / .A\e�i 2 e†i/º,

and a measure � on † by �.A/ D P

i2I �i.A \ e�i /.
The measure space .�;†;�/ is called the direct sum of measure spaces

.�i ;†i ; �i /, i 2 I and is denoted by

.�;†;�/ D
X

i2I
˚ .�i ;†i ; �i / :

We denote the measure space .�;†; " � �/ by " � .�;†;�/.
As a consequence of the Maharam theorem we obtain the following result, which

is also called the Maharam theorem.

Theorem 1.14 (Maharam [87] (1942)). For arbitrary finite atomless measure space
.�;†;�/ there exists a unique, at most, countable collection of ordinals M and a
decomposition � D F

˛2M �˛ with �˛ 2 †C, which is also unique, up to measure
zero sets, such that .�˛;†.�˛/; �j†.�˛// is isomorphic to "˛ � D!˛ , where "˛ D
�.�˛/. In other words, .�;†;�/ is isomorphic to the direct sum

P

˛2M ˚ "˛ �
.D!˛ ;†!˛

; �!˛
/.

Observe that the isomorphism of the corresponding Boolean algebras e†.�˛/ and
e†!˛

is induced by a map from �˛ to D!˛ in the proof of Maharam’s theorem.

Definition 1.15. The collection of ordinals M that appears in Theorem 1.14 will be
called the Maharam set of the measure space .�;†;�/.
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A very important special case of the Maharam theorem is the Carathéodory theorem
(see [75, p. 127]):

Theorem 1.16 (Carathéodory). Every two separable atomless probability spaces are
isomorphic.

As a consequence, an r.i. space which is defined on Œ0; 1� can be considered, iso-
metrically, as defined on Œ0; 1�2 or !˛ , whichever is more convenient.

1.5 Necessary information on vector lattices

For more information on vector lattices we refer the reader to [6] and [74]. A vector
space (over the reals) E with a partial order � is called an ordered vector space if

� for all x; y 2 E if x � y then x C z � y C z for every z 2 E;

� for all x; y 2 E, if x � y then ˛x � ˛y for every ˛ � 0.

An element x of an ordered vector space E is called positive if x � 0, and the set of
all positive elements of E is denoted by EC D ¹x 2 E W x � 0º. A subset X of
a partially ordered set E is called order bounded if there exists M 2 EC such that
jxj � M for each x 2 X .

An element x0 of a subset A of a partially ordered set E is called the least upper
bound of A (and is denoted by x0 D supA) if

� x � x0 for every x 2 A;

� for every y 2 E, if x � y for all x 2 A then x0 � y.

Analogously (by replacing the order direction � in the inequalities with �), we define
the greatest lower bound of a subset A of a partially ordered set E, which is denoted
by infA. An ordered vector space E is called a vector lattice (or, Riesz space) if for
any two elements x; y 2 E there exists the least upper bound x _ y D sup¹x; yº
and the greatest lower bound x ^ y D inf¹x; yº of the two-point set ¹x; yº in E.
Due to the vector structure, one may require the existence of the least upper bound of
any two-point set in E in this definition. A vector lattice is called Dedekind complete
if each bounded from above set has the least upper bound. A vector lattice E is
called Archimedean if inf¹n�1x W n 2 Nº D 0 for each x 2 EC. We will only
consider Archimedean vector lattices, which include all Dedekind complete vector
lattices [129, p. 64]. A subset F of a vector lattice E is called order closed, if for any
subset G � F the existence of y D supG 2 E (or y D infG 2 E) implies that
y 2 F .

LetE be a vector lattice. For every x 2 E the elements xC D x_0, x� D .�x/_0
and jxj D x _ .�x/ are called the positive part, the negative part, and the modulus
of x, respectively. Observe that x D xC � x� and jxj D xC C x�. Two elements
x; y 2 E are called disjoint (or orthogonal) if jxj ^ jyj D 0 and this fact is written as



Section 1.5 Necessary information on vector lattices 13

x?y. It is not difficult to see that xC?x� for each x 2 E. In general, x D xC � x�
is not a unique representation of x as a difference of two positive elements. However,
it is a unique representation of x as a difference of two disjoint positive elements.
Two subsets A;B � E are disjoint if x?y for all x 2 A and y 2 B . For any subset
A � E by Ad we denote the set Ad D ¹x 2 E W A and ¹xº are disjointº. The
notation x D Fn

kD1 xk means that x D Pn
kD1 xk and xi? xj if i ¤ j .

Following [2, p. 86] we say that an element u > 0 of a vector lattice E is an atom,
whenever 0 � x � u, 0 � y � u and x^y D 0 imply that either x D 0 or y D 0. For
a Dedekind complete vector lattice E we can equivalently reformulate this definition
as follows. A nonzero element x of a Dedekind complete vector lattice E is an atom
if for each y 2 E the equality jxj D jyj is possible only if y D x or y D �x. A
vector lattice E is atomless if there is no atom x 2 E.

An element y of a vector lattice E is called a fragment (in other terminology, a
component) of an element x 2 E, provided y?.x � y/. The notation y v x means
that y is a fragment of x. Evidently, a nonzero element x 2 E is an atom if and
only if the only fragments of x are 0 and x itself. Hence, a Dedekind complete vector
lattice E is atomless if each nonzero element x 2 E has a proper fragment y v x,
that is, 0 ¤ y ¤ x. Clearly, any Köthe F-space on an atomless measure space is an
atomless vector lattice.

A disjoint tree on a positive element of a vector lattice. The following object will
be used in different constructions below. Let E be a vector lattice and 0 ¤ e 2 EC.
A sequence .en/1nD1 in E is called a disjoint tree on e if e1 D e and 0 < en D
e2n t e2nC1 for each n 2 N. Clearly, all en are fragments of e.

The order convergence

We shall consider the order convergence in vector lattices. Here we give a brief intro-
duction; for more details we refer the reader to [5].

Let E be a vector lattice. By a net in E we mean any function � W ƒ ! E from a
directed partially ordered set ƒ (that is, for each ˛; ˇ 2 ƒ there is � 2 ƒ such that
˛ � � and ˇ � � ) to E. Such a net is denoted by .x˛/˛2ƒ, where x˛ D �.˛/, or just
by .x˛/ if we are not interested in paying attention to a concrete set of indicesƒ. A net
.x˛/˛2ƒ is called increasing (resp., decreasing) provided x˛ � xˇ (resp., x˛ � xˇ )
for all indices ˛ < ˇ from ƒ. In this case we write x˛ " (resp., x˛ #).

A decreasing net .x˛/ order converges to zero in E (notation x˛ # 0) if inf˛ x˛ D
0. More generally, a net .x˛/˛2ƒ inE order converges to an element x 2 E (notation

x˛
o�! x) if there exists a net .u˛/˛2ƒ in E such that u˛ # 0 and jxˇ � xj � uˇ

for all ˇ 2 ƒ. A map f W E ! F between vector lattices is called order continuous

at a point x0 2 E if for any net .x˛/ in E the condition x˛
o�! x implies that

f .x˛/
o�! f .x/ in F . A map f W E ! F is called order continuous if it is

order continuous at each point x0 2 E. We remark that the lattice operations of two
variables xCy, x�y, ax (where a 2 R), x_y and x^y and of one variables x ! xC,
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x ! x� and x ! jxj are order continuous (to see that, one first needs to prove the
inequalities jx C yj � jxj C jyj, jjxj � jyjj � jx � yj, j.x _ z/� .y _ z/j � jx � yj,
and the same with _ and ^ for any x; y; z 2 E). In particular, the order continuity of
the first of these operations implies that, a linear map between vector lattices is order
continuous if and only if it is order continuous at the origin. For the order convergence,
one can also use the Squeeze theorem, and pass to a limit in an inequality for order
convergent nets.

There is another way, in more natural terms for analysts, to introduce the notion
of order convergence. The lower and the upper order limits of an order bounded net
.x˛/ in a Dedekind complete vector lattice E are defined as follows

lim inf
˛

x˛ D sup
˛

inf
ˇ�˛

xˇ D
^

˛

_

ˇ�˛
xˇ ; lim sup

˛
x˛ D inf

˛
sup
ˇ�˛

xˇ D
_

˛

^

ˇ�˛
xˇ :

It is a useful exercise to show that lim inf˛ x˛ � lim sup˛ x˛ for any order bounded
net .x˛/. We remark that an order convergent net need not be order bounded (consider,
for example, the net of real numbers .xn/n2Z defined by xn D �n for n D �1;�2; : : :
and xn D 0 for n D 0; 1; 2; : : :). However, it is not an essential restriction to consider
only order bounded nets.

Proposition 1.17. For an order bounded net .x˛/ in a Dedekind complete vector
lattice E the following conditions are equivalent:

(a) .x˛/ is order convergent;

(b) lim inf˛ x˛ D lim sup˛ x˛.

Moreover, if these conditions hold, the order limit equals the lower and the upper
limits.

One can find a proof of Proposition 1.17 in [5, p. 323].
We will use the following characterization of the order convergence in Köthe F-

spaces.

Proposition 1.18. Let E be a Köthe F-space on a finite atomless measure space
.�;†;�/. A sequence .xn/ in E order converges to an element x 2 E if and only if
.xn/ is order bounded in E and xn ! x a.e. on �.

Proof. It is not a difficult technical exercise to show that for a decreasing sequence
yn # in E, the conditions infn yn D 0 and yn ! 0 a.e. on � are equivalent. So,
the condition jxn � xj � yn # 0 implies the order boundedness of .xn/ and that
xn ! x a.e. on �. Now let .xn/ be order bounded and xn ! x a.e. on �. We set
yn.t/ D supm�n jxm.t/ � x.t/j for each t 2 �. Then jxn � xj � yn and yn #. By
the above, yn # 0.
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Definition 1.19. Let E be a vector lattice. For an arbitrary set J a series
P

j2J xj
of elements xj 2 E is called order convergent and the family .xj /j2J is called order
summable if the net .ys/s2J<! , ys D P

j2s xj order converges to some y0 2 E,
where J<! is the net of all finite subsets s � J ordered by inclusion. In this case y0
is called the order sum of the series

P

j2J xj and we write y0 D P

j2J xj . A se-
ries

P

j2J xj is called absolutely order convergent and the family .xj /j2J is called
absolutely order summable if the series

P

j2J jxj j order converges.

We shall use some elementary properties of the above notions.

Proposition 1.20 ([92]). Let E be a Dedekind complete vector lattice, xj 2 EC,
j 2 J . Then we have the following:

(i) The order convergence of
P

j2J xj is equivalent to the order boundedness of
¹Pj2t xj W t 2 J<!º; in this case

P

j2J xj D supt2J<!

P

j2t xj .

(ii) If the series
P

j2J xj order converges and yj 2 E are such that jyj j � xj ,
for j 2 J , then the series

P

j2J yj is also order convergent and jPj2J yj j �
P

j2J xj .

Proof. To prove (i), it suffices to observe that, by positivity of the elements, for each
s 2 J<! we have supt�s

P

j2t xj D supt2J<!

P

j2t xj if both corresponding sets
are bounded. Moreover, the boundedness of these sets are equivalent.

(ii) Assume first that yj � 0 for every j 2 J . Then the set ¹Pj2t yj W t 2 J<!º
is bounded by

P

j2J xj . Since E is Dedekind complete, there exist the least upper
bound

P

j2J yj D supt2J<! s
P

j2t yj � supt2J<!

P

j2t xj D P

j2J xj .

Now we consider the general case jyj j � xj . Let yC D P

j2J yC
j , y� D

P

j2J y�
j , y D yC � y�. Then for each s0 2 J<! we obtain

inf
s�s0 sup

t�s
X

j2t
yj D inf

s�s0 sup
t�s

�

X

j2t
yC
j �

X

j2t
y�
j

�

� inf
s�s0 sup

t�s

�

yC �
X

j2s
y�
j

�

D inf
s�s0

�

yC �
X

j2s
y�
j

�

D yC � y� D y:

Analogously,

sup
s�s0

inf
t�s

X

j2t
yj D sup

s�s0

inf
t�s
�

X

j2t
yC
j �

X

j2t
y�
j

�

� sup
s�s0

inf
t�s
�

X

j2s
yC
j � y��

D sup
s�s0

�

X

j2s
yC
j � y�� D yC � y� D y:

Thus, we have proved that sups�s0 inft�s
P

j2t yj � y � infs�s0 supt�s
P

j2t yj .
On the other hand ,

inf
s�s0 sup

t�s
X

j2t
yj � inf

s�s0

sup
t�s

�

X

j2t
yC
j � y�� D inf

s�s0.y
C � y�/ D y :
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Hence, infs�s0 supt�s
P

j2t yj D y. Analogously, sups�s0 inft�s
P

j2t yj D y.
Finally, using (i), we obtain that

ˇ

ˇ

ˇ

X

j2J
yj

ˇ

ˇ

ˇ

D jyj D jyC � y�j � yC C y� D
X

j2J
yC
j C

X

j2J
y�
j

D
X

j2J
.yC
j C y�

j / D
X

j2J
jyj j �

X

j2J
xj :

Corollary 1.21. An absolutely order convergent series
P

j2J xj in a Dedekind com-
plete vector lattice is order convergent and jPj2J xj j � P

j2J jxj j.
We shall show later that the absolute order convergence of a series of operators

inL1 is equivalent to the strong `1-sum of operators introduced by Rosenthal in [128].
But first we need to introduce the lattice structure in the operators space.

Lattices of linear operators and the modulus of an operator

Given vector lattices E and F , by L.E;F / we denote the vector space of all linear
operators T W E ! F . An operator T 2 L.E;F / is called:

� positive (we write T � 0/ if T x 2 FC for every x 2 EC;

� regular if T is a difference of two positive operators T D S1 � S2, S1; S2 � 0;

� order bounded if T sends order bounded sets in E to order bounded sets in F .

The symbols LC.E;F /, Lr.E;F / and Lb.E;F / will be used to denote the sets
of all positive, regular and order bounded linear operators from an ordered vector
spaceE to an ordered vector spaceF . Since every positive operator is obviously order
bounded, we have that Lr.E;F / � Lb.E;F / for arbitrary ordered vector spaces E
and F .

We define an order on L.E;F / by setting S � T if and only if T � S � 0. It is
an easy exercise to show that L.E;F / is an ordered vector space with respect to the
defined above order. However, this ordered vector space need not be a vector lattice,
in general. The problem is, that S _ T and S ^ T may not exist. It is interesting
to notice that the lattice operations _ and ^ can be described by the modulus of an
element. More precisely,

(i) x _ y D 1
2 .x C y C jx � yj/

(ii) x ^ y D 1
2
.x C y � jx � yj/

hold for each x; y 2 E. Indeed,

x C y C jx � yj D x C y C .x � y/ _ .y � x/
D �

.x C y/C .x � y/� _ �.x C y/C .y � x/�

D .2x/ _ .2y/ D 2.x _ y/;
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and (ii) is proved analogously. Thus, if for every element x of an ordered vector
space E there exists its modulus jxj D x _ .�x/ then E is a vector lattice.

An answer to the question of when does the ordered vector space of all order
bounded linear operators is a vector lattice, is given by the following theorem, see [6,
p. 12].

Theorem 1.22 (Riesz–Kantorovich’s theorem). Let E;F be vector lattices with F
Dedekind complete. Then the ordered vector space Lb.E;F / is a Dedekind complete
vector lattice. Its lattice operations satisfy the following equalities for every S; T 2
Lb.E;F / and x 2 EC

�

S _ T � x D sup
®

Sy C T z W y; z 2 EC; x D y C z
¯I

�

S ^ T � x D inf
®

Sy C T z W y; z 2 EC; x D y C z
¯

:

Thus, if E;F are vector lattices with F Dedekind complete, then for any operator
T 2 L.X; Y / the following assertions are equivalent:

(a) T is regular.

(b) T is order bounded (in particular, jT j exists by Dedekind completeness of F ).

Moreover, if these conditions are satisfied then jT jx D sup¹jTyj W jyj � xº for each
x 2 EC.

The following statement gives useful formulas for evaluating the modulus of an
operator (see [6, p. 15] and [6, p. 39]).

Lemma 1.23. Let E and F be vector lattices with F Dedekind complete. Then for
every T 2 Lb.E;F / and every x 2 EC we have

jT jx D sup
°

n
X

kD1

ˇ

ˇT xi
ˇ

ˇ W x D
n
X

kD1
xk ; xk 2 EC; n 2 N

±

: (1.3)

If, moreover, E is Dedekind complete then

jT jx D sup
°

n
X

kD1

ˇ

ˇT xi
ˇ

ˇ W x D
n
G

kD1
xk ; xk 2 EC; n 2 N

±

: (1.4)

Furthermore, the expression in the braces of the right-hand side of both equalities is
an increasing net with respect to the directed set of all finite partitions of x into disjoint
fragments, ordered as follows: .xi /i2I � .yj /j2J if and only if xi D F

j2Ji
yj for

each i 2 I and some subset Ji � J .

Ideals and bands

A sublattice of a vector lattice E is a vector subspace F of E which is a lattice itself
with respect to the same ordering. A subset A of a vector lattice E is called solid if
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for any x 2 A and y 2 E the condition jyj � jxj implies that y 2 A. A solid vector
subspace is called an ideal. An order closed ideal is called a band. A band I of a
vector lattice E is called a projection band if E D I ˚ Id .

For an arbitrary vector lattice E and any subset A � E by Band.A/ we denote
the least band in E which contains A (obviously, the intersection of bands is a band,
so, Band.A/ equals the intersection of all bands of E containing A). The following
useful result is well known, see [6, p. 33], [129, p. 62].

Lemma 1.24. Let E be a Dedekind complete vector lattice, A � E be any subset.
Then Ad is a band and E D Band.A/˚ Ad . In particular, each band is a projection
band.

Let A be a solid subset of a vector lattice E. We denote by Abs .A/ the set of all
sums of absolutely order convergent series

P

j2J xj of elements xj 2 A.
We will frequently use the following result. It should be noted that the idea of the

statement was implicitly used by Rosenthal in [128] for the case of the lattice L.L1/

to obtain a decomposition of any operator T 2 L.L1/ as a sum T D Ta C Tc of
a purely atomic and a purely continuous operators, however for the setting of vector
lattices it appeared in papers of O. Maslyuchenko, Mykhaylyuk and Popov [92, 93].

Theorem 1.25. LetA be a solid subset of a Dedekind complete vector latticeE. Then

(i) Ad D ¹x 2 E W for all y 2 A; 0 � y � jxj implies y D 0º;

(ii) Band.A/ D Abs.A/.

In particular, E D Abs .A/ ˚ Ad is a decomposition into mutually complemented
bands.

Proof. Let B denote the set in the right-hand-side of (i).
(i) Suppose that x 2 Ad , y 2 A and 0 � y � jxj. Then 0 D jxj ^ y D y and

hence x 2 B .
Now suppose that x 2 B and y 2 A. Since A is solid and 0 � jxj ^ jyj � jyj, we

have that jxj ^ jyj 2 A. By the definition of B and 0 � jxj ^ jyj � jxj we have that
jxj ^ jyj D 0 and hence x 2 Ad .

(ii) By Lemma 1.24,
E D Band .A/˚ Ad : (1.5)

We claim that
E D Abs .A/˚ Ad : (1.6)

First we prove the existence of an expansion. Let x 2 E. Since x D xC � x�, it is
enough to consider the case x > 0. Observe that for each summable family

P

i2I xi ,
xi 2 E, and each a 2 E, a ¤ 0, the set Ia D ¹i 2 I W xi D aº is finite. Let S be a
set of cardinality card.S/ > card.E/. Consider the collection

Ax D ®

.xj /j2J W J � S; xj 2 A; xj > 0;
X

j2J
xj � x

¯

;
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with the order .xi /i2I � .yj /j2J if I � J and xi D yi for i 2 I . Obviously,
I ¤ S for each family .xi /i2I 2 Ax . If Ax D ; then it is easy to see that x 2 B .
Therefore, (i) implies that x 2 Ad and x D 0 C x is the desired expansion. Let
now Ax ¤ ;. Since the inequality

P

j2J xj � x is equivalent to the inequalities
P

j2J0
xj � x for any finite subset J0 � J then the family .Ax ;�/ is inductively

ordered. By the Zorn lemma, there exists a maximal element .aj /j2J in Ax . Then
x1 D P

j2J aj 2 Abs .A/ and x1 � x. Using (i) and the maximality of .aj /j2J
we obtain that x2 D x � x1 2 Ad . Thus, x D x1 C x2 is the desired expansion.
Since Abs .A/ � Band .A/, (1.5) implies that Abs .A/ \ Ad D ¹0º. Thus, (1.6) is
proved. It remains to note that Abs .A/ � Band .A/, (1.5) and (1.6) together imply
that Abs .A/ D Band .A/.

We remark that since Abs .A/ is a band, it is equal to the set of all sums of (not
necessary absolutely) order convergent series

P

j2J xj of elements xj 2 A.

Banach lattices

A Banach space X which is a vector lattice with respect to an order � is called a
Banach lattice if for each x; y 2 X the inequality jxj � jyj implies that kxk � kyk.

By definition, every Köthe–Banach space is a Banach lattice with respect to the
order x � y whenever x.t/ � y.t/ a.e. Conversely, every Banach lattice, under
minor assumptions, in certain sense can be considered as a Köthe–Banach space. To
make it precise, we recall some definitions. Let F be an ideal of a Banach lattice E.
An element e 2 FC is called a weak unit of F provided for every x 2 F the condition
x?e D 0 implies that x D 0. Two Banach lattices are called order isometric if there
is an order-preserving linear isometry between them, called an order isometry. A
Banach lattice E is called order continuous if for each net .x˛/ in E the condition

x˛ # 0 implies that kx˛k ! 0. Note that in this case the condition x˛
o�! 0 also

implies that kx˛k ! 0. If the same is true for sequences only, E is said to be � -order
continuous.

Proposition 1.26. Let E be a Köthe–Banach space on a finite atomless measure
space .�;†;�/. Then the Banach lattice E is � -order continuous if and only if E
has an absolutely continuous norm.

Proof. Assume E is � -order continuous. Then, given any x 2 E, An 2 †, AnC1 �
An,

T1
nD1An D ;, then jxj � 1An

# 0 and hence, kx � 1An
k ! 0, that is, E has an

absolutely continuous norm.
Let E have an absolutely continuous norm, xn 2 E, xn # 0. We prove that

kxnk ! 0. Assuming the contrary, we choose a subsequence .yn/ of .xn/ so that
kynk � ı for all n and some ı > 0. Since xn # 0, by Proposition 1.18, yn ! 0 a.e.

on �, hence, there is a subsequence .zn/ of .yn/ such that zn
��! 0. In particular,

�.An/ ! 0 where An D ¹t 2 � W jzn.t/j � ı=2º. By the absolute continuity of
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norm, kx1 � 1An
k ! 0. Let n0 be such that kx1 � 1An0

k < ı=2. Since jzn0
j � jx1j, we

have that kzn0
� 1An0

k � kx1 � 1An0
k < ı=2 and hence ,

�

�zn0

�

� � �

�zn0
� 1An0

�

�C �

�zn0
� 1�nAn0

�

� <
ı

2
C ı

2
D ı ;

a contradiction.

Below we mention two results which imply that the notion of a Banach lattice is
not far from Köthe–Banach spaces.

Theorem 1.27. (Kakutani, [80, Proposition 1.a.9]) Every order continuous Banach
lattice X can be decomposed into an unconditional direct sum of a (generally un-
countable) family of disjoint ideals .X�/�2ƒ, each X� having a weak unit e˛ > 0.
More precisely, every x 2 X has a unique representation x D P

�2ƒ x�, with
x� 2 X� for all � 2 ƒ, where the series has, at most, countably many nonzero
terms and converges unconditionally. Moreover, if Z is a separable subspace of X
then one of the indices, say �0, can be chosen so that Z � X�0

.

Corollary 1.28. Every separable subspace Z of a Banach lattice X is contained in
some ideal X0 of X with a weak unit.

Theorem 1.29. ([80, Theorem 1.b.14]) Let X be an order continuous (= � -Dedekind
complete and � -order continuous) and Banach lattice with a weak unit. Then there
exists a probability space .�0;†0; �0/, an ideal (not necessarily closed) Y of L1.�0/
and a lattice norm k � kY on Y such that

(a) there is an order isometry J W .Y; k � kY / ! X;

(b) L1.�0/ is dense in Y , and Y is dense in L1.�0/;

(c) kxk1 � kxkY � 2kxk1 for all x 2 L1.�0/;

(d) The dual Y � to .Y; k � kY / has the following representation: for every G 2 Y �
there exists a unique element g 2 Y 0 such that G.y/ D R

�0 yg d�0 for every
y 2 Y , and moreover, kGk D kgk.

Combined Theorems 1.27 and 1.29, give a representation of an order continuous
Banach lattice as a Köthe–Banach space.

The following simple observation is very useful.

Proposition 1.30. If Y and Z are mutually complemented bands in a Banach lat-
tice X then the decomposition X D Y ˚Z generates contractive projections, that is,
if x D y C z with y 2 Y and z 2 Z then max¹kyk; kzkº � kxk.

Indeed, it is a useful exercise to show that if u? v in a vector lattice then juC vj D
juj C jvj. In particular, jxj D jyj C jzj and hence, jyj � jxj and jzj � jxj. By the
definition of a Banach lattice, kyk � kxk and kzk � kxk.
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1.6 Kalton’s and Rosenthal’s representation theorems for
operators on L1 and their generalization to vector
lattices

It is a very special and very important property of operators on L1 that every operator
T 2 L.L1/ is regular [129, p. 232], that is, it is equal to a difference of two positive
operators. As a consequence, we obtain that for any operator T 2 L.L1/ the modulus
jT j 2 L.L1/ exists and could be defined by (1.3) (or equivalently, by (1.4)). More-
over, kjT jk D kT k for every T 2 L.L1/ [129, p. 232]. This latter fact yields that the
vector lattice L.L1/ is a Banach lattice with respect to the operator norm.

The following representation of an operator on L1 as a sum of its “large” and
“small” parts was obtained by Kalton in [66] (1978).

Theorem 1.31 (Kalton’s representation theorem). For any operator T 2 L.L1/ there
exists a weak�-measurable function �t from Œ0; 1� to the set MŒ0; 1� of all regular
Borel measures on Œ0; 1�, such that for each x 2 L1

T x.t/ D
Z

Œ0;1�

x.
/ d�t .
/ a:e: (1.7)

Conversely, every weak�-measurable function �t W Œ0; 1� ! MŒ0; 1� defines an oper-
ator T 2 L.L1/ by (1.7).

Once we decompose the measure �t which defines an operator T 2 L.L1/ as a
sum of the atomic part �at D P1

nD1 an.t/ı�n.t/ (where ı� is Dirac’s measure) and
the atomless part �ct , we get the following representation of T

T x.t/ D
1
X

nD1
an.t/x.�n.t//C

Z

Œ0;1�

x.
/ d�t .
/ ; (1.8)

(see also [45]).
In the proof of the main result of [128] Rosenthal used a theorem which we call

Rosenthal’s version of the Kalton representation theorem. For some purposes it ap-
pears to be more convenient than the original Kalton’s theorem. As noted by Rosen-
thal in [128], his version could be formally obtained from Kalton’s theorem. This
theorem of Rosenthal can be stated as follows. Each operator T 2 L.L1/ can be
uniquely represented as T D Tpa C Tc where Tpa; Tc 2 L.L1/ are purely atomic
and purely continuous operators, respectively (for the definitions see below).

We present below a generalized version of Rosenthal’s representation theorem.
This version (Theorem 1.33) is a partial case of Theorem 1.25 applied to the set
A D Ldpo.E;F / of disjointness-preserving operators acting from a vector lattice E
to a Dedekind complete vector lattice F , as a solid subspace of the latticeLr .E;F / of
all regular linear operators from E to F . Thus, we have a decomposition of Lr .E;F /
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into mutually complemented bands Lr.E;F / D Lpe ˚ Lpn, where Lpe is the band
generated by disjointness-preserving operators (notationLpe will be explained in Def-
inition 1.32 below), andLpn is the band of the so-called pseudonarrow operators (see
Definition 1.32 below). It is an amazing and deep result that the band Lpn coincides
with the set of all regular narrow operators from E to F (for details see Chapter 10).
This last result for E D F D L1 was established by Kalton and Rosenthal, using
another terminology.

A generalization of Rosenthal’s theorem to regular operators on any
lattice

Recall that an operator T 2 L.E;F / is called disjointness preserving (d.p.o., in short)
if T maps disjoint elements to disjoint elements. The set of all disjointness-preserving
regular operators is denoted by Ldpo.E;F /.

Definition 1.32. Let E;F be vector lattices with F Dedekind complete. An operator
T 2 Lr.E;F / is called

� a pseudo-embedding if there exists an absolutely order summable family .Tj /j2J
of d.p.o. in Lr.E;F / such that T D P

j2J Tj ;

� pseudonarrow if there is no nonzero d.p.o. S 2 LC
r .E;F / with S � jT j.

A linear operator between two vector lattices is a positive d.p.o. if and only if it is a
lattice homomorphism, that is, a linear operator which preserves the lattice operations
(see [6, p. 88]).

Our terminology “pseudo-embedding” and “pseudonarrow operator” will become
clear in Chapter 7 due to two theorems of Rosenthal concerning operators on L1. One
of them (Theorem 7.39) asserts that a nonzero operator is a pseudo-embedding if and
only if it is a near isometric embedding when restricted to a suitable L1.A/-subspace.
The other one (Theorem 7.45) implies, in particular, that an operator in L1 is narrow
if and only if it is pseudonarrow.

The set of all pseudo-embeddings from E to F will be denoted Lpe.E;F /. Thus,
Lpe.E;F / D Abs.Ldpo.E;F // by definition. The set of all pseudonarrow operators
T 2 Lr.E;F / will be denoted Lpn.E;F /.

Theorem 1.33. Let E;F be vector lattices with F Dedekind complete. Then

(i) Ldpo.E;F / is solid in Lr.E;F /;

(ii) Band .Ldpo.E;F // D Lpe.E;F /;

(iii) Ldpo.E;F /d D Lpn.E;F /;

(iv) Lpe.E;F / and Lpn.E;F / are mutually complemented bands, hence
Lr .E;F / D Lpe.E;F /˚ Lpn.E;F /.
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Proof. By Theorem 1.25, it is enough to prove (i). Suppose 0 � A 2 Ldpo.E;F /,
B 2 Lr .E;F / and jBj � A. We prove that B 2 Ldpo.E;F /. Let x1; x2 2 E, x?y.
Since jBxi j � jBj jxi j � A jxi j; i D 1; 2, we obtain that 0 � jBx1j ^ jBx2j �
A jx1j ^ A jx2j D 0. Thus, Bx1?Bx2.

Observe that Band .Ldpo.E;F // D Lpe.E;F / is equal to the band generated by
the lattice homomorphisms T W E ! F .

By the Ogasawara theorem [6, Theorem 4.4], the setLoc
b
.E;F / of all order contin-

uous order bounded operators fromE to F is a band inLb.E;F / D Lr .E;F /. Since
an intersection of bands is a band, we obtain the following version of Theorem 1.33
for order continuous operators.

Corollary 1.34. Let E;F be vector lattices with F Dedekind complete. Then

(i) set Loc
dpo
.E;F / is solid in Locr .E;F /;

(ii) Band .Loc
dpo

.E;F // D Locpe.E;F /;

(iii) Loc
dpo

.E;F /d D Locpn.E;F /;

(iv) the sets Locpe.E;F / and Locpn.E;F / are mutually complemented bands, hence
Locr .E;F / D Locpe.E;F /˚Locpn.E;F /.

Here, Loc
dpo
.E;F /, Locpe.E;F / and Locpn.E;F / denote the corresponding intersec-

tions of Ldpo.E;F /;Lpe.E;F / and Lpn.E;F / with Locr .E;F / D Loc
b
.E;F /.



Chapter 2

Each “small” operator is narrow

In this chapter we identify classes of “small” operators which are contained in the class
of narrow operators. The results are valid for operators on Köthe F-spaces with abso-
lutely continuous norms. An absolute continuity assumption can be slightly relaxed
(see Section 2.1) but it cannot be omitted: as we will see later, there are continuous
linear functionals on L1 that are not narrow (see Section 10.2).

We also show that, on the one hand, narrow operators are very “small,” since they
allow a restriction which is a compact operator on a suitable subspace of the domain
space. On the other hand, they are “large” in a sense that on some spaces (e.g. Lp, 1 <
p < 1), a sum of two narrow operators can be an arbitrary operator (see Section 5.1).

Further analysis of what notions of “smallness” imply that the operator is narrow,
is presented in Chapter 7.

2.1 AM-compact and Dunford–Pettis operators are narrow

A linear operator T from a vector lattice (in particular, from a Köthe function F-
space) E to an F-space X is called AM-compact if T sends order bounded sets in E
to relatively compact sets inX . IfE is a Banach lattice then an AM-compact operator
to a Banach space is automatically continuous. Obviously, each compact operator is
AM-compact, but the converse is not true (for example, the conditional expectation
operator in Lp.�/ for 1 � p < 1 with respect to a purely atomic sub-� -algebra).

Proposition 2.1. Let E be a Köthe F-space with an absolutely continuous norm on
the unit, and letX be an F-space. Then each compact and each AM-compact operator
T 2 L.E;X/ is narrow.

Proof. Given any A 2 †C and " > 0, we consider a Rademacher system .rn/ in
E.A/. Then the set ¹T rn W n 2 Nº is relatively compact and hence, there are numbers
n ¤ m such that kT hk < ", where h D .rn � rm/=2. Since h is a sign on some
B 2 †.A/ with �.B/ D �.A/=2, by Proposition 1.9, T is narrow.

Let X and Y be separable Banach spaces. Using a standard technique, one can
construct a compact injective operator T 2 L.X; Y /. Thus, we obtain the following
consequence of Proposition 2.1.
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Proposition 2.2. Let E be a Köthe–Banach space with an absolutely continuous
norm on the unit, and let X be a Banach space. Then there exists a narrow oper-
ator T 2 L.E;X/ which is not strictly narrow.

An operator T 2 L.X; Y / between Banach spaces X and Y is called a Dunford–
Pettis operator if T sends weakly null sequences in X to norm null sequences in Y .

Proposition 2.3. Let E be an r.i. Banach space on Œ0; 1� which is not equal to L1,
up to an equivalent norm, and let X be a Banach space. Then every Dunford–Pettis
operator T 2 L.E;X/ is narrow.

Proof. Given any A 2 †C, consider a Rademacher system .rn/ in E.A/. Since

rn
w�! 0 [80, p. 160], we have that kT rnk ! 0.

LetX be a Banach space. An operator T 2 L.L1.�/;X/ is said to be representable
if there is y 2 L1.X/ such that T x D R

� xy d� for all x 2 L1.�/. Note that in this
case kT k D kyk. For more information on representable operators we refer the reader
to [29].

Proposition 2.4. LetX be a Banach space. Then each representable and hence, each
weakly compact operator T 2 L.L1.�/;X/ is narrow.

Proof. Each representable operator is Dunford–Pettis [29, p. 74], and each weakly
compact operator defined on L1.�/ is representable [29, p. 75].

Let X and Y be Banach spaces. An operator T 2 L.X; Y / is called absolutely
summing if T sends unconditionally convergent series in X to absolutely convergent
series in Y .

Proposition 2.5. LetE be a Köthe–Banach space andX be a Banach space. Suppose
that for each A 2 †C there exists a Rademacher system on A which is equivalent to
the unit vector basis of `2. Then each absolutely summing operator T 2 L.E;X/ is
narrow.

Proof. Fix A 2 †C. Let .rk/ be a Rademacher system on A equivalent to the unit
vector basis of `2. The unconditional convergence of the series

P1
nD1 1n rn implies

that
P1
nD1 1n kT rnk < 1 and hence lim infn kT rnk D 0.

We remark that if E is an r.i. space on Œ0; 1� with qE < 1 then the assumption of
Proposition 2.5 is satisfied [80, p. 134].

Another well-known class of “small” operators is the class of strictly singular op-
erators.

Let X;Y;Z be Banach spaces. We say that an operator T 2 L.X; Y / fixes a
copy of Z provided there exists a subspace X0 of X isomorphic to Z such that the
restriction T jX0

of T to X0 is an isomorphic embedding. Otherwise we say that T
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is Z-strictly singular. An operator T 2 L.X; Y / is called strictly singular if it is Z-
strictly singular for every Banach space Z.

Clearly, every compact operator is strictly singular, however the converse is not
true: the identity operator from `p to `r with 1 � p < r < 1 is strictly singular
and noncompact. We will see later (Section 4.2) that narrow operators do not have
to be strictly singular. However it is a very interesting problem whether every strictly
singular operator has to be narrow.

Open problem 2.6. Let E be a Köthe–Banach space with an absolutely continuous
norm, and X be a Banach space. Is every strictly singular operator T 2 L.E;X/

narrow?

This problem will be studied in detail in Chapter 7. In particular we will show a
result of Bourgain and Rosenthal which says that the answer is affirmative for E D
L1.�/ (Theorem 7.2). There are also other partial results; however, in general the
problem remains open. A related problem was posed by Plichko and Popov in [110].

Open problem 2.7. Let E be a Köthe–Banach space with an absolutely continuous
norm, and X be a Banach space. Is every `2-strictly singular operator T 2 L.E;X/

narrow?

See Sections 9.5 and 10.9 for partial answers to this problem.

2.2 “Large” subspaces are exactly strictly rich

In the real case we have the following convenient criteria for a subspace to be strictly
rich.

Theorem 2.8 ([110] (1990)). Let E be a Köthe F-space over the reals on a finite
atomless measure space .�;†;�/ for which there exists a reflexive Köthe–Banach
space E1 on .�;†;�/ with continuous inclusion embedding E1 � E. Then for a
subspace X of E the following assertions are equivalent:

(i) X \ L1.A/ ¤ ¹0º for each A 2 †C.

(ii) X is strictly rich.

(iii) For each A 2 †C and any number � > 0 there is (a “biased” sign) x 2 X of the
form x D 1B � �1C , where A D B t C and �.C / D �.A/=.� C 1/.

Notice that all spaces E D Lp.�/ with 0 � p < 1 satisfy the assumption of the
theorem, for example, with E1 D Lr.�/ where r D max¹p; 2º. Moreover, this is
also true for any r.i. Banach space with an absolutely continuous norm, because of a
result of Semenov from [130] (1968).
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For the proof of the theorem we need the following simple observation that will
also be used later.

A subset B D ¹ei W i 2 I º of a vector space E over a field K 2 ¹R;Cº is
called a Hamel basis in E, if for every x 2 E there exists a unique collection of at
most, finitely many nonzero scalars .ai /i2I such that x D P

i2I aiei . As a direct
consequence of Zorn’s lemma, we have that any vector space has a Hamel basis. One
can prove that any two distinct Hamel bases of the space X are of the same (finite or
infinite) cardinality �, that is defined to be the H-dimension of X , i.e. H-dimX

defD�
(see, e.g. [28, p. 3]). We use the notation H-dimX , because when X is a topological
vector space, dimX is the usual notation for the least cardinality of subsets of X
with dense linear span, that is not the same in the infinite dimensional case. The H-
codimension of a subspace Z of a vector spaceX is defined to be the H-dimension of
the quotient space H-codimZ

defDH-dimX=Z.

Lemma 2.9. Let X be a vector space, and let Y;Z be its subspaces. If dimY >

codimZ then Y \Z ¤ ¹0º.

Proof of Lemma 2.9. Let 
 W X ! X=Z be the quotient map and 
 jY W Y ! X=Z

its restriction to Y . Since dim Y > dimX=Z, there is y 2 Y n ¹0º with 
y D 0. This
means that y 2 Y \ Z n ¹0º.

Proof of Theorem 2.8. Implications (iii) ) (ii) ) (i) are obvious. We prove (i) )
(iii). For every A 2 †C we set E0.A/ D ¹x 2 E.A/ W R� x d� D 0º. Since � is
atomless, (i) yields that X \L1.A/ is an infinite dimensional subspace of E.A/, and
E0.A/ is a 1-codimensional subspace of E.A/. Thus, by Lemma 2.9,

X \ L01.A/ D X \ L1.A/ \E0.A/ ¤ ¹0º : (2.1)

Fix any � > 0 and set KA D ¹x 2 X \ L01.A/ W �� � x � 1º. By (2.1)
KA ¤ ¹0º. Direct verifications show that KA is a convex closed bounded subset
of E. From the definition of a Köthe space we deduce that KA is bounded in E1,
and by continuity of the embedding E1 � E we obtain that KA is closed in E1. By
the Banach–Alaoglu theorem, KA is a convex weakly compact subset of E1, and by
the Krein–Milman theorem, there exists an extreme point x 2 KA. We claim that,
x.!/ ¤ 0 for almost all ! 2 A and, moreover, if x.!/ > 0 then x.!/ D 1, and if
x.!/ < 0 then x.!/ D �� a.e. Indeed, otherwise there exist ı > 0 and B 2 †C.A/
such that ��.1� ı/ � x.!/ � 1� ı for every ! 2 B . Choose any y 2 KB n ¹0º and
set ı0 D min¹ı; ı�; ı=�º. Then x C ı0y 2 KA and x � ı0y 2 KA. This contradicts
the condition that x is an extreme point of KA. Set B D ¹! 2 A W x.!/ D 1º and
C D A n B . Then x D 1B � �1C and (iii) holds.

As a consequence, we obtain that, under the theorem assumptions onE, every finite
codimensional subspace F of E is strictly rich.
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2.3 Operators with “small” ranges are narrow

Here by “small” we mean that the density of the range of an operator T W E ! X is
strictly less than the density of every subspace E.A/ with A 2 †C.

Before continuing to the main results, we establish a connection between absolute
continuity of the norm and the denseness of simple functions.

Proposition 2.10 ([69]). LetE be a Köthe F-space on a finite atomless measure space
.�;†;�/. If the norm ofE is absolutely continuous then the set of all simple (= finite
valued) functions is dense in E. Conversely, if the set of all simple functions is dense
in E and E has an absolutely continuous norm on the unit then the norm of E is
absolutely continuous.

Proof. Throughout the proof, S denotes the linear space of all simple functions in E.
Let the F -norm on E be absolutely continuous. Observe that for each x 2 L1.�/,

since jxj � kxkL1.�/ � 1� a.e., we have that kxkE � k1�kkxkL1.�/. This implies
that, since S is dense in L1.�/ with respect to the norm of L1.�/, S is dense in
L1.�/ with respect to the F -norm of E. Thus, it is enough to prove that L1.�/ is
dense in E. Fix any x 2 E and " > 0. For each n 2 N we set �n D ¹t 2 � W
jx.t/j � nº. By absolute continuity of the F -norm on E, there exists n 2 N so that
kx � x � 1�n

k D kx � 1�n�n
k < ". Since x � 1�n

2 L1.�/, L1.�/ is dense in E.
Now assume that the norm on E is an absolutely continuous norm on the unit,

and S is dense in E. Fix any x 2 E and " > 0. Choose y 2 S so that kx � yk < "=2
and set M D kykL1.�/. Define xM 2 S by

xM .t/ D
²

x.t/; if jx.t/j � M;

M sign x.t/; if jx.t/j > M:
Observe that jx�xM j � jx�yj a.e. Since lim�.A/!0 k1Ak D 0, there exists ı > 0

so that for every A 2 � with �.A/ < ı, kM1Ak < "=2. Thus for every A 2 � with
�.A/ < ı we obtain

kx1Ak � kxM 1Ak C k.x � xM /1Ak � kM1Ak C kx � yk < "

2
C "

2
D " ;

so the norm on E is absolutely continuous.

Corollary 2.11. Let E be a Köthe F-space on Œ0; 1� with an absolutely continuous
norm. Then E is separable. Moreover, the linear span D of simple functions sup-
ported on dyadic intervals is dense in E.

Proof. Given any set A 2 †, let .Bn/ be a sequence of dyadic intervals so that
limn!1�.A4Bn/ D 0. By the absolute continuity of the norm, k1A � 1Bn

k D
k1A4Bn

k ! 0 as n ! 1. Thus, D is dense in the set of all simple functions which,
in turn, is dense in E by Proposition 2.10.
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We remark that the assumption of absolute continuity of the norm on the unit in the
second part of Proposition 2.10 is essential, since L1.�/ is an example of a Köthe
F-space on .�;†;�/ in which the set of all simple functions is dense, however the
norm is not absolutely continuous.

Theorem 2.12. Let E be a Köthe F-space with an absolutely continuous norm on the
unit on a finite atomless measure space .�;†;�/ and X an F-space. If densE.A/ >
densX for every A 2 †C then every operator T 2 L.E;X/ is narrow.

Proof. Using Maharam’s Theorem 1.14, we decompose � D F

˛2M �˛ so that for
every ˛ 2 M, the measure spaces .�˛;†.�˛/; �j†.�˛// and "˛ � .D!˛ ;†!˛

; �!˛
/

are isomorphic for some "˛ > 0 such that
P

˛2M "˛ D �.�/, where M is the
Maharam set of the measure space .�;†;�/.

Fix any A 2 †C and let A˛ D A \�˛ for each ˛ 2 M. Then fix any ˛ 2 M with
�.A˛/ > 0. By Maharam’s theorem, the measure space .A;†!˛

.A/;�!˛
j†!˛ .A/

/

is isomorphic to .D!˛ ;†!˛
; �!˛

/. Hence, E.A/ contains a “Rademacher system”
of cardinality @˛, that is, an !˛-sequence of probabilistic independent mean zero
signs .rˇ /ˇ<!˛

. Since densX < @˛, there are indices ˇ ¤ � < !˛ such that
kT h˛k < �.�/�1"˛" where h˛ D .rˇ � r� /=2. Observe that h˛ is a sign on a subset
B˛ 	 A˛ of measure �.B˛/ D �.A˛/=2. For convenience, we set h˛ D 0 and
B˛ D ; if �.A˛/ D 0. By the absolute continuity of the norm on the unit, the series
h D P

˛2M h˛ converges in E, and h is a sign on the set B D F

˛2M B˛ of measure

�.B/ D
X

˛2M

�.B˛/ D
X

˛2M

�.A˛/

2
D �.A/

2
:

Moreover, by the construction,

kT hk �
X

˛2M

kT h˛k < �.�/�1"
X

˛2M

"˛ D " :

By Proposition 1.9, T is narrow.

A similar argument allows to estimate the density of a Köthe F-space with an abso-
lutely continuous norm on the unit.

Proposition 2.13. Let E be a Köthe F-space on D!˛ with an absolutely continuous
norm on the unit. Then densE.A/ � @˛ for each A 2 †C

!˛
. If, moreover, the norm

of X is absolutely continuous then densE.A/ D @˛ .

Proof. Suppose A 2 †C
!˛

. First we will show that densE.A/ � @˛. Assume, on
the contrary, that densE.A/ < @˛. Observe that the identity operator on E.A/ is not
narrow. Then using Proposition 1.9, we choose " > 0 and A1 2 †!˛

.A/C so that for
every B 2 †!˛

.A1/, if �!˛
.B/ � �!˛

.A1/=2 then kxk � " for every sign x on B .
By Maharam’s theorem, the measure space .A1;†!˛

.A1/; �!˛
j†!˛ .A1// is iso-

morphic to .D!˛ ;†!˛
; �!˛

/. Hence, E.A1/ contains a “Rademacher system” of
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cardinality @˛, that is, an !˛-sequence of probabilistic independent mean zero signs
.rˇ /ˇ<!˛

on A1. Since densE.A1/ � densE.A/ < @˛, there are indices ˇ1 ¤
ˇ2 < !˛ such that kxk < ", where x D .rˇ1

� rˇ2
/=2. Observe that x is a mean zero

sign on some set B � A1 with �!˛
.B/ D �!˛

.A1/=2, a contradiction.
Let the norm of E be absolutely continuous. We prove the converse inequality. By

Proposition 2.10, the set S.A/ of all simple functions on A is dense in E.A/. Using
the absolute continuity of the norm, one can show that the set eZ.A/ of all simple
functions of the form

Pm
kD1 qk1A\Am

, where m 2 N and qk are scalars from some
countable dense subsetQ of K, and Ak are cylindric sets from†!˛

, is dense in S.A/,
and thus, in E.A/ (see Proposition 2.10).

It remains to observe that the setR of all cylindric sets from†!˛
has cardinality @˛.

Thus, densE.A/ � jeZ.A/j � @˛ � jQj � jRj D @˛.

Using the Maharam theorem, Theorem 2.12 can be reformulated as follows.

Corollary 2.14. Let E be a Köthe F-space with an absolutely continuous norm on
the unit on a finite atomless measure space .�;†;�/ with the Maharam set M and
˛ D min M. Let X be an F-space with densX < @˛ . Then every operator T 2
L.E;X/ is narrow.

Under a stronger assumption on X , we obtain a similar statement for strictly rich
subspaces.

Theorem 2.15. Suppose thatE is a Köthe F-space on a finite atomless measure space
.�;†;�/ for which there exists a reflexive Köthe–Banach space E1 on .�;†;�/
with continuous inclusion embedding E1 � E. Let M be the Maharam set of
.�;†;�/ and ˛ D min M. Then the following assertions hold.

(a) Let X be a subspace E with H-codimX < @@0
˛ . Then X is strictly rich.

(b) Let X be an F-space with H-dimX < @@0
˛ . Then every operator T 2 L.E;X/ is

strictly narrow.

For the proof, we need the following lemma.

Lemma 2.16. Let X be an infinite dimensional F-space. Then H-dimX D jX j D
.densX/@0 .

Proof of Lemma 2.16. For infinite dimensional F-spaces of continuum cardinality c

the equality H-dimX D c was proved by Drewnowski in [34]. Since for infinite
cardinal numbers �2 D �, we get that if H-dimX > c then

jX j D
1
X

nD1
c � .H-dimX/n D

1
X

nD1
c � H-dimX D @0 � c � H-dimX D H-dimX :

Finally, the equality jX j D .densX/@0 was proved by Kurochkin in [73].
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Proof of Theorem 2.15. Observe first that (a) and (b) easily imply each other. So, for
the real case we prove (a), and for the complex scalar case we prove (b).

The real case. Let X be a subspace satisfying the assumption of (a). We show
that X satisfies condition (i) of Theorem 2.8. Let A 2 †C. Then by Lemma 2.16

H-dimL1.A/ D �

densL1.A/
�@0 � �

densE.A/
�@0 � @@0

˛ > H-dimX :

Thus, by Lemma 2.9, X \ L1.A/ ¤ ¹0º, and by Theorem 2.8, X is strictly rich.
The complex case. Let X be an F-space satisfying the assumption of (b), and let

T 2 L.E;X/. Denote by XR the F-space X considered as an F-space over the reals.
We show that

H-dimXR < @@0
˛ : (2.2)

If X is finite dimensional then so is XR, and therefore, (2.2) holds. Let X be infinite
dimensional, and let .ej /j2J be a Hamel basis of X . Then the linear span of the
system .ej /j2J [ .i � ej /j2J in XR is XR, and hence, H-dimXR � jJ j2 D jJ j D
H-dimX < @@0

˛ . Consider eE D ¹x 2 E W Im x D 0º and eE1 D ¹x 2 E1 W Im x D 0º
as real spaces. Obviously, eE is a real Köthe F-space and eE1 is a real Köthe–Banach
space on .�;†;�/. We show that eE1 is reflexive using reflexivity of E1 and the
following well-known criterion: a Banach space Z is reflexive if and only if its unit
ball BZ is weakly compact. We know that BE1

is compact with respect to the weak
topology generated by functionals f 2 E�

1 . Define a map F W BE1
! B

eE1
by

F.x/ D Re x, and note that this map is onto. Since a continuous image of a compact
set is compact, it is enough to show that F is �.E�

1 ;
eE�
1/-continuous. Let .x˛/ be a

net in BE1
weakly converging to x. Our goal is to show that .Re x˛/ converges to

Re x in the weak topology of eE1. Indeed, given any g 2 eE�
1 , we define f 2 E�

1 by
f .y/ D g.Re y/C ig.Im y/. Then

jg.Re x˛/� g.Re x˛/j D jg.Re.x˛ � x//j � jf .x˛ � x/j ! 0 :

Thus, we have proved that F is �.E�
1 ;
eE�
1/-continuous, and hence eE1 is reflexive.

Obviously, eE1 � eE is a continuous inclusion. Hence, by (b) for the real case, the
restriction T j

eE
W eE ! XR is a strictly narrow operator. Thus T is strictly narrow.

Theorem 2.15 gives very restrictive conditions on the dimension of the range of
an operator to be strictly narrow. However, under weaker assumptions an operator is
narrow (see Theorem 2.12 and Corollary 2.14). Is it strictly narrow?

Open problem 2.17. Let E be a Köthe F-space with an absolutely continuous norm
on .�;†;�/ and X be an F-space. Suppose that densE.A/ > densX for every
A 2 †C. Does it follow that every operator T 2 L.E;X/ is strictly narrow?

After Lomonosov’s elegant result that every compact operator T 2 L.`2/ has a
nontrivial invariant subspace, every class of “small” operators is checked whether it
has the same property. We do not know of any results in this direction.
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Open problem 2.18. Let E be a Köthe–Banach space on .�;†;�/. Does every
narrow operator T 2 L.E/ have a nontrivial invariant subspace?

2.4 Narrow operators are compact on a suitable subspace

The following proposition shows that for every narrow operator there exists a subspace
of the domain space so that the restriction of the operator to this subspace is compact.

Proposition 2.19. Let E be a Köthe–Banach space on a finite atomless measure
space .�;†;�/ with an absolutely continuous norm, and let X be a Banach space
and T 2 L.E;X/ a narrow operator. Then for eachA 2 †C and each " > 0 there ex-
ists an atomless sub-� -algebra †1 of †.A/ such that the restriction T1 D T jE0.†1/

of T to the subspace E0.†1/ D ¹x 2 E.†1/ W RA x d� D 0º is compact and
kT1k � ".

For the proof we need a known fact asserting that an operator is compact and has
“small” norm if it is sufficiently “small” at a Markushevich basis. A Markushevich
basis (or just an M -basis) of a Banach space X is a biorthogonal system .xi ; x

�
i /i2I

of pairs xi 2 X , x�
i 2 X� with some index set I (i.e. x�

j .xi / D ıi;j ) such that

(a) .xi /i2I is complete (or, in another terminology, fundamental), that is, Œxi � D X ;

(b) minimal, i.e. xj … Œxi �i2In¹j º for each j 2 I ;

(c) .x�
i /i2I is total in X�, i.e. the w�-closure of the linear span of .x�

i / equals X�.

Let X;Y be Banach spaces. An operator T 2 L.X; Y / is called nuclear if there
exist sequences .x�

n/ in X� and .yn/ in Y such that
P1
nD1 kx�

nkkynk < 1 and
T x D P1

nD1 x�
n.x/yn for each x 2 X . Every nuclear operator is compact [29,

p. 170].

Lemma 2.20. Let .xn; x�
n/

1
nD1 be an M -basis of a Banach space X , Y a Banach

space, T 2 L.X; Y /, and " > 0. If kT xnk < "n for each n 2 N where "n D
2�nkx�

nk�1" then T is compact and kT k � ".

The following elegant proof was communicated to us by Plichko.

Proof of Lemma 2.20. Fix any n 2 N. Observe that if x D Pn
kD1 akxk and kxk D 1

then kx�
k

k � jx�
k
.x/j D jakj for each k D 1; : : : ; n. Thus

kT xk �
n
X

kD1
jakj"k �

n
X

kD1
kx�
kk "

2kkx�
k

k < " ;

so kT k � ". And, since
P1
nD1 kx�

nkkT xnk � " < 1, T is a kernel operator, and
hence, is compact.
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Proof of Proposition 2.19. Fix any " > 0 and A 2 †C. Using the definition of a nar-
row operator, we construct a normalized Haar-type system, beginning with the second
term, .gn/1nD2 with supp g2 D A such that kTgnk � 2�n.�.supp gn//�1kgnk" for
n D 2; 3; : : : Let †1 be the sub-� -algebra of †.A/ generated by .supp gn/1nD2. By
Proposition 2.10, the set of all simple functions is dense in E, and by absolute conti-
nuity of the norm, we obtain that the system .gn/

1
nD1 is complete inE.†1/ and hence,

Œgn�
1
nD2 D E0.†1/. Observe that the system g�

n D .�.supp gn//�1gn, n D 2; 3; : : :

is biorthogonal to .gn/1nD2 in E0.†1/. By Lemma 2.20, T1 D T jE0.†1/
is com-

pact.

In the case of a separable r.i. space, even more is true.

Theorem 2.21 ([110]). Let E be an r.i. Banach space on Œ0; 1� with an absolutely
continuous norm, X a Banach space and T 2 L.E;X/ a narrow operator. Then for
each " > 0 there exists a subspace E0 of E isometrically isomorphic to E such that
the restriction T jE0

of T to E0 is a compact operator with kT jE0
k � ".

Moreover, for each " > 0 and each sequence of positive numbers ."n/1nD1 there
exists a normalized Haar-type system .gn/

1
nD1 in E such that kTgnk < "n for n D

1; 2; : : :, and for the subspaceE0 D Œgn�
1
nD1 we have that T jE0

is a compact operator
with kT jE0

k � ".

As in the proof of Proposition 2.19, one can construct a sequence .gn/1nD2 iso-
metrically equivalent to the L1-normalized Haar system in E, beginning with the
second term such that kTgnk are small enough. However, this is not enough because
of the absence of the first term. Therefore, our goal is to construct such a sequence,
beginning with n D 1.

We need the following statement which follows easily from the definition of a nar-
row operator.

Lemma 2.22. Let y be a mean zero sign on A 2 †C. Then for each "1 > 0 there
exists a mean zero sign x on A such that kT xk < "1 and which is independent of y,
that is, for all sign numbers 	1 and 	2 one has �¹t 2 A W x.t/ D 	1 & y.t/ D 	2º D
�.A/=4.

Proof of Proposition 2.21. Fix any "; "n > 0 for n D 1; 2; : : :. Choose a mean zero
sign g1 on Œ0; 1� so that kT g1k � 2�1k1Œ0;1�k" and kT g1k < "1. Now we are going
to construct a sequence .gn/

1
nD1 of signs such that for all n D 1; 2; : : :,

kT gnk � 2�n��.suppgn/
��1kgnk" and kT gnk < "n ; (2.3)

and such that the sequence .Jgn/
1
nD1 is isometrically equivalent to the L1-norma-

lized Haar system inE, where J 2 L.E/ is the onto isometry defined by Jx D g1 �x;
x 2 E.
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By Lemma 2.22, we choose a mean zero sign g2 on Œ0; 1� independent of g1 so
that kT g2k � 2�2k1Œ0;1�k". To construct g3 and g4, let A1;1 D ¹t W g1.t/ D 1º
and A1;2 D ¹t W g1.t/ D �1º. Since g2 is independent of g1, we have that f1;i D
g2 � 1A1;i

is a mean zero sign on A1;i for i D 1; 2. Again by Lemma 2.22, we choose
a mean zero sign g3 on A1;1 independent of f1;1 so that kT g3k < 2�3 � 2kg3k",
and a mean zero sign g4 on A1;2 independent of f1;2 so that kT g4k < 2�4 � 2kg4k".
Likewise, to construct g5; g6; g7 and g8, we set A2;1 D ¹t 2 A1;1 W g2.t/ D 1º,
A2;2 D ¹t 2 A1;1 W g2.t/ D �1º, A2;3 D ¹t 2 A1;2 W g2.t/ D �1º and A2;1 D
¹t 2 A1;2 W g2.t/ D 1º. We remark that it is essential to define A2;3 in such a way
that g2.t/ D �1 on this set, and g2.t/ D 1 on A2;4, because when operator J acts
on the functions g7 and g8 which are being constructed, it reverses their signs. The
independence of g3 of f1;1 and g4 of f1;2 yields that the functions

f2;1 D g3 � 1A2;1
; f2;2 D g3 � 1A2;2

; f2;1 D g4 � 1A2;3
; f2;1 D g4 � 1A2;4

are mean zero signs on the sets A2;1, A2;2, A2;3 and A2;4, respectively. By
Lemma 2.22, we choose a mean zero sign g5 on A2;1 independent of f2;1 with
kT g5k < 2�522kg5k", a mean zero sign g6 on A2;2 independent of f2;2 with
kT g6k < 2�622kg6k", a mean zero sign g7 on A2;3 independent of f2;3 with
kT g7k < 2�722kg7k" and a mean zero sign g8 on A2;4 independent of f2;4 with
kT g8k < 2�822kg7k". Then we continue the construction in the same manner.

The sequence .Jgi/
1
iD1 is isometrically equivalent to the L1-normalized Haar

system .hi/
1
iD1 in E since, for each n, the sequences .Jgk/

n
kD1 and .hk/nkD1 are

equimeasurable, that is, for every choice of 	i 2 ¹�1; 0; 1º ,

�¹t W Jg1.t/ D 	1; : : : ; Jgn.t/ D 	nº D �¹t W h1.t/ D 	1; : : : ; hn.t/ D 	nº :
Thus E0 D Œgn�

1
nD1 is isometrically isomorphic to E.

Normalizing gn D gnkgnk , by (2.3), we get that kTgnk � 2�n.�.supp gn//�1kgnk"
for all n 2 N. Since the system g�

n D .�.supp gn//�1gn, n D 1; 2; : : : is biorthogo-
nal to .gn/1nD1, by Lemma 2.20, T jE0

is compact with kT jE0
k � ".

Corollary 2.23. Let E be an r.i. Banach space on Œ0; 1� with an absolutely contin-
uous norm, and let X be a rich subspace of E. Then for each " > 0 there exists a
subspace X0 of X which is .1C "/-isomorphic to E and .1C "/-complemented in E.

Proof. Let T W E ! E=X be the quotient map. Since X is rich, T is narrow by
definition. Fix any " > 0. Using [79, Proposition 1.a.9] (more precisely, the well-
known technique from there), we choose a sequence of positive numbers ."n/1nD1
such that if .xn/ is a normalized monotone basic sequence in a Banach space Z so
that Œxn� is 1-complemented in Z, and .yn/ is a sequence in Z with kxn � ynk < "n
for all n D 1; 2; : : :, then the subspace Y D Œyn� is .1 C "/-isomorphic to Œxn� and
.1 C "/-complemented in Z. By Theorem 2.21, there exists a sequence .gn/ in E



Section 2.4 Narrow operators are compact on a suitable subspace 35

isometrically equivalent to the normalized Haar system in E such that kTgnk < "n
for each n D 1; 2; : : :. Hence there is a sequence .fn/ in X such that kfn � gnk < "n
for each n D 1; 2; : : :. By the above, X0 D Œfn� satisfies the desired properties.

Using Corollary 2.23, we obtain that, under a minor assumption, a complemented
rich subspace of E is isomorphic to E. Recall that an r.i. Banach space E is called s-
concave with 1 � s < 1 if there is a constant M > 0 such that for each n 2 N and
each x1; : : : ; xn 2 E we have

�

n
X

kD1
kxkks

�1=s � M
�

�

�

�

n
X

kD1
jxkjs

�1=s�
�

�

:

The following statement is a consequence of Corollary 2.23 and [49, p. 240].

Proposition 2.24 ([110]). Let E be an r.i. Banach space on Œ0; 1� that is s-concave
for some 1 � s < 1. Suppose that the Boyd index pE > 1 and the Haar system is
not equivalent to a disjoint sequence in E. Then every complemented rich subspace
of E is isomorphic to E.
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Some properties of narrow operators with
applications to nonlocally convex spaces

In this chapter we apply narrow operator methods to study how small the space of
operators is on nonlocally convex spaces.

The classical theorem of Day [28, p. 3] asserts that the space Lp.�/ for 0 < p < 1
and an atomless measure � has trivial dual space L�

p.�/ D ¹0º. Zabreiko [142]
(1964) posed a question whether there exist nonzero compact operators on Lp.�/,
0 < p < 1. This question was answered negatively in 1973, independently by Pal-
laschke [104] and Turpin [139]. Later Kalton [64] (1976) proved that in fact there
do not exist nonzero compact operators from Lp.�/, 0 < p < 1, to any topological
vector space. Further, Kalton showed [67], see also [68], that there are no nonzero
compact operators from E to any topological vector space X , for a fairly large class
of r.i. F-spaces E which contains, in particular, all spaces having the following prop-
erty .q/

lim
�.A/!0

�

�

�

1A
�.A/

�

�

�

D 0:

Plichko and Popov [110] and Popov [115] gave a very short proof that there are no
nonzero narrow operators from absolutely continuous Köthe F-spaces with property
.q/ to any F-space (see Theorem 3.5).

Definition 3.1. A Köthe F-space will be called strongly nonconvex if it satisfies prop-
erty .q/.

Every strongly nonconvex Köthe F-spaceE has trivial dualE� D ¹0º [122, p. 194].
Notice that Lp.�/-spaces with 0 < p < 1 and an atomless measure � are strongly
nonconvex. The following statement (the proof of which is straightforward) gives
more examples of strongly nonconvex spaces.

Proposition 3.2. Let .�;†;�/ be a finite atomless measure space, � D �1 t �2
and Ei be strongly nonconvex Köthe F-spaces on .�i ;†.�i /; �j�i

/, i D 1; 2. Then
for each p 2 .0;1� the space E D E1˚pE2 is a strongly nonconvex Köthe F-space
on .�;†;�/. If, moreover, E1 and E2 have absolutely continuous norms then so
does E.

Clearly every strongly nonconvex Köthe F-space has absolutely continuous norm
on the unit. Thus, by Proposition 2.10 we obtain the following statement.
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Corollary 3.3. A strongly nonconvex Köthe F-space E has absolutely continuous
norm if and only if the set of all simple functions is dense in E.

However there do exist strongly nonconvex Köthe F-spaces whose norm is not ab-
solutely continuous as demonstrated by the following example.

Example 3.4 ([69]). Let 0 < p < 1. Then the Köthe F-space E D .
P1
nD1Lp/1 on

Œ0; 1� is strongly nonconvex, however, the norm on E is not absolutely continuous.

Proof. To consider a concrete representation of E, we decompose Œ0; 1� D F1
nD1An

with An 2 †C. Let E D ¹x 2 L0 W kxkdefD supn.
R

An
jxjp d�/

1
p < 1º: It is clear

that E is a Köthe F-space on Œ0; 1�. Let x 2 E with
R

An
jxjp d� D 1 for each n 2 N.

Then limn!1 kx �1An
k D 1. Since limn!1 �.An/ D 0, this implies that the F -norm

of E is not absolutely continuous.

It remains to show that E is strongly nonconvex. Fix any " > 0, and set ı D "
1

1�p .
For any A 2 † with �.A/ < ı we have for each n 2 N

Z

An

ˇ

ˇ

ˇ

1A
�.A/

ˇ

ˇ

ˇ

p

d� D �.A \ An/
�.A/p

� �.A/1�p < ı1�p D " :

Thus, k 1A

�.A/
k < " whenever �.A/ < ı.

3.1 Nonexistence of nonzero narrow operators

In this section we use a method of narrow operators to give a very short proof of the
nonexistence of nonzero “small” operators on strongly nonconvex spaces.

Theorem 3.5 ([110, 115]). Let E be a strongly nonconvex Köthe F-space with an
absolutely continuous norm, and let X be any F-space. If T 2 L.E;X/ is a narrow
operator then T D 0.

Proof. By Corollary 3.3, since simple functions are dense in E, it is enough to prove
that T 1A D 0 for every A 2 †C. Given any A 2 †C, by Lemma 1.11 there exists
a sequence .hn/ in E such that limn kT hnk D 0, hn D 1A0

n
� .2n � 1/1A00

n
, A0

n t
A00
n D A and �.A00

n/ D 2�n�.An/. Then limn!1 k1A � hnk D limn!1 k2n1A00
n
k D

limn!1 2n.p�1/�.A/ D 0. Since 1A D limn!1 hn we obtain that kT 1Ak D
limn!1 kT hnk D 0.

The same proof gives for a more precise result.

Theorem 3.6 ([69]). Let E be a strongly nonconvex Köthe F-space, and X be an
F-space. If T 2 L.E;X/ is a narrow operator then T x D 0 for every essentially
bounded element x 2 E.
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Corollary 3.7. LetE be a strongly nonconvex Köthe F-space with an absolutely con-
tinuous norm, and let X be an F-space. If T 2 L.E;X/ is an AM-compact operator
then T D 0.

In particular, for E D Lp.�/ with 0 < p < 1 we obtain the following statements.

Corollary 3.8. Let .�;†;�/ be a finite atomless measure space, 0 < p < 1 and X

be an F-space.

(1) If T 2 L.Lp.�/;X/ is a narrow operator then T D 0.

(2) If T 2 L.Lp.�/;X/ is an AM-compact operator then T D 0.

3.2 The separable quotient space problem

In the first edition of his book [122] (1972) Rolewicz asked whether there exists an
infinite dimensional F-space with no separable infinite dimensional quotient space.
This question was answered in [112] using techniques of narrow operators. Indeed,
the following immediate consequence of Theorem 3.5 and Corollary 2.14 implies, in
particular, that the space Lp¹�1; 1º!˛ with ˛ > 0 has no separable quotient space.

Corollary 3.9 ([110, 112]). Let E be a strongly nonconvex Köthe F-space with an
absolutely continuous norm on a finite atomless measure space .�;†;�/ with the
Maharam set M and ˛ D min M. Let X be an F-space with densX < @˛. Then
L.E;X/ D ¹0º. Hence, the density of every nontrivial quotient space E=Y where Y
is a subspace of E satisfies densE=Y � @˛. In particular, this holds for Lp.�/ if
0 < p < 1.

See also [136] and [137] for new F-spaces without separable infinite dimensional
quotient spaces. We note, that it is still unknown whether there exists an infinite
dimensional Banach space with no separable infinite dimensional quotient space (see,
for example, [76, 137]).

3.3 Isomorphic classification of strongly nonconvex Köthe
F-spaces

The aim of this section is to prove the following theorem.

Theorem 3.10. Let Ei be strongly nonconvex Köthe F-spaces with absolutely con-
tinuous norms on finite atomless measure spaces .�i ;†i ; �i /, i D 1; 2 with the Ma-
haram sets Mi , respectively. If E1 and E2 are isomorphic then M1 D M2.

In particular, for Lp.�/-spaces with 0 < p < 1 this fact implies more.
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Theorem 3.11 ([113, 110]). Let .�i ;†i ; �i /, i D 1; 2 be finite atomless measure
spaces with the Maharam sets Mi and 0 < p < 1. Then the following assertions are
equivalent:

(i) Lp.�1/ and Lp.�2/ are isomorphic.

(ii) Lp.�1/ and Lp.�2/ are isometrically isomorphic.

(iii) M1 D M2.

Implications (iii) ) (ii) ) (i) are obvious.
For the proof of Theorem 3.10, we need some auxiliary statements.

Lemma 3.12. Let X and Y be F-spaces, X D X1 ˚X2, Y D Y1 ˚ Y2 and suppose
that L.X2; Y1/ D ¹0º. Then TX2 � Y2 for every T 2 L.X; Y /.

Proof. We set 
 W Y ! Y , 
.y1 C y2/ D y1, where y1 2 Y1, y2 2 Y2. Then for
every T 2 L.X; Y / the operator S W X2 ! Y1 defined by Sx D 
.T x/, for each
x 2 X2 is linear and continuous. Hence, by the assumption, S D 0, that is T x 2 Y2
for each x 2 X2.

Lemma 3.12 has the following two immediate consequences.

Corollary 3.13. Let X and Y be F-spaces, X D X1 ˚ X2, Y D Y1 ˚ Y2,
L.X2; Y1/ D ¹0º and L.Y2; X1/ D ¹0º. Then TX2 D Y2 for every onto isomor-
phism T 2 L.X; Y /.

Corollary 3.14. Let X and Y be F-spaces such that L.X; Y / D ¹0º, and let Z D
X ˚ Y . Then TX D X for every automorphism T W Z ! Z.

The following statement easily follows from the definition of a narrow operator.

Lemma 3.15. LetX be a Köthe F-space on a finite atomless measure space .�;†;�/,
� D F1

nD1�n be any partition into measurable subsets, and Y be an F-space. Then
an operator T 2 L.X; Y / is narrow if and only if for every n 2 N the operator
Tn D T jX.�n/ is narrow.

The main tool for the proof of Theorem 3.10 is the following statement.

Proposition 3.16. Let Ei be Köthe F-spaces with absolutely continuous norms on
finite atomless measure spaces .�i ;†i ; �i / with the Maharam sets Mi , respectively,
i D 1; 2. Assume, in addition, that E1 has an absolutely continuous norm on the unit,
and ˇ < ˛ for each ˛ 2 M1 and ˇ 2 M2. Then L.E1; E2/ D ¹0º.

Proof. Fix T 2 L.E1; E2/. For every ˇ 2 M2 let Tˇ be the continuous linear
operator Tˇ W E1 ! E2.D

!ˇ / defined by Tˇx D T x � 1D!ˇ . By Corollary 2.14, Tˇ
is narrow. By Theorem 3.5, we obtain Tˇ D 0 for each ˇ 2 MY . Thus T D 0.
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Now we are ready to prove the main result.

Proof of Theorem 3.10. Using Maharam’s theorem, for i D 1; 2, we decompose
�i D F

ˇ2Mi
�i;ˇ such that .�i;ˇ ;†.�i;ˇ /; �†.�i;ˇ// is isomorphic to "i;ˇ �D!ˇ

for every ˇ 2 Mi and some "i;ˇ > 0.
Let T 2 L.E1; E2/ be an isomorphism and let ˛ be an ordinal. We set

Ai D
G

Mi 3ˇ�˛
�i;ˇ ; Bi D

G

Mi 3ˇ>˛
�i;ˇ ; Ci D

G

Mi 3ˇ<˛
�i;ˇ ; Di D

G

Mi 3ˇ�˛
�i;ˇ

for i D 1; 2. By Proposition 3.16,

L
�

E1.B1/;E2.A2/
� D L

�

E2.B2/;E1.A1/
� D L

�

E1.D1/;E2.C2/
�

D L
�

E2.D2/;E1.C1/
� D ¹0º :

By Corollary 3.13, TE1.B1/ D E2.B2/ and TE1.D1/ D E2.D2/. Thus, B1 ¤ D1
if and only if B2 ¤ D2. In other words, ˛ 2 M1 if and only if ˛ 2 M2.
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Noncompact narrow operators

In this chapter we consider how “large” narrow operators can be. In previous chap-
ters we saw that all compact operators are narrow, but here we consider the question
whether the converse is true.

It turns out that on most Köthe–Banach spaces E on a finite atomless measure
space .�;†;�/, there do exist noncompact narrow operators. In fact even condi-
tional expectation operators may be narrow. Surprisingly, even operators which act as
isomorphisms on certain subspaces may still be narrow. To make this precise we need
the following definitions.

Definition 4.1. Let X;Y;Z be Banach spaces. We say that an operator T 2 L.X; Y /

fixes a copy of Z provided there exists a subspace X0 of X isomorphic toZ such that
the restriction T jX0

of T to X0 is an isomorphic embedding. Otherwise we say that T
is Z-strictly singular.

Definition 4.2. An operator T 2 L.X/ is called an Enflo operator if T fixes a copy
of X .

The name “Enflo operator” is due to the following famous Enflo’s theorem on pri-
marity of Lp: if the spaceLp, 1 � p < 1, is decomposed into a direct sum of closed
subspaces Lp D X ˚ Y then, at least, one of X;Y is isomorphic to Lp (see [37] for
the case p D 1, [94] (1974) for other values of p and [80, p. 179] for a more general
setting of r.i. spaces). Equivalently, if the identity of Lp is a sum of two projections
I D P C Q then, at least, one of P;Q is an Enflo operator. This equivalence can
be obtained using Pełczyński’s decomposition method [80, p. 54] and the fact that
every subspace X of Lp that is isomorphic to Lp contains a further subspace Y � X

isomorphic to Lp and complemented in Lp [49, p. 239].
This chapter is devoted to the study of the following questions.

Problem 4.3. Does there exist a noncompact narrow operator T 2 L.E/?

Problem 4.4. Does there exist an Enflo narrow operator T 2 L.E/?

Problem 4.5. Suppose there exists a noncompact operator T 2 L.E;X/. Does there
exist a noncompact narrow operator T 2 L.E;X/?

Problem 4.6. For what sub-� -algebras F of an atomless � -algebra † is the condi-
tional expectation operator MF on L1.�;†;�/ narrow or strictly narrow?
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In Sections 4.1 and 4.2 we show that the answers to Problems 4.3–4.5 are affirma-
tive, under mild restrictions on the space E. In Section 4.3 we answer Problem 4.6
and give full characterization of such sub-� -algebras F .

4.1 Conditional expectation operators with respect to
purely atomic sub-� -algebras

We start from a simple example of a noncompact strictly narrow operator.

Proposition 4.7. LetE be a Köthe–Banach space on .�;†;�/ and let F be a purely
atomic sub-� -algebra of † with the atoms .Ai/i2I . If the conditional expectation
operator

MF x D
X

i2I

� 1

�.Ai/

Z

Ai

x d�
�

� 1Ai

is well defined on E and bounded, then MF is strictly narrow. Moreover, if I is
infinite, then MF is noncompact.

The proof is obvious.
Note that MF is well defined and has norm one on any r.i. space E. However, this

is not always the case for Köthe–Banach spaces, as the following example shows.

Example 4.8. There exists a Köthe–Banach space E on Œ0; 1�, and a purely atomic
sub-� -algebra F of † such that the conditional expectation operator MF is not well
defined on E.

Proof. Consider the Köthe–Banach space on Œ0; 1� defined by E D L1Œ0; 1=2� ˚1
L1Œ1=2; 1�. Let .an/ and .bn/ be sequences of positive numbers such that

1
X

nD1
bn D 1

2
;

1
X

nD1
anbn D 1 and lim

n!1 an D 1 :

Decompose Œ0; 1=2� D F1
nD1Bn and Œ1=2; 1� D F1

nD1 Cn with Bn; Cn 2 † such
that �.Bn/ D �.Cn/ D bn for each n. Set An D Bn tCn for each n D 1; 2; : : :, and
denote by F the � -algebra generated by the atoms .An/1nD1. Let x D P1

nD1 an1Bn
.

Then x 2 E, kxk D 1, and the function MF x D 1
2

P1
nD1 an1An

is unbounded on
Œ1=2; 1� and hence, does not belong to E.

Using the same idea and replacing 1 with any number p 2 .1;C1/ in Exam-
ple 4.8, one can construct a Köthe–Banach space E on Œ0; 1� with an absolutely con-
tinuous norm and a conditional expectation operator with respect to a purely atomic
sub-� -algebra which is not well defined on E.

One can show, that if a Köthe–Banach space E has an absolutely continuous norm
and the operator MF is well defined in E then it is AM-compact. In the next section
we will construct a strictly narrow operator which is not AM-compact.
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4.2 A strictly narrow projection from E onto a
subspace E0 isometrically isomorphic to E

The main result of this section asserts that every r.i. Banach space E has a comple-
mented subspace E0 isometrically isomorphic to E such that there exist two projec-
tions from E onto E0 one of which is strictly narrow and the other is not narrow. This
answers Problem 4.4. Also, it follows that the property of an operator to be narrow is
not a property of its image.

The proof is quite involved, and therefore we prove this theorem first for the case
of spaces defined on the square Œ0; 1�2, and then for a general measure space.

This section is organized as follows. First we study the example of the operator of
integration with respect to the second variable.

Example 4.9. Consider L1.Œ0; 1�2; �.† �†/; � � �/, where � is the Lebesgue mea-
sure on the Lebesgue � -algebra† on Œ0; 1�. Let G D †�¹Œ0; 1�º be the sub-� -algebra
of the Lebesgue � -algebra on Œ0; 1�2. Note that the conditional expectation operator
MG is equal to

MGx.s; t/ D
Z

Œ0;1�

x.s; t 0/ dt 0

for each x 2 L1Œ0; 1�2.

We prove that MG is a strictly narrow operator in L1Œ0; 1�2 (Theorem 4.10). This
implies that, if MG is well defined and bounded on a Köthe–Banach space E on
Œ0; 1�2 then it is strictly narrow. In particular,MG is strictly narrow on any r.i. Banach
space E on Œ0; 1�2.

Next we prove that for an r.i. Banach space E on Œ0; 1�2 the subspace E0, which
consists of all functions which do not depend of the second coordinate, is isometrically
isomorphic to E (Proposition 4.12). Clearly E0 is the range of MG .

In Theorem 4.13 we construct a projection from E onto E0 which is not narrow.
This ends the case of spaces defined on Œ0; 1�2.

The general case is proved in Theorem 4.17.
Results of this section were obtained in several papers. Theorem 4.10 was proved

in [110] (1990), the example constructed in Theorem 4.13 comes from [118] (2002).
The fact thatMG is strictly narrow onLp, 1 � p � 1 was first proved in [71] (2009),
and that it is strictly narrow in any Köthe space on Œ0; 1� on which it is bounded was
proved in [31] (2008).

The case of spaces on Œ0; 1�

Our first goal is to prove the following result.

Theorem 4.10. The conditional expectation operator MG is a strictly narrow oper-
ator on L1Œ0; 1�2.
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We remark that the proof that MG is narrow is much easier.
For the proof of Theorem 4.10, we need the following lemma.

Lemma 4.11. Let A � Œ0; 1�2 be any measurable subset and for any s 2 Œ0; 1� let
As D ¹t 2 Œ0; 1� W .s; t/ 2 Aº. Then there exists a measurable function 'A W Œ0; 1� !
Œ0; 1� such that for almost all s 2 Œ0; 1�

�
�

As \ 	

0; 'A.s/



�

D �.As/

2
: (4.1)

Proof. Since A � Œ0; 1�2 is measurable, using Fubini’s theorem and standard argu-
ments, one can show that the set As is measurable for almost all s 2 Œ0; 1� (in the
sequel, for simplicity of the notation we consider these values of s only). We set

Ms D
°

t 2 Œ0; 1� W �
�

As \ 	

0; t



�

D �.As/

2

±

:

It is easy to show that for almost all values of s the set Ms is closed and nonempty.
We define 'A.s/ D maxMs .

Proof of Theorem 4.10. Let A � Œ0; 1�2 be a measurable set. By Lemma 4.11, there
exists a function 'A W Œ0; 1� ! Œ0; 1� such that (4.1) holds. Define

x.s; t/ D
8

<

:

1; if .s; t/ 2 A and t � 'A.s/;
�1; if .s; t/ 2 A and t > 'A.s/;
0; if .s; t/ … A.

Clearly, x2 D 1A. Moreover,
Z

Œ0;1�2
x.s; t/ ds dt D �

®

.s; t/ 2 A W t � 'A.s/
¯ � �®.s; t/ 2 A W t > 'A.s/

¯

and

�
®

.s; t/ 2 A W t � 'A.s/
¯ D

Z

Œ0;1�

�
�

As \ 	

0; 'A.s/



�

ds

D
Z

Œ0;1�

�.As/

2
ds D 1

2

Z

Œ0;1�

�.As/ds D 1

2
�.A/:

Hence �¹.s; t/ 2 A W t > 'A.s/º D �.A/=2, and thus
Z

Œ0;1�2
x.s; t/ ds dt D 0 :



Section 4.2 A narrow projection from E onto a subspace isometric to E 45

Therefore, we obtain for almost every .s; t/ 2 Œ0; 1�2

MGx.s; t/ D
Z 1

0

x.s; t 0/ dt 0 D
Z

Œ0;'A.s/�

x.s; t 0/ dt 0 C
Z

Œ'A.s/;1�

x.s; t 0/dt 0

D
Z

Œ0;'A.s/�\As

dt 0 �
Z

Œ'A.s/;1�\As

dt 0

D �
�

Œ0; 'A.s/� \ As

�

� �
�

Œ'A.s/; 1� \ As
�

D 1

2
�.A/� 1

2
�.A/ D 0 :

Proposition 4.12. Let E be an r.i. Banach space on Œ0; 1�2. Then the subspace E0
consisting of all functions which do not depend on the second coordinate is isometri-
cally isomorphic to E.

Proof. First, we define the r.i. space EŒ0; 1� on Œ0; 1� as follows. EŒ0; 1� consists of
allex 2 L1Œ0; 1� for which there exists x 2 E such that x andex are equimeasurable in
modulus, that is,

�¹t 2 Œ0; 1� W jex.t/j < uº D �¹.s; t/ 2 Œ0; 1�2 W jx.s; t/j < uº;
for every u > 0, endowed with the norm kexk D kxk.

Let x0 2 E0. Then, by the definition of E0, there exists a functionex W Œ0; 1� ! K
such that for almost all s 2 Œ0; 1� and t 2 Œ0; 1� x.s; t/ Dex.s/. We claim that x andex
are equimeasurable in modulus. Indeed, for all u > 0

¹.s; t/ 2 Œ0; 1�2 W jx.s; t/j < uº D ¹s 2 Œ0; 1� W jex.s/j < uº � Œ0; 1�;
up to a set of measure zero. Thus, ex 2 EŒ0; 1� and kexkEŒ0;1� D kxkE . Hence E0
and EŒ0; 1� are isometric. Since measure spaces Œ0; 1� and Œ0; 1�2 are isomorphic and
are of the same measure, we conclude that EŒ0; 1�2 is isometric with EŒ0; 1� and thus
also with E0.

We note that by Example 4.9, E0 D MG .E/.

Theorem 4.13. Let E be an r.i. Banach space on Œ0; 1�2. Then there exists a nonnar-
row projection Q of E onto E0 D MG .E/. Moreover,Q has the following property:
there exists a decomposition Œ0; 1�2 D C tD such that the restrictions QjE.C/ and
QjE.D/ are isomorphic embeddings.

For the proof we need the following easy description of all complements to a com-
plemented subspace of a Banach space (actually, we will need only one implication
of this description).
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Proposition 4.14. Suppose that a Banach space X is decomposed into a direct sum
of subspaces X D Y ˚ Z with the projection P of X onto Y parallel to Z (i.e. with
kerP D Z). Let T 2 L.Z; Y /. Then X D Y ˚Z1, where Z1 D ¹zC T z W z 2 Zº,
is another decomposition and the projection Q D P � T .I � P / of X onto Y is
parallel to Z1. Moreover, Z1 ¤ Z if T ¤ 0.

Conversely, if X D Y ˚Z1 for some subspace Z1 of X then there exists a unique
operator T 2 L.Z; Y /, such that Z1 D ¹z C T z W z 2 Zº.

Below we provide a sketch of the proof.

Sketch of the proof of Proposition 4.14. One can easily verify that Q2 D Q, QY �
Y , Qy D y for each y 2 Y , and kerQ D Z1. Thus Q is a projection of X onto Y
parallel to Z1.

If T ¤ 0 then Q ¤ P and hence, Z1 ¤ Z.
Let X D Y ˚ Z1 be another decomposition. Then T D �QjZ, where Q is the

projection of X onto Y parallel to Z1, is the desired operator. The uniqueness of T
follows from the first part of the proposition.

Proof of Theorem 4.13. Let E1 D kerMG , C D Œ0; 1=2/ � Œ0; 1�, D D Œ1=2; 1� �
Œ0; 1�, ECi D ¹1C � x W x 2 Eiº and EDi D ¹1D � x W x 2 Eiº for i D 0; 1.
Observe that Ei D ECi ˚ EDi for i D 0; 1. Since E.C/ ' EC0 ' ED0 (here '
means that the spaces are isometrically isomorphic) and EC1 is a subspace of E.C/,
there exists an isometric embedding T C W EC1 ! ED0 . Analogously, there exists an
isometric embedding TD W EC1 ! EC0 . Thus the operator T W E1 ! E0 defined by
T D T C ˚ TD is an isometric embedding such that TEC1 � ED0 and TED1 � EC0 .
Then, by Proposition 4.14, the operator Q D MG � T .I � MG / is a projection
from E onto E0. We claim that Q satisfies the desired properties.

Indeed, let x 2 E.C/. Since 1C �MGx D MGx and TEC1 � ED0 , we have that

1C �Qx D 1C �MGx � 1C � T .I �MG /x D MGx

and
1D �Qx D 1D �MGx � 1D � T .I �MG /x D T .I �MG / x :

Hence,

kQxk � max
°

k1C �Qxk; k1D �Qxk
±

D max
°

kMG xk; kT .I �MG /xk
±

D max
°

kMGxk; k.I �MG / xk
±

� kMGxk C k.I �MG /xk
2

� kxk
2
:

Thus QjE.C/ is an isomorphic embedding. Analogously, QjE.D/ is an isomorphic
embedding. In particular, Q is not narrow.



Section 4.2 A narrow projection from E onto a subspace isometric to E 47

Theorems 4.10 and 4.13 imply the following result.

Corollary 4.15. Let E be an r.i. Banach space on Œ0; 1�2. Then there exists a com-
plemented subspace E0 of E isometrically isomorphic to E, and two decompositions
E D E0 ˚ E1 and E D E0 ˚ E2 into (closed) subspaces, such that E1 is strictly
rich and E2 is not rich.

The case of general measure spaces

By the Carathéodory theorem, analogs of Theorems 4.10, and 4.13 and Proposi-
tion 4.12 hold for any separable atomless probability space. The most natural way
is to reformulate them for spaces on the unit interval.

Corollary 4.16. There exists a sub-� -algebra F of the Lebesgue � -algebra † on
Œ0; 1� such that the following conditions hold.

(i) The conditional expectation operator MF is a strictly narrow projection on L1.
Consequently,MF is a strictly narrow projection on any Köthe–Banach spaceE
on Œ0; 1� wheneverMF is well defined and bounded on E.

(ii) For any r.i. Banach space E on Œ0; 1�,MF is a strictly narrow projection from E

onto a subspace isometrically isomorphic to E.

(iii) For every r.i. Banach space E on Œ0; 1� there exists a nonnarrow projection Q
from E onto MF .E/, and, in addition, Q has the following property: there
exists a decomposition Œ0; 1� D �1˚�2 with�i 2 †C such that the restrictions
QjE.�i/ are isomorphic embeddings for i D 1; 2.

The remainder of this section is devoted to proving the generalization of Theo-
rems 4.10, and 4.13 and Proposition 4.12 to spaces of functions defined on arbitrary
measure spaces.

Theorem 4.17. Let .�;†;�/ be any finite atomless measure space. Then there exists
a sub-� -algebra F of †, with � 2 F , such that the following conditions hold.

(i) The conditional expectation operator MF is a strictly narrow projection on the
space L1.�/. Consequently, MF is a strictly narrow projection on any Köthe–
Banach space E on .�;†;�/ wheneverMF is well defined and bounded on E.

(ii) There exists a linear isomorphism U from L1.�/ onto L1.F / which sends any
function x 2 L1.�/ to a function Ux 2 L1.F / equimeasurable with x. Hence,
for any r.i. Banach space E on .�;†;�/, MF is a strictly narrow projection
from E onto a subspace isometrically isomorphic to E.

(iii) For every r.i. Banach space E on .�;†;�/ there exists a nonnarrow projec-
tion Q of E onto MF .E/. Moreover, if the measure spaces .�;†;�/ is ho-
mogeneous then Q has the following property: there exists a decomposition
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� D �1 ˚ �2 with �i 2 †C such that the restrictions QjE.�i/ are isomor-
phic embeddings for i D 1; 2.

(iv) If, moreover, the measure space .�;†;�/ is homogeneous then the measure
spaces .�;F ; �jF / and .�;†;�/ are isomorphic.

For the proof of Theorem 4.17 we will need the following extension of Theo-
rem 4.10 to a general measure space. As in Section 1.4, we consider D D ¹�1; 1º.

Proposition 4.18. Let N be a countable set and let N D I t J be a decomposition
into infinite subsets. Let FN .I / be the minimal � -algebra of subsets of DN contain-
ing all cylindric sets of the form ¹� 2 DN W �.i/ D 	i for all i 2 F º; where F
is a finite subset of I and 	i 2 D for each i 2 F . Then the conditional expecta-
tion operator MFN .I / is a strictly narrow projection from L1.D

N ;†N ; �N / onto
L1.D

N ;FN .I /; �N jFN .I //.

Note that FN .I / consists of all sets from†N , the characteristic functions of which
do not depend on coordinates from J (see Definition 1.13).

Proof. It is enough to construct an isomorphism of the measure space .DN ;†N ; �N /
onto the square .Œ0; 1�2; �.† � †/; � � �/, which simultaneously is an isomorphism
of .DN ;FN .I /; �N jFN .I // onto .Œ0; 1�2;G ; .� � �/jG /, where the sub-� -algebra G

of the Lebesgue � -algebra �.† � †/ on the unit square is defined after the proof of
Lemma 4.11, defined in Example 4.9.

By the Carathéodory Theorem 1.16, there exist isomorphisms of the measure spaces
SI W .DI ;†I ; �I / ! .Œ0; 1�;†; �/, and SJ W .DJ ;†J ; �J / ! .Œ0; 1�;†; �/.
The desired isomorphism of the measure space .DN ;†N ; �N / onto .Œ0; 1�2; �.† �
†/; � � �/ is induced by the map S W DN ! Œ0; 1�2 defined as follows. For any
� 2 DN let �I 2 DI and �J 2 DJ be the restrictions of � to I and J , respectively,
and put

S.�/ D �

SI .�I /; SJ .�J /
� 2 Œ0; 1�2 :

Since SI and SJ are isomorphisms, S is also an isomorphism of the measure
spaces. The surjectivity follows from the definition of the measure space on the square
Œ0; 1�2. Moreover, S.FN .I // D G by the construction.

Proof of Theorem 4.17. The case when .�; †; �/ D .D!˛; †!˛
; �!˛

/ for some
ordinal ˛. We decompose !˛ D I0 t J0 into a disjoint union of subsets with jI0j D
jJ0j D @˛. Let F D F!˛

.I0/ be the minimal � -algebra of subsets ofD!˛ containing
all cylindric sets of the form ¹� 2 D!˛ W �.ˇi / D 	i ; i D 1; : : : ; nº, where n 2 N,
ˇi 2 I0 and 	i 2 D are fixed. We show that F has the desired properties. Let

 W !˛ ! I0 be a bijection. Define a map S W D!˛ ! D!˛ by setting for any
� 2 D!˛

�

S.�/
�

.ˇ/ D
²

�
�


.ˇ/
�

; if ˇ 2 I0;
1; if ˇ 2 J0: (4.2)
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Proof of (iv). We claim that S induces an isomorphism between the measure spaces
.D!˛ ;†!˛

; �!˛
/ and .D!˛ ;F ; �!˛

jF /. Indeed, it is enough to notice that S in-
duces a one-to-one measure-preserving correspondence between cylindric sets A D
¹� 2 D!˛ W �.ˇi / D 	i ; 1 � i � nº 2 †!˛

and S.A/ D ¹� 2 D!˛ W �.
.ˇi // D
	i ; 1 � i � nº 2 F , because �!˛

.A/ D 2�n D �!˛
.S.A//.

Proof of (i). Fix any A 2 †!˛
. Since the set N0 	 !˛ of all coordinates ˇ 2 !˛

on which the function 1A depends, is countable, we can find subsets I � I0 and
J � J0 such that jI j D jJ j D @0 and N0 � I [ J

defDN . By Corollary 4.16, the
conditional expectation operator MFN .I / is a strictly narrow projection on the space
L1.D

N ;†N ; �N /.
Now we introduce some more notation. For any � 2 D!˛ and a subset B � !˛

by �B we denote the restriction of � to B . For any �1 2 DN and �2 2 D!˛nN by
�1˚�2 we denote the element � 2 D!˛ such that �N D �1 and �!˛nN D �2. For each
set C 2 †!˛

such that the characteristic function 1C depends only on coordinates
ˇ 2 N , we define

'.C / D ®

�1 2 DN W 1C .�1 ˚ �2/ D 1 for almost all �2 2 D!˛nN ¯ :

Observe that the map ' W F!˛
.N / ! †N defined above is a measure-preserving

isomorphism with '�1.C1/ D ¹�1 2 D!˛ W 1C1
.�N / D 1º for all C1 2 †N .

Since the operator MFN .I / is strictly narrow and ' is a bijection, we can decompose
'.A/ D '.A1/ t '.A2/ so that '.Ai / 2 †N and for x D 1'.A1/ � 1'.A2/ we have
R

DN x d�N D 0 and MFN .I /x D 0. Let y D 1A1
� 1A2

. Then
R

D!˛ y d�!˛
D 0

since ' is a measure-preserving map.
We claim that MF y D 0. Indeed, since A1; A2 2 F!˛

.N /, we have that y D
MF!˛ .N /y. Hence,MF y D MF!˛ .I0/y D MF!˛ .I0/MF!˛ .N /y D MF!˛ .I /y.

Let B 2 F!˛
.I /. Then, since the map ' is a measure-preserving isomorphism, we

obtain
Z

B

y d�!˛
D �!˛

.B \ A1/� �!˛
.B \ A2/

D �N
�

'.B/ \ '.A1/
� � �N

�

'.B/ \ '.A2/
�

D
Z

'.B/

x d�N D 0;

because '.B/ 2 FN .I / and MFN .I /x D 0. Thus, by the definition of a conditional
expectation operator, F!˛

.I /y D 0.
Proof of (ii). We define a linear isomorphism U W L1.D!˛ / ! L1.F / by set-

ting .Ux/.t/ D x.S�1.t// for each x 2 L1.D
!˛ / and t 2 D!˛ where S is the

measure-preserving isomorphism from .D!˛ ;†!˛
; �!˛

/ to .D!˛ ;F ; �!˛
jF / de-

fined by (4.2). U is surjective since .U�1/.t/ D y.s.t//, t 2 D!˛ is the inverse to
the U map. It remains to observe that x andUx are equimeasurable functions for each
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x 2 L1.D!˛ /. Indeed, �
®

t 2 D!˛ W x�S�1.t/
�

> a
¯ D �

®

t 2 D!˛ W x.t/ > a¯ for
each a � 0, because S is measure preserving.

Proof of (iii). The proof of this item practically does not differ from the proof
of Theorem 4.13. We provide it here for the convenience of the reader, due to the
difference in notation for the separable case. We set E1 D kerMF . Fix any ˇ0 2 I0
and let C D ¹� 2 D!˛ W �.ˇ0/ D 1º,D D ¹� 2 D!˛ W �.ˇ0/ D �1º,ECi D ¹1C �x W
x 2 Eiº and EDi D ¹1D � x W x 2 Eiº for i D 0; 1. Observe that Ei D ECi ˚EDi for
i D 0; 1. From (ii) we deduce that E.C/ is isometrically isomorphic to EC0 , which,
in turn, is isometrically isomorphic to ED0 . Then, since EC1 is a subspace of E.C/,
there exists an isometric embedding T C W EC1 ! ED0 . Analogously, there exists an
isometric embedding TD W EC1 ! EC0 . Thus the operator T W E1 ! E0 defined by
T D T C ˚ TD is an isometric embedding such that TEC1 � ED0 and TED1 � EC0 .
By Proposition 4.14, the operator Q D MF � T .I � MF / is a projection from E

onto E0. We show that Q satisfies the desired properties.
Let x 2 E.C/. Since 1C �MF x D MF x and TEC1 � ED0 , we have that

1C �Qx D 1C �MF x � 1C � T .I �MF /x D MF x

and
1D �Qx D 1D �MF x � 1D � T .I �MF /x D T .I �MF / x :

Hence,

kQxk � max
°

k1C �Qxk; k1D �Qxk
±

D max
°

kMF xk; kT .I �MF /xk
±

D max
°

kMF xk; k.I �MF /xk
±

� kMF xk C k.I �MF /xk
2

� kxk
2
:

Thus QjE.C/ is an isomorphic embedding. Analogously, QjE.D/ is an isomorphic
embedding, and therefore Q is not narrow.

Now we consider the general case. By the Maharam theorem, there exists a decom-
position � D F

i2I �i such that for every i 2 I the measure space .�i ;†i ; �i / is
homogeneous, where †i D ¹A \�i W A 2 †º and �i D �j†i

.
Proof of (i) and (ii). For every i 2 I , using items (i) and (ii) for homoge-

neous measure spaces, we choose a sub-� -algebra Fi of †i so that the conditional
expectation operator MFi is a strictly narrow projection of the space L1.�i /, and
choose a linear isomorphism Ui from L1.�i / onto L1.Fi / that sends any function
x 2 L1.�i / to an equimeasurable function Uix 2 L1.Fi /. Then we set F D ¹A 2
† W .8i 2 I / .A \ �i 2 Fi /º, and define a map U W L1.�/ ! L1.F / by set-
ting Ux D P

i2I Ui .x � 1�i
/ for every x 2 L1.�/. A straightforward verification

shows that MF is a strictly narrow operator on L1.�/. The linearity and bijectivity
of U W L1.�/ ! L1.F / is obvious. We show that for any x 2 L1.�/ the functions x
and Ux are equimeasurable in modulus.
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Indeed, since the sets .�i /i2I are disjoint, for any a > 0 we have

�
®

t 2 � WjUx.t/j < a¯ D
X

i2I
�i
®

t 2 �i W jUx.t/j < a¯

D
X

i2I
�i
®

t 2 �i W jx.t/j < a¯ D �
®

t 2 � W jUx.t/j < a¯:

Proof of (iii). Fix any i0 2 I and choose a nonnarrow projection Qi0 of E.†i0/
onto E.Fi / D MFi . The straightforward verification shows that the operator Q D
MF �MFi CQi0 is a projection from E ontoMF .E/. SinceQjE.†i0

/ D Qi0 , we
obtain that Q is not narrow.

Noncompact narrow operators

As a consequence of Theorem 4.17 we obtain an affirmative answer to Problem 4.5.

Corollary 4.19. Let E be an r.i. Banach space on a finite atomless measure space
.�;†;�/ such that all the conditional expectation operators are well defined and
bounded on E, and let X be a Banach space. If there exists a noncompact operator
T 2 L.E;X/ then there exists a noncompact narrow operator S 2 L.E;X/.

Proof. Let F be a sub-� -algebra of † satisfying the conditions of Theorem 4.17. Let
J W MF .E/ ! E be a linear isometry. Then the operator S D T ı J ıMF has the
desired properties. It is noncompact, because the image of unit ball S.BE / coincides
with T .BE /. By Proposition 1.8, a composition of a narrow operator from the right
by a bounded operator is narrow.

4.3 A characterization of narrow conditional expectation
operators

In this section we characterize atomless sub-� -algebras F of † such that the con-
ditional expectation operator MF is a narrow (resp., strictly narrow) operator on
L1.�;†;�/. For simplicity of the notation, we assume that �.�/ D 1, that is, we
consider probability spaces. The results of the section were obtained by Dorogovtsev
and the first author in [31].

Narrow and strictly narrow sub-� -algebras

Definition 4.20. Let .�;†;�/ be a finite atomless measure space. A sub-� -algebra
F of † is called

� narrow if for each B 2 † and each " > 0 there exists C 2 †.B/ such that

.8A 2 F /
ˇ

ˇ�.A \ C/� 1

2
�.A\ B/

ˇ

ˇ < " I (4.3)
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� strictly narrow if for each B 2 † there exists C 2 †.B/ such that

.8A 2 F / �.A \ C/ D 1

2
�.A \ B/ : (4.4)

Evidently, every strictly narrow sub-� -algebra is narrow. We will prove that the
converse is also true.

Observe that a purely atomic sub-� -algebra is strictly narrow (cf. Proposition 4.7).
Indeed, let .Ai /i2I be the collection of all atoms of a sub-� -algebra F of †. For
each B 2 † and each i 2 I we decompose Ai \ B D Ci tDi into subsets of equal
measure �.Ci / D �.Di / D 1=2, �.Ai \ B/. Then C D S

i2I Ci 2 †.B/, and
�.Ai \ C/ D �.Ci/ D 1=2�.Ai \ B/ for every i 2 I . Thus F is strictly narrow.

The following proposition provides a natural family of examples strictly narrow
atomless sub-� -algebras which were the motivation for the term “strictly narrow sub-
� -algebras.”

Proposition 4.21. Let .�;†;�/ be a finite atomless measure space and F be a sub-
� -algebra of†. LetE a Köthe function space on .�;†;�/, so that the operatorMF

is well defined and bounded on E. Then the operator MF is strictly narrow if and
only if F is a strictly narrow sub-� -algebra.

Proof. Let F be a strictly narrow sub-� -algebra and B 2 †. We choose C 2 †.B/
with property (4.4) and set x D 1B � 21C . Then x2 D 1B . Since (4.4) holds, in
particular, for A D �, we have that

R

� x d� D 0. We claim that MF x D 0. Indeed,
for every A 2 F we have
Z

A

MF x d� D
Z

A

x d� D
Z

A

1B d�� 2
Z

A

1C d� D �.A\B/� 2�.A\C/ D 0 :

Thus, MF is a strictly narrow operator.
Assume that MF is a strictly narrow operator. Given any B 2 †, we choose

x 2 kerMF so that x2 D 1B . Let C D ¹! 2 � W x.!/ D �1º. Then x D 1B �21C .
Therefore, for every A 2 F we have

�.A\B/� 2�.A\ C/ D
Z

A

1B d�� 2
Z

A

1C d� D
Z

A

x d� D
Z

A

MF x d� D 0 :

A characterization of strictly narrow sub-� -algebras

This subsection is devoted to a characterization of strictly narrow sub-� -algebras in
other terms of the measure theory. First we note that the definition of a strictly narrow
sub-� -algebra can be equivalently reformulated as follows.

A sub-� -algebra F is strictly narrow provided that for every B 2 † there ex-
ists D 2 † of measure �.D/ D 1=2 which is independent of the collection of sets
F .B/ D ¹A \ B W A 2 F º.
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Indeed, for a given set B 2 † we put C D B \D. Then the independence means
that for any A 2 F we have

�.A\C/ D �
�

A\ .B\D/� D �
�

.A\B/\D� D �.A\B/�.D/ D 1

2
�.A\B/ :

Then we apply the technique of conditional measures. Recall that a measure � on a
measurable space .�;†/ is called perfect, if for every measurable function f W � !
R there exists a Borel set B � R such that B � f .�/ and �.f �1.B// D �.�/. The
following result is known as the Theorem on the Existence of a Conditional Measure
(see [18, Theorems 10.4.5 and 7.5.6]).

Theorem 4.22. Let .�;†;�/ be a finite separable measure space with a perfect
measure. Then for each sub-� -algebra F of† there exists a function p W ��† ! R,
for which the following conditions hold:

(i) For every ! 2 � the function p.!; �/ W † ! R is a countably additive measure
on †, and it is a probability measure if � is as well.

(ii) For any B 2 † the function p.�; B/ W � ! R is F -measurable and �-integrable.

(iii) For all A 2 F and B 2 † we have �.A \ B/ D R

A p.!;B/ d�.!/.

The function p W ��† ! R from Theorem 4.22 is called the conditional measure
on † with respect to F .

Theorem 4.22 implies the following characterization.

Corollary 4.23. Let .�;†;�/ be a separable finite measure space with a perfect
measure. A sub-� -algebra F of † is strictly narrow if and only if

.8B 2 †/.9C 2 †.B// p.!;C / D 1

2
p.!;B/ for almost all ! 2 � ; (4.5)

where p is the conditional measure on † with respect to F .

Proof. Observe that the equality p.!;C / D 1=2p.!;B/ for almost all ! 2 � is
equivalent to the following equality for each A 2 F

Z

A

p.!;C / d�.!/ D 1

2

Z

A

p.!;B/ d�.!/ :

Thus, by Theorem 4.22(iii), condition (4.4) holds.

A canonical example of a strictly narrow sub-� -algebra is the sub-� -algebra G D
† � ¹Œ0; 1�º of the Lebesgue � -algebra on the unit square Œ0; 1�2 defined and studied
in Section 4.2. Note that in the proof of Theorem 4.10, we actually proved condi-
tion (4.5).
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Narrow and strictly narrow sub-� -algebras coincide on complete
measure spaces

We now present a characterization of narrow and strictly narrow sub-� -algebras on
complete measure spaces in terms of random variables.

Theorem 4.24. Let .�;†;�/ be a separable atomless probability space. Assume
that a sub-� -algebra F of†, and † are both complete with respect to the measure �
(that is every subset in F (resp.,†) of a set of measure zero belongs to F (resp.,†)).
Then the following assertions are equivalent:

(a) F is narrow.

(b) F is strictly narrow.

(c) There exists a random variable � 2 L0.�/ which is independent of F and has a
nontrivial Gaussian distribution.

Proof. Observe that the conditional expectation operator F can be written in terms of
conditional measures as follows .MF '/.!/ D R

� '.!
0/ p .!; d!0/:

Proof of (a) ) (b). Let B 2 †C. Since F , for each n � 1 there exists Cn 2 †.B/
such that for every A 2 F we have

ˇ

ˇ�.A \ Cn/ � 1

2
�.A \ B/ˇˇ < 1

n
: (4.6)

We rewrite (4.6), using conditional measures p, i.e. for all A 2 F we have

ˇ

ˇ

Z

A

p .!;Cn/�.d!/ � 1

2

Z

A

p.!;B/�.d!/
ˇ

ˇ <
1

n
: (4.7)

We claim that the sequence p.�; Cn/ converges in measure to 1
2p.�; B/. Indeed,

otherwise there would exist ı1; ı2 > 0 so that (passing if necessary to a subsequence)
for all n � 1, �¹! W jp .!;Cn/� 1

2 p .!;B/j > ı1º > ı2. Without loss of generality,
we may and do assume that for all n � 1 ,

�
®

! W p .!;Cn/� 1

2
p .!;B/ > ı1

¯

>
ı2

2
:

Define An D ¹! W p.!;Cn/ � 1
2
p.!;B/ > ı1º. Then �.An/ >

ı2

2
, and, by

Theorem 4.22(iii) and the definition of An, we get

�.An \ Cn/ D
Z

An

p .!;Cn/�.d!/ >

Z

An

�

1

2
p .!;B/C ı1

�

�.d!/

>
1

2

Z

An

p .!;B/�.d!/C ı1ı2

2
D �.An \ B/C ı1ı2

2
:

(4.8)
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Inequality (4.8) contradicts (4.6), and the claim is proved.
So, without loss of generality, we assume that

p . �; Cn/ ! 1

2
p . �; B/; n ! 1 in measure (4.9)

and the convergence (4.9) holds on the set �1 2 F of full measure, i.e. �.� n �1/
D 0. Consider the measurable space .B;†.B// with the measure p.!; �/ for a fixed !
and choose C 2 †.B/ so that

p .!;C / D 1

2
p.!;B/ : (4.10)

A priori C depends on !. However, by [18, p. 454], the set � is decomposed
into equivalence classes which are atoms of the sub-� -algebra F so that for each
!1; !2 2 � from the same atom, the measures p.!1; �/ and p.!2; �/ coincide and are
supported on that atom. Thus, condition (4.9) is equivalent to the following one:

8 ! 2 �B p.!;C!n / ! 1

2
p.!;B!/; n ! 1 : (4.11)

Here�B is a F -measurable set of measure one, C!n and B! denote the intersections
of Cn and B , respectively, with the atom of the sub-� -algebra F , which contains !.

Thus for every ! 2 �1 there exists C! such that p.!;C!/ D 1
2
p.!;B!/ and

C D S

!2�1
C! 2 †. Hence for each A 2 F we have

�.A\C/ D
Z

A\�1

p.!;C!/�.d!/ D 1

2

Z

A\�1

p .!;B!/�.d!/ D 1

2
�.A\B/:

Thus (a) ) (b) is proved.
Proof of (b) ) (c). We consider the conditional measures p.�; �/. Since F is

strictly narrow, for every B 2 †C there exists C 2 †, such that for some subset �B
of measure one the following equality holds

8 ! 2 �B p.!;C!/ D 1

2
p.!;B!/ : (4.12)

Note that condition (4.12) holds if and only if the sub-� -algebra F is strictly nar-
row.

We construct a sequence of decompositions of�. SetA0;0 D � and chooseA1;0 so
that (4.12) holds with B D A0;0 and C D A1;0. Let A1;1 D A0;0nA1;0. Then, taking
as B the set A1;0, we construct A2;0 and A2;1. Next, using the set A1;1 we construct
A2;2 and A2;3. Continuing the construction, we obtain a sequence ¹An;k In � 0; k D
0; : : : ; 2n�1º of decompositions of the set �. Then there exists a set �1 of measure
one such that for every! 2 �1 and every n � 0; k D 0; : : : ; 2n�1 we have (recall that
for a set A, the set A! is the intersection of A with the atom of F , which contains !)

p.!;A!n;k/ D 1

2n
; (4.13)
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andA!
nC1;2k[A!

nC1;2kC1 D A!
n;k

. Fix any number t 2 .0I 1/ and consider its dyadic

expansion t D P1
nD1 2�n"n, with "n 2 ¹0; 1º. Define a set �t 2 † as follows:

�t D
1
[

nD1
.An;kn

/"n
; (4.14)

where .An;kn
/"n

D
´

;; if "n D 0;

An;kn
; if "n D 1;

and kn D min¹k 2 N W An;k ª
Sn�1
mD1.Am;k/"m

º. By (4.13), �.�t/ D t , and �t is
independent of F . Moreover, �t1 � �t2 for t1 < t2 by the construction. Then one
can construct a Gaussian random variable which is independent of F using the sets
�t ; t 2 .0I 1/ in the usual way.

Proof of (c) ) (b). Let � be a Gaussian random variable with a nontrivial dis-
tribution and which is independent of F . Consider sets �t D ¹� < atº such that
�.�t/ D t for all t 2 .0; 1/. Then we construct decompositions ¹An;kº with prop-
erty (4.14). For each B 2 † and each n; k the function ! 7! p .!;A!

n;k
\ B!/ is

F -measurable and

p
�

!;

N
[

nD1
A!n;kn

\ B!
�

% 1

2
p .!;B!/; as N ! 1 :

Hence, we can construct a setC as followsC D S

!2	1
C! , whereC!D

�

S

A!
n;kn

�

\B! . Then with this C condition (4.10) is satisfied, and thus F is strictly narrow.

Combining Proposition 4.21 with Theorem 4.24, we obtain the following result.

Corollary 4.25. Let .�;†;�/ be a separable atomless probability space. Assume
that a sub-� -algebra F of † as well as † itself are complete with respect to the
measure �. Let E be a Köthe–Banach space on .�;†;�/, such that the conditional
expectation operatorMF is well defined and bounded. Then the following conditions
are equivalent:

(a) MF is narrow.

(b) MF is strictly narrow.

(c) There exists a random variable � on .�;†;�/ which is independent of F and has
a nontrivial Gaussian distribution.
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Ideal properties, conjugates, spectrum and
numerical radii of narrow operators

In Section 1.3 we proved that the set of all narrow operators has the left-ideal prop-
erty (Proposition 1.8). However, in general, it has no other ideal-type properties. In
Section 5.1 we show that the right-ideal property fails in most spaces and that in most
“good” spaces, every operator is a sum of two narrow operators (however, a sum of
two narrow operators on L1 is narrow, see Theorem 7.46 below). On the other hand,
in r.i. spaces on Œ0; 1�, other than L1, the sum of a narrow and a compact operator is
narrow (Proposition 5.5). In Section 5.2 we show that, in contrast to compact opera-
tors, the conjugate operator to a narrow operator need not be narrow. In Section 5.3
we present a result of Krasikova [70] that every compact subset of C n ¹0º can be a
spectrum for some narrow operator. In Section 5.4 we study whether the numerical
index of Lp for 1 < p < 1, p ¤ 2, can be approximated by numerical radii of
narrow operators on Lp. Our technique shows that the behavior of any narrow op-
erator on Lp.�/ is very close, in a certain sense, to that of a rank-one operator (see
Lemma 5.17).

5.1 Ideal properties of narrow operators and stability of
rich subspaces

Proposition 1.8 shows that the set of all narrow operators has the left-ideal property.
However, in most cases, the right-ideal property does not hold.

Proposition 5.1. Let E be an r.i. Banach space on a finite atomless measure space
.�;†;�/. Then there exist operators T; S 2 L.E/ with S narrow and ST nonnar-
row.

Proof. By Theorem 4.17 we choose a complemented subspace E1 of E isomorphic
to E, an isomorphism T W E ! E1 and a narrow projection S of E onto E1. Then
ST D T is not narrow.

Every operator on a “good” space is a sum of two narrow operators

Is the sum of two narrow operators narrow? It is a striking and very interesting phe-
nomenon that if an r.i. Banach space on Œ0; 1� has an unconditional basis then the
answer is negative, while for E D L1 it is affirmative. No less interesting is that the
first fact is quite simple, and the second is quite complicated (see Section 7.2).
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We start by showing a simple argument that every operator on Lp , 1 < p < 1, is
a sum of two narrow operators. In fact, even more is true.

Theorem 5.2. Let E be an r.i. Banach space on Œ0; 1� with an unconditional basis.
Then the identity I ofE is a sum I D PCQ of two narrow projections P;Q 2 L.E/.
Consequently, every operator T 2 L.E/ is a sum T D T1 C T2 of two narrow
operators T1; T2 2 L.E/.

Proof. Let h0;0; .hm;i /1mD0
2m

iD1 be the L1-normalized Haar system. Decompose the
set of integers into two infinite parts N D N0 tN1 and let

E0 D span
�

h0;0; hm;i W m 2 N0; i 2 ¹1; : : : 2mº�;
E1 D span

�

h0;1; hm;i W m 2 N1; i 2 ¹1; : : : 2mº� :
Since the Haar system is unconditional in E [80, p. 156], we have E D E0 ˚ E1.
Now we show that both corresponding projections P0 onto E0 and P1 onto E1 are
narrow. Let I kn D Œ2�n.k � 1/; 2�nk/ be any dyadic interval, and let " > 0. Fix
any index j 2 ¹0; 1º and choose any m 2 N1�j with m > n. Since 2�n.k � 1/ D
2�m.k�1/2m�n, we have that I kn D Fk2m�n�1

iD.k�1/2m�n I im D Fk2m�n�1
iD.k�1/2m�n supp hm;i :

Set

x D
k2m�n�1
X

iD.k�1/2m�n

hm;i

and observe that x2 D 1Ik
n

. Since x 2 E1�j D kerPj , we have that kPjxk D 0 < ".
Since E is a separable r.i. space, it has an absolute continuous norm on the unit.

Indeed, otherwise there is ı > 0 such that k1Ak � ı for every A 2 †C, and hence,
the set .1Œ0;t�/t2Œ0;1� is ı-separated and uncountable, which contradicts separability
of E. Therefore, by Lemma 1.12, Pj is narrow.

Corollary 5.3. Let E be an r.i. Banach space on Œ0; 1� with an unconditional basis.
Then E is a direct sum of two rich subspaces E D E0 ˚ E1.

As one can see from the proof of Theorem 5.2, subspaces E0 and E1 are rich in
any Köthe–Banach space E on Œ0; 1� with absolutely continuous norm on the unit. If,
in addition, the Haar system is a basis of E then the subspaces E0 and E1 are quasi-
complemented in E, that is, E0 \ E1 D ¹0º and span.E0 [ E1/ D E (this property
follows directly from the definition of a basis).

Since the Haar system is a basis of every separable r.i. space [80, p. 150], we obtain
the following statement.

Proposition 5.4. Let E be a Köthe–Banach space on Œ0; 1� such that the Haar system
is a basis of E (in particular, a separable r.i. Banach space). Then E has a pair of
rich quasi-complemented subspaces.
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The sum of a narrow and a compact operator is narrow

Since a sum of two narrow operators does not have to be narrow, it is natural to ask
whether a sum of a narrow and other “small” operator, such as a compact operator, is
narrow. The answer is affirmative in a large class of spaces.

Proposition 5.5. Let E be an r.i. Banach space on Œ0; 1�, not equal to L1, up to an
equivalent norm. Let T 2 L.E;X/ be narrow and let K 2 L.E;X/ be compact.
Then T CK is narrow.

Proof. Let A 2 †. Using the definition of a narrow operator, we construct a Radema-
cher system .rn/ on A such that limn!1 kT rnk D 0. By Rodin–Semenov’s re-
sult [121] (see also [80, p. 160]), .rn/ is weakly null. Thus, limn!1 kKrnk D 0.
Hence, limn!1 k.T CK/ rnk D 0.

As we will see later, a compact operator on L1 need not be narrow, see Sec-
tion 11.4. Thus, Proposition 5.5 is false for the setting of operators on L1. However,
we do not know the following.

Open problem 5.6. Is a sum of two narrow operators from L.L1/, at least one of
which is compact, narrow?

We will show in Section 7.2 that the set of all narrow operators on L1 is a band in
L.L1/. This is the strongest known positive result about algebraic properties of the
set of narrow operators.

Stability of rich subspaces

The notion of a rich subspace is stable in the sense of the following propositions. First
observe that ifK 2 L.X/ is a compact operators on a Banach spaceX then the image
.I CK/.X/ is closed in X .

Proposition 5.7. Let E be an r.i. Banach space on Œ0; 1�, not equal to L1, up to an
equivalent norm. Let T 2 L.E/ be a compact operator. If X is a rich subspace of E
then so is .I CK/.X/.

Proof. Let A 2 †C. Using the definition of a rich subspace, we choose a sequence
xn 2 X and a Rademacher system .rn/ on A such that kxn� rnk and kxn� rnk ! 0.
By Rodin–Semenov’s result [121], .rn/ is weakly null. Since K is compact, kyn �
rnk D kKrnk ! 0, where yn D xn C Krn 2 .I C K/.X/. Thus, .I C K/.X/ is
rich.

Corollary 5.8. Let E be an r.i. Banach space on Œ0; 1�, not equal to L1, up to
an equivalent norm. If X is a rich subspace of E and Y is a subspace of X with
dimX=Y < 1 then Y is also rich.
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Proposition 5.9. Let E be an r.i. Banach space on Œ0; 1�, not equal to L1, up to an
equivalent norm, and let X be a rich subspace of E with a normalized basis .xn/. If
a sequence .yn/ in E satisfies

P1
nD1 kxn � ynk < 1 then the subspace Y D Œyn� is

rich.

Proof. Let K be the basis constant of .xn/. Fix any A 2 †C and " 2 .0; 2/, and
choose n0 2 N so that

P1
nDn0

kxn � ynk < "=.4K/. By [79, p. 5], there exists
a continuous linear operator T W Œxn�1nDn0

! Œyn�
1
nDn0

with T xn D yn for each
n � n0 and kT x � xk � "kxk=4 for each x 2 Œxn�. By Corollary 5.8, Œxn�1nDn0

is a rich subspace of E. Now choose x 2 Œxn�
1
nDn0

and y 2 E so that y2 D 1A,
R

Œ0;1� y d� D 0 and kx�yk < "=2. Then T x 2 Y , kxk � kyk C "=2 � 1C "=2 < 2

and kT x � yk � kT x � xk C kx � yk � "kxk=4C "=2 < ".

5.2 Conjugates of narrow operators need not be narrow

As a consequence of Theorem 4.17 we obtain that the conjugate operator to a narrow
operator need not be narrow, in contrast to compact operators.

Corollary 5.10. Let .�;†;�/ be a finite atomless measure space and 1 < p < 1.
There exists a narrow operator T 2 L.Lp.�// such that T � 2 L.Lq.�// is not
narrow, where 1=p C 1=q D 1.

Proof. Let F be a sub-� -algebra of † satisfying the conditions of Theorem 4.17. Let
J W MF .Lp.�// ! Lp.�/ be an onto isomorphism. Then the operator S D J ıMF

is narrow and onto. However, the conjugate operator S� is an into isomorphism and
thus nonnarrow.

Note that Corollary 5.10 also holds for r.i. Banach spaces E on a finite atomless
measure space .�;†;�/ such that E� can be represented as an r.i. Banach space on
.�;†;�/, and such that all the conditional expectation operators are well defined and
bounded on both E and E�.

5.3 Spectrum of a narrow operator

It is well known that the spectrum of a compact operator is a countable subset of C
having, at most, one limiting point zero. In contrast, the only restriction on a compact
subset K 	 C to be a spectrum of a narrow operator is that 0 2 K.

Theorem 5.11. ([70]) Let E be a complex Köthe–Banach space with an absolutely
continuous norm on the unit on a finite atomless measure space .�;†;�/ such that
there exists an infinite purely atomic sub-� -algebra F of † such that the conditional
expectation operator MF is well defined and bounded in E. Then a subset K 	 C
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is a spectrum of some narrow operator T 2 L.E/ if and only if K is a compact set
containing zero.

Proof. The “only if” part is obvious. To prove the “if,” assume 0 2 K 	 C and K is
a compact set. We choose a sequence .kn/1nD1 dense in K (as K ¤ ;, it is possible).
Let F be generated by a disjoint sequence .�n/1nD1 with �n 2 †C. Then � D
F1
nD1�n. Given x 2 E, we set

.T x/.!/ D kn

�.�n/

Z

�n

x d� (5.1)

for each ! 2 �n; n D 1; 2; : : :. Observe that

.MF x/.!/ D 1

�.�n/

Z

�n

x d�

for all ! 2 �n; n D 1; 2; : : :. Since C D sup l¹jkj W k 2 Kº < 1, we have that
j.T x/.!/j � C.MF jxj/.!/ for all ! 2 �, hence, T x 2 E and kT xk � C kMkkxk
for all x 2 E. Thus, (5.1) defines a bounded linear operator on E.

Now we show that T is narrow. Let A 2 †. For every n 2 N, we set An D
A \ �n. Since the restriction of T to E.�n/ is a rank-one operator, this restric-
tion is narrow. Therefore, for every n D 1; 2; : : : there is xn 2 E.�n/ such that
x2n D 1An

,
R

�n
xn d� D 0 and kT xnk < 2�n". Now we define x.!/ D xn.!/ for

all ! 2 �n; n D 1; 2; : : :. Then x2 D 1A, x 2 E,
R

� x d� D 0 and kT xk �
P1
nD1 kT xnk <P1

nD1 2�n" D ". Thus, T is narrow.
It remains to find the spectrum �.T / of T . Since the numbers kn for each n D

1; 2; : : : are eigenvalues of T , we have that all of them belong to �.T /. And since
�.T / is closed, K D ¹kn W n 2 Nº � �.T /. Now we show the converse inclusion,
that is, if � 2 C nK then the operator T � �I is an isomorphism. Given y 2 E, we
show that the equation .T � �I / x D y has a unique solution in E. Integrating the
equation over �n, we obtain

Z

�n

x d� D .kn � �/�1
Z

�n

y d� :

Hence, the initial equation is equivalent to

kn

�.�n/
.kn � �/�1

Z

�n

y d� � �x.!/ D y.!/

for almost all ! 2 �n, n D 1; 2; : : :, which obviously has the solution

x.!/ D kn

�.kn � �/�.�n/
Z

�n

y d� � y.!/
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for almost all ! 2 �n, n D 1; 2; : : :. Then

�

�.T � �I /�1y�� �
 

jknj kMF k
j�jjkn � �j C 1

!

kyk

�
 

C kMF k
d2
�

C 1

!

kyk ;

where d� D inf¹j� � ˛j W ˛ 2 Kº > 0, thus, .T � �I /�1 2 L.E/.

5.4 Numerical radii of narrow operators on Lp.�/-spaces

The numerical index of a Banach space X is the constant depending on numerical
ranges of operators on X . The notion of numerical range was first introduced by
Toeplitz in 1918 for matrices. The same definition was used for operators on arbitrary
Hilbert spaces, and in the sixties it was extended to operators on general Banach
spaces by Lumer and Bauer.

The numerical range V.T / of an operator T 2 L.X/ is defined by

V.T / D ¹x�.T x/ W x 2 X;x� 2 X�; kxk D kx�k D 1; x�.x/ D 1º;
and the numerical radius is the seminorm defined on L.X/ by

v.T / WD sup¹j�j W � 2 V.T /º:
The numerical range of a bounded linear operator is connected, but not necessarily

convex, and, in the complex case, its closure contains the spectrum of the operator.
The numerical index of a Banach space X is the constant given by

n.X/ D inf¹v.T / W T 2 L.X/; kT k D 1º :
Evidently, 0 � n.X/ � 1 for every Banach space X , and n.X/ > 0 means that

the numerical radius and the operator norm are equivalent on L.X/. In the real case,
all values in Œ0; 1� are possible for the numerical index. In the complex case we have
1=e � n.X/ � 1 and all of these values are possible. It is known that n.X/ � n.X�/,
and n.X/ D n.X�/ if X is reflexive. There are some classical Banach spaces for
which the numerical index has been calculated. For instance, the numerical index of
L1.�/ is 1. If H is a Hilbert space with dimX > 1 then n.H/ D 0 in the real case
and n.H/ D 1=2 in the complex case.

An important still open problem in the theory is the question of evaluating the
numerical index n.Lp/ for 1 < p < 1, p ¤ 2 [35, p. 488]. It is known that
n.Lp.�// > 0 for p ¤ 2 [89], and that n.Lp.�// D infm n.`mp / for every measure �
if dim.Lp.�// D 1 [91]. In particular, n.Lp/ D n. p̀/. For other interesting facts
and problems on the numerical index see [55].
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It is very natural to ask whether the numerical index n.Lp/ can be approximated
by numerical radii of finite rank operators, or compact operators, or even narrow op-
erators. This is true in `p, but for Lp these questions remain open. However, in [90]
Martín, Merí and Popov obtained some partial results. Here we discuss the following
problem posed in [90].

Open problem 5.12. Let 1 < p < 1, p ¤ 2 .

nnar.Lp/ D inf¹v.T / W T 2 L.Lp/; kT k D 1; T is narrowº :
Does n.Lp/ D nnar.Lp/?

For `p, n. p̀/ coincides with the numerical index of compact operators on p̀, and
even with the numerical index of finite rank operators.

Proposition 5.13. Let 1 < p < 1. Then

n.`p/ D inf¹v.T / W T 2 L. p̀/; kT k D 1; rank.T / < 1º:
Proof. Let T 2 L. p̀/, kT k D 1 and " > 0. We show that there is S 2 L. p̀/ with
rank.S/ < 1, kSk D 1 and v.S/ � .1 C "/v.T /. For each n 2 N, let Pn be the
natural projection from `p onto the span of ¹eiºniD1. Let Tn D PnTPn. We claim that
v.Tn/ � v.T / for each n.

Indeed, fix n and x 2 `p with kxk D 1. Note that there exists a unique element
x# 2 `q, q D p=.p � 1/, so that kx#k D kxk D 1 and hx#; xi D 1. This unique
element is given by

x# D
´

jxjp�1 sign.x/ in the real case;

jxjp�1 sign.x/ in the complex case:

Note that
.Pnx/

# D P �
n .x

#/ : (5.2)

If Pnx D 0 then jhx#; Tnxij D 0 � v.T /. If Pnx ¤ 0, then let y D kPnxk�1Pnx
and observe that by (5.2)

y# D .Pnx/
#

kPnxkp�1 D P �
n .x

#/

kPnxkp�1 :

Hence,
ˇ

ˇhx#; Tnxiˇˇ D ˇ

ˇhP �
n x

#; T .Pnx/i
ˇ

ˇ D kPnxkˇˇhy#; Tyiˇˇ � v.T / :

By arbitrariness of x with kxk D 1, v.Tn/ � v.T /.
Let n so that kTnk � .1C"/�1 and set S D kTnk�1Tn. Then kSk D 1, rank.S/ <

1 and v.S/ D kTnk�1v.Tn/ � .1C "/v.T /.
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The above proof cannot be extended to Lp , since (5.2) no longer holds if we con-
sider the basic projections associated to the Haar system, or even if .Pn/ are the
conditional expectation operators with respect to the sub-� -algebra generated by the
dyadic intervals of length 2�n.

The remainder of this section is devoted to the proof of lower estimates of nnar.Lp/

in the complex and real cases.
We define the following:

�p D max
�>0


p�1
1C 
p

D max
�2Œ0;1�

�
1
q .1 � �/ 1

p D 1

p1=pq1=q
: (5.3)

The number �p is the numerical radius of the operator T .x; y/ D .y; 0/ defined on
the real or complex space `2p , see [88, Lemma 2] for instance.

Theorem 5.14. ([90]) Let .�;†;�/ be an atomless finite measure space. Then, for
every 1 < p < 1 we have

nnar.Lp.�// � �2p in the complex case ;

nnar.Lp.�// � max
�>0

�p

p�1 � 

1C 
p

in the real case :

Notice that the inequality for the real case gives a positive estimate for 1 < p < 1
(p ¤ 2) which tends to 1 as p ! 1 or p ! 1.

To prove this result we need the following lemmas which suggest that a narrow
operator behaves almost like a rank-one operator when it is restricted to a suitable
finite dimensional subspace of arbitrarily large dimension.

Lemma 5.15. Let .�;†;�/ be an atomless finite measure space, 1 � p < 1,
T 2 L.Lp.�// a narrow operator, x 2 Lp.�/ a simple function, T x D y, " > 0 and
� D D1 t : : : tD` any partition. Then there exists a partition � D A t B so that

(i) kxAkp D kxBkp D 2�1kxkp;

(ii) �.Dj \ A/ D �.Dj \ B/ D 1
2�.Dj / for each j D 1; : : : ; `;

(iii) kT xA � 2�1yk < " and kT xB � 2�1yk < ".
Proof. Let x D Pm

kD1 ak1Ck
for some ak 2 K and � D C1 t : : : t Cm. For each

k D 1; : : : ;m and j D 1; : : : ; ` define sets Ek;j D Ck \Dj and, using the definition
of narrow operator, choose uk;j 2 Lp.�/ so that

u2k;j D 1Ek;j
;

Z

�

uk;j d� D 0; and jakjkT uk;j k < 2"

m`
:

Let
EC
k;j

D ®

t 2 Ek;j W uk;j .t/ � 0
¯

; E�
k;j D Ek;j nEC

k;j
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which satisfy �.EC
k;j
/ D �.E�

k;j
/ D 1

2
�.Ek;j /, and define

A D
m
[

kD1

[̀

jD1
EC
k;j

and B D
m
[

kD1

[̀

jD1
E�
k;j :

We will show that the partition � D A t B has the desired properties. Indeed,

�

�xA
�

�

p D
m
X

kD1

X̀

jD1
jakjp�.EC

k;j
/ D

m
X

kD1
jakjp

X̀

jD1

�.Ek;j /

2
D

m
X

kD1
jakjp�.Ck/

2

D kxkp
2

and, obviously, kxBkp D kxAkp . Thus (i) is proved.
Since EC

k;j
� Ek;j � Dj , for each j0 2 ¹1; : : : ; `º, we have that

Dj0
\ A D

m
[

kD1

[̀

jD1

�

Dj0
\EC

k;j

�

D
m
[

kD1
EC
k;j0

and hence

�
�

Dj0
\A� D

m
X

kD1
�
�

EC
k;j0

� D 1

2

m
X

kD1
�
�

Ek;j0

� D 1

2

m
X

kD1
�
�

Ck\Dj0

� D 1

2
�.Dj0

/:

Analogously, we can prove that �.Dj \ B/ D 1
2
�.Dj / for every j 2 ¹1; : : : ; `º,

which finishes the proof of (ii).
To prove (iii) observe that

xA � xB D
m
X

kD1

X̀

jD1
ak

�

1
E

C

k;j

� 1E�
k;j

�

D
m
X

kD1

X̀

jD1
akuk;j

and hence
�

�

�

T .xA � xB/
�

�

�

�
m
X

kD1

X̀

jD1
jak jkT uk;j k < 2" :

Therefore, we have that

�

�

�

T xA � 1

2
y
�

�

�

D 1

2

�

�

�

2T xA � T xA � T xB
�

�

�

D 1

2

�

�

�

T .xA � xB /
�

�

�

< " :

Analogously, we obtain that kT xB � 1
2
yk < " finishing the proof of (iii).
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Lemma 5.16. Let .�;†;�/ be an atomless finite measure space, 1 � p < 1,
T 2 L.Lp.�// be a narrow operator, and x; y 2 Lp.�/ be simple functions such that
T x D y. Then for each n 2 N and " > 0 there exists a partition � D A1t : : :tA2n

such that for each k D 1; : : : ; 2n we have

(a) kxAk
kp D 2�nkxkp;

(b) kyAk
kp D 2�nkykp;

(c) kT xAk
� 2�nyk < ".

Proof. Let y D P`
jD1 bj 1Dj

for some bj 2 K and� D D1 t : : :tD`. We proceed
by induction on n. Suppose first that n D 1 and use Lemma 5.15 to find a partition
� D A t B satisfying properties (i)–(iii). Then (i) and (iii) mean .1/ and .3/ for
A1 D A, A2 D B . Moreover, observe that .2/ follows from (ii) :

�

�yA1

�

�

p D
X̀

jD1
jbj jp�.A1 \Dj / D

X̀

jD1
jbj jp 1

2
�.Dj / D 1

2
kykp

and analogously kyA2
kp D 2�1kykp .

For the induction step suppose that the statement of the lemma is true for n 2 N and
find a partition � D A1 t : : : t A2n such that for every k D 1; : : : ; 2n the following
hold:

kxAk
kp D 2�nkxkp ; kyAk

kp D 2�nkykp ; and kT xAk
� 2�nyk < " : (5.4)

Then, for each k D 1; : : : ; 2n use Lemma 5.15 for xAk
instead of x, T xAk

instead
of y, the decomposition

� D
2n
G

kD1

G̀

jD1
.Dj \ Ak/

instead of� D D1t: : :tD` and "
2 instead of ", and find a partition� D A.k/tB.k/

satisfying properties (i)–(iii) of Lemma 5.15. That is, for each 1 � k � 2n we have
that:

(i) kx.Ak\A.k//kp D kx.Ak\B.k//kp D 2�1kxAk
kp ;

(ii) �.Dj\Ak\A.k// D �.Dj\Ak\B.k// D 1
2
�.Dj\Ak/ for each j D 1; : : : ; `;

(iii) kT x.Ak\A.k// � 2�1T xAk
k < "

2
and kT x.Ak\B.k// � 2�1T xAk

k < "
2

.

Let us show that the partition

� D �

A1 \ A.1/� t : : : t �A2n \ A.2n/� t �A1 \ B.1/� t : : : t �A2n \ B.2n/�

has the desired properties for nC 1:
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Property .1/: using (i ) and (5.4), one obtains
�

�x.Ak \A.k//
�

�

p D �

�x.Ak\B.k//
�

�

p D 2�1�
�xAk

�

�

p D 2�.nC1/kxkp :
Property .2/: for each k D 1; : : : ; 2n use (ii) and (5.4) to obtain

�

�y.Ak\A.k//
�

�

p D
X̀

jD1
jbj jp��Dj \ Ak \ A.k/� D 1

2

X̀

jD1
jbj jp�.Dj \ Ak/

D 1

2

�

�yAk

�

�

p D 2�.nC1/kykp

and analogously ky.Ak\B/kp D 2�.nC1/kykp .
Property .3/: for each k D 1; : : : ; 2n use (iii) and (5.4) to write

�

�

�

T x.Ak\A.k// � 2�.nC1/y
�

�

�

�
�

�

�

T x.Ak\A.k// � 2�1T xAk

�

�

�

C 1

2

�

�

�

T xAk
� 2�ny

�

�

�

<
"

2
C "

2
D "

and analogously kT x.Ak\B.k// � 2�.nC1/yk < ", which completes the proof.

Lemma 5.17. Let .�;†;�/ be an atomless finite measure space, 1 � p < 1, let
T 2 L.Lp.�// be a narrow operator, and let x; y 2 Lp.�/ be simple functions such
that T x D y. Then for each n 2 N, each number � of the form � D j

2n where
j 2 ¹1; : : : ; 2n � 1º and each " > 0 there exists a partition � D A t B such that:

(a) kxAkp D �kxkp;

(b) kyBkp D .1 � �/kykp;

(c) kT xA � �yk < ".
Proof. Use Lemma 5.16 to choose a partition� D A1t: : :tA2n satisfying properties
.1/ � .3/ with "=j instead of ". Let A D Fj

kD1 Ak and B D F2n

kDjC1Ak . Then

�

�xA
�

�

p D
j
X

kD1

�

�xAk

�

�

p D
j
X

kD1
2�nkxkp D �kxkp;

�

�yB
�

�

p D
2n
X

kDjC1

�

�yAk

�

�

p D
2n
X

kDjC1
2�nkykp D .1 � �/kykp ;

�

�T xA � �y
�

� D
�

�

�

j
X

kD1
T xAk

�
j
X

kD1
2�ny

�

�

�

�
j
X

kD1

�

�T xAk
� 2�ny

�

� < j
"

j
D " ;

as desired.
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Proof of Theorem 5.14. Let T 2 L.Lp.�// be a narrow operator of norm one. Fix
" > 0; 
 > 0; n 2 N and � 2 .0; 1/ of the form � D j

2n where j 2 ¹1; : : : ; 2n � 1º.
Choose a simple function x 2 SLp.�/ so that y D T x satisfies kykp � 1 � ".
Without loss of generality we may assume that y is a simple function since T can be
approximated by a sequence of narrow operators with the desired property (indeed,
take a sequence of simple functions .ym/ converging to y and define Tm D T �x# ˝
.y � ym/). Thus Tm.x/ D ym, kTm � T k � ky � ymk, and Tm is narrow for every
m 2 N, by Proposition 5.5.

Use Lemma 5.17 to find a partition � D A t B satisfying (a)–(c) and use (b) and
(c) to obtain the following estimate:

ˇ

ˇ

ˇ

ˇ

Z

B

y#T xA d� � �.1 � �/kykp
ˇ

ˇ

ˇ

ˇ

D
ˇ

ˇ

ˇ

ˇ

Z

B

y#T xA d� � �
Z

B

y#y d�

ˇ

ˇ

ˇ

ˇ

� �

�T xA � �y�� < " : (5.5)

For 	 2 T , define z
 D �� 1
p xA C 	.1 � �/� 1

p 
yB and observe, using (a) and (b) of
Lemma 5.17, that

kz
kp D ��1�
�xA

�

�

p C .1 � �/�1
p��yB
�

�

p � 1C 
p :

Moreover, using the fact that .u C v/# D u# C v# for disjointly supported elements

u; v 2 Lp.�/, it is clear that z#



D �� 1
q x#
A

C	.1��/� 1
q 
p�1y#

B
. Using this and (5.5)

we can write

.1C 
p/v.T / � max

2T

ˇ

ˇ

ˇ

ˇ

Z

�

z#

T z
 d�

ˇ

ˇ

ˇ

ˇ

(5.6)

D max

2T

ˇ

ˇ

ˇ

ˇ

��1
Z

A

x#T xA d�C 	�� 1
q .1� �/�

1
p 


Z

A

x#TyB d�

C 	�� 1
p .1 � �/� 1

q 
p�1
Z

B

y#T xA d�C .1 � �/�1
p
Z

B

y#TyB d�

ˇ

ˇ

ˇ

ˇ

� max

2T

ˇ

ˇ

ˇ

ˇ

��1
Z

A

x#T xA d�C .1 � �/�1
p
Z

B

y#TyB d�

C 	�� 1
q .1 � �/� 1

p 


Z

A

x#TyB d�C 	�
1
q .1 � �/ 1

p 
p�1kykp
ˇ

ˇ

ˇ

ˇ

� �� 1
p .1 � �/� 1

q 
p�1
ˇ

ˇ

ˇ

Z

B

y#T xA d� � �.1 � �/kykp
ˇ

ˇ

ˇ

� max

2T

ˇ

ˇ

ˇ

ˇ

��1
Z

A

x#T xA d�C .1 � �/�1
p
Z

B

y#TyB d�

C 	�� 1
q .1 � �/� 1

p 


Z

A

x#TyB d�C 	�
1
q .1 � �/ 1

p 
p�1kykp
ˇ

ˇ

ˇ

ˇ

� �� 1
p .1 � �/� 1

q 
p�1"
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� max

2T

ˇ

ˇ

ˇ

ˇ

	�� 1
q .1 � �/� 1

p 


Z

A

x#TyB d�C 	�
1
q .1 � �/ 1

p 
p�1kykp
ˇ

ˇ

ˇ

ˇ

� �� 1
p .1 � �/� 1

q 
p�1":

Let us prove the last step in the formula above. Indeed, we write

a D ��1
Z

A

x#T xA d�C .1 � �/�1
p
Z

B

y#TyB d�

b D �� 1
q .1 � �/� 1

p 


Z

A

x#TyB d�

c D �
1
q .1 � �/ 1

p 
p�1kykp

and observe that what we need to prove is

max

2T

ˇ

ˇ

ˇ

aC 	b C 	c
ˇ

ˇ

ˇ

� max

2T

ˇ

ˇ

ˇ

	b C 	c
ˇ

ˇ

ˇ

:

This inequality is easy to prove. For a fixed 	0 2 T it is clear that

max

2T

ˇ

ˇ

ˇ

a C 	b C 	c
ˇ

ˇ

ˇ

� max¹
ˇ

ˇ

ˇ

aC �

	0b C 	0c
�

ˇ

ˇ

ˇ

;
ˇ

ˇ

ˇ

a � �

	0b C 	0c
�

ˇ

ˇ

ˇ

º �
ˇ

ˇ

ˇ

	0b C 	0c
ˇ

ˇ

ˇ

and the arbitrariness of 	0 gives the desired inequality.
From this point we study the real and the complex case separately. For the complex

case, we continue the estimation in (5.6) as follows:

.1C 
p/v.T / � max

2T

ˇ

ˇ

ˇ

ˇ

	�� 1
q .1 � �/� 1

p 


Z

A

x#TyB d�C 	�
1
q .1 � �/ 1

p 
p�1kykp
ˇ

ˇ

ˇ

ˇ

� �� 1
p .1 � �/� 1

q 
p�1"

D
ˇ

ˇ

ˇ

ˇ

�� 1
q .1 � �/� 1

p 


Z

A

x#TyB d�

ˇ

ˇ

ˇ

ˇ

C
ˇ

ˇ

ˇ

�
1
q .1 � �/ 1

p 
p�1kykp
ˇ

ˇ

ˇ

� �
� 1

p .1 � �/� 1
q 
p�1"

� �
1
q .1 � �/ 1

p 
p�1kykp � �� 1
p .1 � �/� 1

q 
p�1"

� �
1
q .1 � �/ 1

p 
p�1.1 � "/ � �� 1
p .1 � �/� 1

q 
p�1" :

By the arbitrariness of " we can write

v.T / � �
1
q .1 � �/ 1

p

p�1
1C 
p

for every 
 > 0 and every � 2 .0; 1/ of the form � D j
2n where j 2 ¹1; : : : ; 2n � 1º.

Since the dyadic numbers are dense in Œ0; 1� and max
�2Œ0;1�

�
1
q .1��/ 1

p D �p D max
�>0

�p�1

1C�p ,
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the last inequality implies v.T / � �2p which finishes the proof in the complex case.
In the real case, using (a) and (b) of Lemma 5.17, it is easy to check that

�
� 1

q .1 � �/� 1
p 


ˇ

ˇ

ˇ

ˇ

Z

A

x#TyB d�

ˇ

ˇ

ˇ

ˇ

� �� 1
q .1� �/�

1
p 

�

�x#
A

�

�

q

�

�yB
�

�

p

� �� 1
q .1� �/�

1
p 
�

1
q .1 � �/ 1

p D 


which, together with (5.6) and the choice of y, implies that

.1C 
p/v.T / �
ˇ

ˇ

ˇ

ˇ

�� 1
q .1 � �/� 1

p 


Z

A

x#TyB d�C �
1
q .1� �/

1
p 
p�1kykp

ˇ

ˇ

ˇ

ˇ

� �� 1
p .1 � �/� 1

q 
p�1"

� �
1
q .1 � �/ 1

p 
p�1kykp � �� 1
q .1 � �/� 1

p 


ˇ

ˇ

ˇ

ˇ

Z

A

x#TyB d�

ˇ

ˇ

ˇ

ˇ

� �� 1
p .1 � �/� 1

q 
p�1"

� �
1
q .1 � �/ 1

p 
p�1.1 � "/ � 
 � �� 1
p .1 � �/� 1

q 
p�1" :

Hence, by the arbitrariness of " we deduce that

v.T / � �
1
q .1 � �/ 1

p 
p�1 � 

1C 
p

;

for every 
 > 0 and every � 2 .0; 1/ of the form � D j
2n where j 2 ¹1; : : : ; 2n � 1º.

Taking supremum over �, we get

v.T / � �p

p�1 � 

1C 
p

for each 
 > 0, completing the proof.



Chapter 6

Daugavet-type properties of Lebesgue and Lorentz
spaces

The classical theorem of Daugavet [27] asserts that

kI C T k D 1C kT k (6.1)

for every compact operator T on C Œ0; 1�, where I is the identity operator. Lozanov-
skii [85] proved that (6.1) also holds for every compact operator T on L1Œ0; 1�. Equa-
tion (6.1) is known as the Daugavet equation, and we say that a Banach spaceX satis-
fies the Daugavet property for a class of operators M � L.X/, if (6.1) holds for every
operator T 2 M. Recently, the study of the Daugavet property for various classes of
spaces and operators has attracted a lot of attention (see, e.g. the survey [141]). Dau-
gavet property has important implications for geometry of the space. In particular, a
space satisfying the Daugavet property cannot be reflexive. One line of research con-
cerning (6.1) is to find the largest possible class of operators for which (6.1) holds. In
particular, Plichko and Popov [110] showed that (6.1) holds for all narrow operators
on any atomless space L1.�/. In Section 6.1 we present a further generalization of
this result valid for narrow operators on L1 and replacing the identity operator I with
a more general small isomorphism J , see Theorem 6.3.

Another direction of generalizing (6.1) is to consider a weaker inequality. We say
that a Banach space X satisfies the pseudo-Daugavet property if there exists a strictly
increasing function ıX W .0;1/ ! .0;1/ so that

kI C T k � 1C ıX .kT k/ (6.2)

for every compact operator T on X . Similarly as the Daugavet property, the pseudo-
Daugavet property has important geometric implications, in particular it is related to
the problem of best compact approximation in X , see [11]. Benyamini and Lin [14]
showed that for every p, 1 � p < 1, p ¤ 2, LpŒ0; 1� satisfies (6.2) for compact
operators. Plichko and Popov [110] generalized this result to narrow operators, and
Boyko and V. Kadets [21] proved that for every " > 0 ,

lim
p!1C

ıLp
."/ D ";

and thus the Daugavet equation (6.1) on L1 is a limit case, as p tends to 1, of (6.2)
for narrow operators on Lp. We present these results in Section 6.2, Theorems 6.8
and 6.15.
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As an immediate corollary of the pseudo-Daugavet property for narrow operators
on Lp we obtain that for every projection P onto a rich subspace of Lp, 1 � p < 1,
p ¤ 2,

kP k � 1C ıLp
.1/

(see Corollary 6.12). This result will be applied in Section 7.5. It answers for Lp a
question of Semenov, who asked whether for every separable r.i. function space X ,
X ¤ L2, on Œ0; 1� there exists a constant kX > 1, such that for every rich subspace

Y   X and every projection P W X onto�!Y , kP k � kX (see Open problem 6.14).
The authors [118] proved that Semenov’s question also has an affirmative answer for
projections onto rich subspaces of Lorentz spacesLp;w Œ0; 1�, with p > 2 and arbitrary
weight w. We present this result in Section 6.3, Theorem 6.21.

In Section 6.4 we apply results of previous sections to obtain a theorem in a spirit
of the Banach–Stone theorem, but for Lp-spaces. That is, we prove that there exists
a constant kp > 1, so that if the Banach–Mazur distance between spaces
Lp.�1;†1; �1/ and Lp.�2;†2; �2/ is less than kp, then the Maharam sets of the
underlying measure spaces coincide.

We note that additional results concerning the Daugavet property of rich subspaces
of L1 and of C Œ0; 1� are presented in Sections 7.6 and 11.3, respectively.

6.1 A generalization of the Daugavet property for L1 to
“small” into isomorphisms instead of the identity

We consider the following question.

Problem 6.1. Given an into isomorphism J 2 L.L1/ and a narrow operator T 2
L.L1/, how can one estimate the value kJ C T k from below?

A simple example shows that we cannot estimate this norm by the sum of kJk and
another nonnegative summand.

Example 6.2. For every " > 0 there exist an into isomorphism J 2 L.L1/ with
kJk D 1C " and kJ�1k D 1, and a narrow operator T 2 L.L1/ with kT k D ", such
that kJ C T k D 1.

Construction. Let T 2 L.L1/ be any narrow operator satisfying kT k D " and
supp T x � Œ1=2; 1� for each x 2 L1. We set

Jx.t/ D �T x.t/C
²

2x.2t/; if t 2 Œ0; 1=2/;
0; if t 2 Œ1=2; 1�;

for each x 2 L1.
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In Example 6.2, kJ C T k < kJk. But if we estimate the norm kJ C T k as

kJ C T k � kT k C '.d/

where d D kJkkJ�1k, then a positive value for '.d/ for d < 2 is obtained. Our
main result is the following.

Theorem 6.3. Let T 2 L.L1/ be a narrow operator and let J 2 L.L1/ be an into
isomorphism with d D kJkkJ�1k < 2. Then

kJ C T k � kT k C kJk
�

2

d
� 1

�

:

As Example 6.2 shows, the estimate obtained in Theorem 6.3 is exact. When J D I

we obtain the following corollary.

Corollary 6.4. Let .�;†;�/ be a finite atomless measure space. Then L1.�/ satis-
fies the Daugavet property for narrow operators.

We note that exact set all of operators on L1 that satisfy the Daugavet equation is
larger than the set of narrow operators, and was described by Shvidkoy [131].

For the proof of Theorem 6.3 we will need several lemmas.

Auxiliary lemmas

We formulate the Enflo–Rosenthal truncation lemma for the space L1 only. Follow-
ing [4], a sequence .xn/11 in a Banach space X is called colacunary if there is a
number 	 > 0 such that

�

�

�

n
X

kD1
akxk

�

�

�

� 	

n
X

kD1
jakj

for each n and each collection of scalars .ak/n1 . In this case we say that .xn/11 is
colacunary with the constant 	 . Note that a normalized sequence is colacunary with a
constant 	 2 .0; 1/ if and only if it is 	�1-equivalent to the unit vector basis of `1.

The following lemma of Enflo and Rosenthal [36] was stated for normalized se-
quences .xn/. However, the same proof shows that it is true for arbitrary bounded
sequences.

Lemma 6.5. Let .xn/11 be a bounded colacunary sequence in L1 with a constant
	 2 .0; 1�. Then for each ı 2 .0; 	/ and each number M > 0 there exists n0 2 N
such that for any n � n0 we have

�

�

Mxn � xn
�

� > ı; where x.t/ D
´

x.t/ if jx.t/j � M;

0 otherwise:



74 Chapter 6 Daugavet-type properties of Lebesgue and Lorentz spaces

Proof. Suppose this were false. Then, since .xn/ is bounded in L1, by passing to a
subsequence of the xns if necessary, we may assume without loss of generality that
for any ı 2 .0; 	/, there is M > 0 such that kMxn � xnk � ı for each n 2 N.

Fix n 2 N and observe that by the triangle inequality,

Z

Œ0;1�

�

�

�

n
X

kD1
rk.s/

�

Mxk � xk
�

�

�

�

ds �
n
X

kD1

�

�

Mxk � xk
�

� � ın ; (6.3)

where .rk/ is the Rademacher system. By colacunarity, kPn
kD1 rk.s/xkk � 	n for

each s 2 Œ0; 1�. Hence,

Z

Œ0;1�

�

�

�

n
X

kD1
rk.s/xk

�

�

�

ds � 	n : (6.4)

By the triangle inequality in L1Œ0; 1�2,

Z

Œ0;1�

�

�

�

n
X

kD1
rk.s/xk

�

�

�

ds �
Z

Œ0;1�

�

�

�

n
X

kD1
rk.s/

�M
xk � xk

�

�

�

�

ds

�
Z

Œ0;1�

�

�

�

n
X

kD1
rk.s/

Mxk

�

�

�

ds :

(6.5)

Combining (6.3), (6.4) and (6.5), we get

n	
�

1 � ı

	

�

D n	 � nı �
Z

Œ0;1�

�

�

�

n
X

kD1
rk.s/

Mxk

�

�

�

ds : (6.6)

On the other hand,

Z

Œ0;1�

�

�

�

n
X

kD1
rk.s/

Mxk

�

�

�

ds
by Fubini’s theoremD

“

Œ0;1�2

ˇ

ˇ

ˇ

n
X

kD1
rk.s/

Mxk.t/
ˇ

ˇ

ˇ

ds dt

by Hölder’s inequality�
 

“

Œ0;1�2

ˇ

ˇ

ˇ

n
X

kD1
rk.s/

Mxk.t/
ˇ

ˇ

ˇ

2

ds dt

!1=2

by orthogonality of r 0
k
sD
 

Z

Œ0;1�

n
X

kD1

ˇ

ˇ

ˇ

Mxk.t/
ˇ

ˇ

ˇ

2
ds dt

!1=2

� M
p
n:

Combining (6.6) with the last inequality, we obtain

p
n	
�

1 � ı

	

�

� M ;

that cannot be true for all n 2 N.
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Lemma 6.6. Let T 2 L.L1/. Then for every " > 0 there exists A 2 †C such that
kT 1Ak � .kT k � "/�.A/.
Proof. Given " > 0, we choose a simple function x D Pm

kD1 ak1Ak
whereA1t : : :t

Am D Œ0; 1� and Ak 2 †C for k D 1; : : : ;m, so that kT xk � .kT k � "/kxk. We
claim that kT 1Ak

k � .1 � "/�.Ak/ for some k 2 ¹1; : : : ;mº. Indeed, otherwise

kT xk �
m
X

kD1
jakjkT 1Ak

k <
m
X

kD1
jakj.kT k � "/�.A/ D �kT k � "�kxk ;

which is a contradiction.

Note that Lemma 6.6 is a weak version of Theorem 7.31.

Lemma 6.7. Let .An/n2N be a sequence of sets in †C with limn!1�.An/ D 0,
and xn D 1An

=�.An/ for each n 2 N. Then for any " > 0 there exists a subsequence
.xi.n//

1
nD1 which is .1C "/-equivalent to the unit vector basis of `1.

Proof. Since .xn/ is a normalized sequence in L1, our goal is to construct a colacu-
nary subsequence with constant .1C"/�1. By arbitrariness of " > 0, this is equivalent
to constructing a colacunary subsequence with constant 1 � ", for any " > 0. Fix any
" 2 .0; 1/ and ˛ 2 .0; 1/ so that ˛

1�˛ � "
2

. Since limn!1�.An/ D 0, there exists a
subsequence of .An/ which, for convenience of the notation, we also denote by .An/,
such that �.AnC1/ � ˛�.An/ for each n 2 N.

We show that .xn/ is a colacunary sequence with constant 1 � ". Indeed, we have

�
�

1
[

kDnC1
Ak

�

�
1
X

kDnC1
�.Ak/ � �.An/

�

˛ C ˛2 C ˛3 C : : :
�

D �.An/
˛

1� ˛ � "

2
�.An/:

(6.7)

Set Bn D An nS1
kDnC1Ak and yn D 1Bn

�.Bn/
for each n 2 N, and observe that for

each n 2 N

kxn � ynk D
�

1

�.Bn/
� 1

�.An/

�

�.Bn/C 1

�.An/
�
�

1
[

kDnC1
Ak

�

D 1

�.An/

0

@�.An/ � �.Bn/C �
�

1
[

kDnC1
Ak

�

1

A D
2�
�

S1
kDnC1Ak

�

�.An/

by (6.7)� " :
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Since .Bn/ is a sequence of disjoint sets, the sequence yn is isometrically equivalent
to the unit vector basis of `1. Thus for any finite collection of scalars .ak/

n
kD1 we have

�

�

�

n
X

kD1
akxk

�

�

�

�
�

�

�

n
X

kD1
akyk

�

�

�

�
n
X

kD1
jakjkxk � ykk � .1 � "/

n
X

kD1
jakj :

Proof of Theorem 6.3

Let " > 0. By Lemma 6.6, there exists A 2 †C so that for x D 1A=�.A/ we have
kxk D 1 and kT xk � kT k � ". For any n 2 N, by Lemma 1.11, there exists a
decomposition A D A0

n tA00
n so that �.A00

n/ D 2�n�.A/ and kT hnk < "�.A/ where
hn D 1A0

n
� .2n � 1/1A00

n
. Note that for every n 2 N we have

x � hn

�.A/
D 2n

�.A/
1A00

n
D 1A00

n

�.A00
n/
;

and kx�hn=�.A/k D 1. By Lemma 6.7, the normalized sequence .x�hn=�.A//1nD1
contains a subsequence .x � hi.n/=�.A//

1
nD1 which is .1C "/-equivalent to the unit

vector basis of `1.
Suppose that kJk D 1. Then kJ�1k � 1 and 	 D kJ�1k�1.1C"/�1 � 1. Putting

xn D J.x�hi.n/=�.A//, we obtain that for any n and any n-tuple of scalars .ak/nkD1
�

�

�

n
X

kD1
akxk

�

�

�

D
�

�

�

J

n
X

kD1
ak

�

x � hi.k/

�.A/

�

�

�

�

� 1

kJ�1k
�

�

�

n
X

kD1
ak

�

x � hi.k/

�.A/

�

�

�

�

� 	

n
X

kD1
jakj :

Let � > 0 be so that for each B 2 †C, if �.B/ < � then
R

B jT xj d� < ". Let
M D 2��1. By Lemma 6.5 there exists n 2 N such that kMxn � xnk > 	 � ". Let
B D ¹t 2 Œ0; 1� W jxn.t/j > M º. Then

�.B/ � 1

M

Z

B

jxnj d� � 1

M
kJkkx � hn

�.A/
k D 1

M
< � :

Hence,
�

�

�

.J C T /
�

x � hi.n/

�.A/

�

�

�

�

D
�

�

�

xn C T x � T hi.n/

�.A/

�

�

�

� kxn C T xk � "
D �

�.xn C T x/jB
�

�C �

�.xn C T x/jŒ0;1�nB
�

�� "
� �

�xnjB
�

�� �

�T xjB
�

�C �

�T xjŒ0;1�nB
�

� � �

�xnjŒ0;1�nB
�

�� "
� 	 � "� "C �

�T x � T xjB
�

�� kxnk C �

�xnjB
�

�� "
� 	 C kT xk � "� 1C 	 � " � 3" � 2	 C kT k � 1 � 6"
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and by arbitrariness of " > 0 we obtain

kJ C T k � 2

kJ�1k C kT k � 1 :

Suppose now there is no restriction on kJk. Since
�

�

�

� J

kJk
��1�

�

�

D
�

�

�

kJkJ�1
�

�

�

D kJkkJ�1k ;

we have

kJ C T k D kJk
�

�

�

J

kJk C T

kJk
�

�

�

� kJk
� 2

kJkkJ�1k � 1 C
�

�

�

T

kJk
�

�

�

�

D kT k C kJk
� 2

d
� 1

�

:

6.2 Pseudo-Daugavet property for narrow operators on Lp,
p ¤ 2

Benyamini and Lin [14] proved that for each p 2 .1; 2/ [ .2;C1/ and each " > 0

there exists ıp."/ > 0 such that for every compact operator K 2 L.Lp/ of norm
kKk � " we have

kI CKk � 1C ıp."/:

This result was generalized to narrow operators in [110, p. 64] (see Theorem 6.8). As
in the case of compact operators, the proof for narrow operators in the case 1 < p < 2
is much more involved than that for 2 < p < 1. The essential difference for narrow
operators is that we cannot consider the case 2 < p < 1 only, and then use the
duality argument, since, by Corollary 5.10, the conjugate to a narrow operator need
not be narrow.

Boyko and V. Kadets [21] proved that for every " > 0, ıp."/ tends to ", as p goes
to 1 (see Theorem 6.15).

This section is devoted to the proofs of these results.

Pseudo-Daugavet property for narrow operators on Lp, p ¤ 2

The main result of this subsection is the following theorem from [110].

Theorem 6.8. Let 1 < p < 1, p ¤ 2 and .�;†;�/ be a finite atomless measure
space. Then there exists an increasing function ıp W .0;1/ ! .0;1/ so that for
every narrow operator T 2 L.Lp.�// we have

kI C T k � 1C ıp.kT k/ :
For the proof of Theorem 6.8 we need some lemmas.
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Lemma 6.9. Let 1 < p < 1; p ¤ 2. Define

h0 D 3 � 1	
0; 1

4


 � 1� 1
4
;1

 and 1 D 1Œ0;1� :

Then there exists a number ˛p ¤ 0, and an increasing function p̌.�/ > 0 defined
for each� > 0, such that for any t 2 R the inequality jt � 1j � � implies

�

�1 � ˛ph0
�

�

p C p̌.�/ � jt � 1jp � �

�t1 � p̨h0
�

�

p
:

Using the idea of [14], one can show that for 2 < p < 1 a number p̌.�/ can be
chosen independently of �, but for the case 1 < p < 2 this is impossible.

Proof of Lemma 6.9. Denote by �p the scalar that minimizes the function

f .�/ D k�1 � h0kp D 1

4

ˇ

ˇ3� � ˇˇp C 3

4

ˇ

ˇ� C 1
ˇ

ˇ

p
:

We show that �p ¤ 0. For this purpose, it is enough to consider the function f .�/ on
the segment Œ�1; 1�, where it has the following form:

f .�/ D 1

4

�

3 � ��p C 3

4

�

� C 1
�p
:

Then
4

p
f 0.�/ D �.3 � �/p�1 C 3 .� C 1/p�1 ;

and hence, 4
p f

0.0/ D �3p�1 C 3 ¤ 0 for p ¤ 2. Thus, 0 cannot be a point of
minimum for f .�/.

Let ˛p D ��1
p . Then for each t 2 R,

k1 � ˛ph0k � kt1 � ˛ph0k : (6.8)

Put
p̌.�/ D inf

jt�1j�	

°

jt � 1j�p�kt1 � ˛ph0kp � k1 � ˛ph0kp
�

±

: (6.9)

Clearly p̌.�/ is an increasing function of �. It remains to prove that p̌.�/ ¤ 0

for all � > 0. Denote by  .t/ the expression in the braces in (6.9). First we prove
that

lim
jt�1j!1

 .t/ D 1 : (6.10)

Indeed, by the triangle inequality,

k.t � 1/ 1k � k1 � ˛ph0k � kt1 � p̨h0k � k.t � 1/ 1k C k1 � p̨h0k :
Hence,

lim
jt�1j!1

kt1 � ˛ph0k
jt � 1j D lim

jt�1j!1
k.t � 1/1k

jt � 1j D 1 :
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Thus,

lim
jt�1j!1

 .t/ D lim
jt�1j!1

kt1 � ˛ph0kp
jt � 1jp � lim

jt�1j!1
k1 � ˛ph0kp

jt � 1jp D 1 :

By the continuity of the nonnegative function  .t/ (see (6.8)), and by (6.10) we de-
duce that, if ˇp.�/ D 0, then there would exist t0 ¤ 1 so that  .t0/ D 0, that
is,

k1 � ˛ph0k D kt01 � ˛ph0k :
The strict convexity of Lp.�/ for p > 1 [25] means that if x; y 2 Lp.�/; x ¤ y

and kxk D kyk > 0, then k.xC y/=2k < kyk. In particular, for x D t01 � ˛ph0 and
y D 1 � ˛ph0 we would obtain

�

�

�

t0 C 1

2
1 � ˛ph0

�

�

�

< k1 � ˛ph0k ;

which contradicts (6.8). This implies that the assumption p̌.�/ D 0 is false.

Lemma 6.10. For all numbers a; b � 0 the following inequality holds

ap � bp C p � ja � bj � max¹ap�1; bp�1º :
Proof of Lemma 6.10. We consider two cases.

(1) 0 � a � b. We need to prove that ap � bp C p.b � a/bp�1. Consider the
function '.a/ D bp C p.b � a/bp�1 � ap on Œa; b�. Since '0.a/ D �pbp�1 �
pap�1 � 0 on Œa; b�, we have that '.a/ � '.b/ D 0.

(2) 0 � b � a. Now we need to prove that ap � bp C p.a � b/ap�1. We
consider the function  .b/ D bp C p.a � b/ap�1 � ap on Œb; a�. Since  0.b/ D
pbp�1 � pap�1 � 0 on Œb; a�, we have that  .b/ �  .a/ D 0.

Lemma 6.11. Let 1 < p < 1; p ¤ 2. There are numbers �p > 0 and �p > 0,
and an increasing function �p.�/ > 0 defined for every � > 0, such that if T 2
L.Lp.�// is a narrow operator and x; y 2 Lp.�/ satisfy kxk D 1 and kyk � �,
then for every " > 0, there exists h" 2 Lp.�/ such that

kT h"k < "; �p � kx � h"k � 1C �p

and
kx � h"kp C �p.�/ kykp � kx C y � h"kp :

Proof of Lemma 6.11. Let

�p D k1 � p̨h0k
2

; �p D j˛pj
�3p C 3

4

�

1
p
; �p.�/ D 1

4
p̌

� �

21=p

�

;

where h0; p̨ ; p̌.�/ are defined in Lemma 6.9. Since the function p̌ is increasing,
so is the function �p .
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Let T 2 L.Lp.�// be a narrow operator, x; y 2 Lp.�/; kxk D 1; kyk � �,
and " > 0. Choose simple functions Ox; Oy 2 Lp.�/ so that:

(a) The term Ox.!/ ¤ 0 almost everywhere; and, Ox and Oy take values ak ¤ 0 and bk ,
respectively, on disjoint subsets Ak . Moreover,� D Fm

kD1 Ak .

(b) kx � Oxk � �p, and

max
®kx� Oxk.1C�p/p�1;

�kx� OxkCky� Oyk��1CkykC�p
�p�1¯ � 1

2p
�p.�/kykp :

(c) k Oxk D kxk D 1; k Oyk D kyk.

Fix any k 2 N, 1 � k � m and choose, using Lemma 1.11, a function hk 2 Lp.�/
so that

hk D 3 � 1A0
k

� 1A00
k
; A0

k t A00
k D Ak; �.A0

k/ D �.Ak/

4

and
kT hkk < "

2mjak jj˛pj :

By Lemma 6.9 for t D 1C bk=ak , if jbk=akj � �1 then
�

�ak1Ak
� ak p̨hk

�

�

p C p̌.�1/kbk1Ak
kp � �

�.ak C bk/ 1Ak
� ak p̨hk

�

�

p
: (6.11)

The definition of ˛p implies that for each k D 1; : : : ;m the following inequality
holds

�

�ak1Ak
� ak p̨hk

�

�

p � �

�.ak C bk/ 1Ak
� ak˛phk

�

�

p
: (6.12)

Set

y1.!/ D
´

Oy.!/ if
ˇ

ˇ

ˇ

Oy.!/
Ox.!/

ˇ

ˇ

ˇ

� k Oyk
21=p

0 otherwise

and y2 D Oy � y1. Since y1 and y2 have disjoint supports, k Oykp D ky1kp C ky2kp.
And since

jy2.!/j � k Oyk
21=p

� j Ox.!/j

almost everywhere, we have ky2k � k Oyk=21=p , and hence

ky1kp � k Oykp � k Oykp
2

D k Oykp
2

: (6.13)

Decompose the set ¹1; : : : ;mº into two disjoint subsets M1 and M2, so that M1

consists exactly of those k, for which jbk=ak j � k Oyk=21=p .
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We set in (6.11) the value �1 D �=21=p and observe that (6.11) holds for all
k 2 M1. Then we add inequalities (6.11) for all k 2 M1, and inequalities (6.12) for
all k 2 M2 :

�

�

�

Ox �
m
X

kD1
ak p̨hk

�

�

�

p C p̌

� �

21=p

�

X

k2M1

kbk1Ak
kp �

�

�

�

Ox C Oy �
m
X

kD1
ak˛phk

�

�

�

p

:

By (6.13), we obtain

X

k2M1

kbk1Ak
kp D ky1kp � k Oykp

2
:

Next make

h" D ˛p

m
X

kD1
akhk :

Then

k Ox � h"kp C 1

2
p̌

� �

21=p

�

k Oykp � k Ox � h"kp C p̌

� �

21=p

�

X

k2M1

kbk1Ak
kp

� k Ox C Oy � h"kp:
(6.14)

We show that h" satisfies the assertions of the lemma. Indeed,

kT h"k � j˛pj
m
X

kD1
jakjkT hkk < " ;

by the choice of hk , and since k1Ak
� p̨hkkp D �.Ak/k1 � ˛ph0kp , using the

definitions of h" and �p together with condition (a), we obtain

kx � h"k � k Ox � h"k � kx � Oxk

D
�

m
X

kD1
kak1Ak

� ˛pakhkkp
�

1
p � kx � Oxk

�
�

m
X

kD1
kak1Ak

� ˛pakhkkp
�

1
p � �p

D
�

m
X

kD1
jakjp�.Ak/k1 � ˛ph0kp

�

1
p � �p

D k1 � p̨h0k � k Oxk � �p D 2�p � �p D �p :
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Then, by Lemma 6.10, we estimate

kx � h"kp C �p.�/kykp � kx C y � h"kp
� k Ox � h"kp C 2�p.�/kykp � k Ox C Oy � h"kp
� �p.�/kykp C p � ˇˇkx � h"k � k Ox � h"k

ˇ

ˇ � max
®kx � h"kp�1 C k Ox � h"kp�1¯

C p � ˇˇkx C y � h"k � k Ox C Oy � h"k
ˇ

ˇ � max
®kx C y � h"kp�1; k Ox C Oy � h"kp�1¯

(using (6.14) and (c))

� ��p.�/ kykp C p kx � Oxk max
®kx � h"kp�1; k Ox � h"kp�1¯

C p
�kx � Oxk C ky � Oyk�max

®kx C y � h"kp�1; k Ox C Oy � h"kp�1¯ : (6.15)

By definition of h" and �p , we have that

kh"k D j p̨j
�

m
X

kD1
jakjp

�

3p � 1
4
�.Ak/C 3

4
�.Ak/

��1=p D �p k Oxk D �p

and hence, kx � h"k � kxk C kh"k D 1 C �p. Finally, from (6.15), (b) and (c) we
deduce

kx � h"kp C �p.�/kykp � kx C y � h"kp
���p.�/kykp C pkx � Oxk.1C�p/p�1Cp�kx � OxkCky � Oyk�.1CkykC�p/p�1

� 0 :

Proof of Theorem 6.8. Let T 2 L.Lp.�// be a narrow operator, kT k > 0, 0 < " <

kT k=2, and x 2 Lp.�/ so that kxk D 1 and kT xk � kT k � ". Set y D T x and
choose, by Lemma 6.11, h 2 Lp.�/ so that kT hk < ", �p � kx � hk � 1C �p and

kx � hkp C �p

�kT k
2

�

kykp � kx C y � hkp : (6.16)

Then

k.I C T /.x � h/k
kx � hk � kx C y � hk

kx � hk � kT hk
kx � hk

� kx C y � hk
kx � hk � "

�p
: (6.17)

Using (6.16), we obtain

kx C y � hkp
kx � hkp � 1C �p

�kT k
2

� kykp
kx � hkp

� 1C �p

�kT k
2

� .kT k � "/p
.1C �p/p

: (6.18)
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By arbitrariness of " 2 .0; kT k=2/, (6.17) and (6.18) we obtain

kI C T k �
�

1C �p

�kT k
2

� kT kp
.1C �p/p

�1=p D 1C ıp.kT k/ :

Corollary 6.12 ([114]). Let 1 � p < 1 and p ¤ 2. Then there exists a constant
kp > 1, k1 D 2, such that for every finite atomless measure space .�;†;�/, if
P ¤ I is a projection from Lp.�;†;�/ onto a rich subspace, then kP k � kp.

Proof. For p 2 .1; 2/ [ .2;C1/ we set kp D 1 C ıp.1/, where ıp.1/ satisfies
Theorem 6.8. If P ¤ I is a projection onto a rich subspace of Lp.�/ then T D I �P
is a narrow projection, which is nonzero since P ¤ I . Hence, by Theorem 6.8 ,

kP k D kI � T k � 1C ıp.kT k/ � 1C ıp.1/ D kp :

For p D 1, we use the Daugavet property (see Corollary 6.4) and the same argu-
ment with k1 D 2.

Franchetti [43] proved that the exact value of the constant kp is equal to kI �Akp,
where A is the rank-one projection defined by

Ax
defD
�

Z

�

x.s/d�.s/

�

� 1 :

Note that the projection A is well defined in any r.i. space with finite measure. The
exact value of kI � Akp for p 2 .1;1/, has been evaluated by Franchetti [43] and,
independently, by Oskolkov (unpublished).

A classical Ando’s theorem [9] says that a subspace X of an Lp.�/-space is iso-
metrically isomorphic to anLp.�/ space if and only if it is 1-complemented inLp.�/.
Thus, we have the following consequence of Corollary 6.12.

Corollary 6.13. Let (�;†;�/ be an atomless measure space and 1 � p < 1, p ¤
2. A rich subspace X of Lp.�/ cannot be isometric to any Lp.�/-space (here � need
not be atomless). In particular, Lp.�/ contains no finite codimensional subspaces
isometric to an Lp.�/-space.

The second named author in [119] proved that no finite codimensional subspace is
1-complemented in any r.i. atomless Köthe function space on Œ0; 1�, except for L2. By
Ando’s theorem mentioned above, this is an exact extension of the last statement of
Corollary 6.13.

Semenov asked whether Corollary 6.12 can be generalized to any r.i. Banach space
on a finite atomless measure space.

Open problem 6.14. Let E be an r.i. space on a finite atomless measure space, E ¤
L2. Does there exist a constant kE > 1 such that if P ¤ I is a projection onto a rich
subspace of E then kP k � kE?



84 Chapter 6 Daugavet-type properties of Lebesgue and Lorentz spaces

In Section 6.3 we answer Open problem 6.14 affirmatively for Lorentz spaces on
Œ0; 1� (Theorem 6.21).

An estimate of the best constant in the pseudo-Daugavet inequality in Lp

By the best function for the pseudo-Daugavet inequality we mean

 p.t/ D inf
®kI C T k � 1 W T 2 L.Lp/; T is narrow; kT k D t

¯

:

Boyko and V. Kadets [21] proved the following estimate of  p.t/.

Theorem 6.15 (Boyko and V. Kadets [21]). Let 1 < p < 2 and  p W .0;1/ !
.0;1/ be the best function for the pseudo-Daugavet inequality. Then for every t > 0
we have

lim
p!1C p.t/ D t :

For the proof we need some lemmas.

Lemma 6.16. Given 1 � p � 2, ˛ > 0, let Tp;˛ 2 L.Lp/ be the operator defined
for each x 2 Lp by

Tp;˛x D �˛
Z

Œ0;1�

x d� :

Then
kI C Tp;˛k � .1C ˛/

2
p

�1 max
®

1; j˛ � 1j1� 1
p
¯

: (6.19)

Proof. By the Daugavet property of L1, kT1;˛k D 1C ˛.
Let us calculate the norm kT2;˛k. Since L2 is a Hilbert space and I C T2;˛ is a

self-adjoint operator, we have

kI C T2;˛k D sup
x2BL2

ˇ

ˇ

ˇ

Z

Œ0;1�

x � .I C T2;˛/ x d�
ˇ

ˇ

ˇ

D sup
x2BL2

ˇ

ˇ

ˇ

Z

Œ0;1�

�

x2 � ˛ x
Z

Œ0;1�

x d�
�

d�
ˇ

ˇ

ˇ

D sup
x2BL2

ˇ

ˇ

ˇ

1 � ˛
�

Z

Œ0;1�

x d�
�2ˇ
ˇ

ˇ

:

Thus kI CT2;˛k D 1, if 0 < ˛ � 2, and kI CT2;˛k D ˛� 1, if 2 < ˛ < 1. That
is, kI C T2;˛k D max¹1; ˛ � 1º.

By the Riesz–Thorin interpolation theorem [80, Theorem 2.b.14],

kI C Tp;˛k � kI C T1;˛k1�
kI C T2;˛k
 ;
where 	 D 2 � 2

p . Plugging to the last inequality the obtained values of kI C T1;˛k
and kI C T2;˛k, we get (6.19).
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Corollary 6.17. Let 1 < p < 2. Then the best function for the pseudo-Daugavet
inequality has the following estimate from above

 p.t/ � .1C t /
2
p

�1 max
®

1; jt � 1j1� 1
p
¯

:

Recall that a function f W .0;C1/ ! R is convex if f .�xC .1��/y/ � �f .x/C
.1 � �/f .y/ for all x; y > 0 and � 2 Œ0; 1�. It is well known that if f is twice
differentiable at every point then f is convex if and only if f 00.t/ � 0 for all t .

Lemma 6.18. For any a > 0 and t > 0, we set F.t/ D ja � t 1
p jp . Then the function

F W .0;C1/ ! R is convex. Moreover, F 00.t/ > 0 for each t 2 .0; ap/[ .ap;C1/.

We omit the proof which is standard.
Given any A 2 †C, t > 0 and d � 1, we set

'd .t/ D min
"D˙1 sup

°k1A C "t
1
p 1 C ykp

k1A C ykp W y 2 L0p.A/; k1A C yk D dk1Ak
±

;

where 1 D 1Œ0;1�. Observe that the values of 'd do not depend on A. Lete'd denote
the lower convex envelope of the function 'd , that is, the convex function defined on
Œ0;C1/ such that if a convex function � W Œ0;C1/ ! R satisfies �.t/ � 'd .t/ for
every t 2 Œ0;C1/, then �.t/ � e'd .t/ for every t 2 Œ0;C1/. One can show that

e'd .t/ D inf
0�˛�t<ˇ

°

'd .˛/C
�

'd .ˇ/ � 'd .˛/
� t � ˛
ˇ � ˛

±

;

for each t 2 .0;C1/. We also consider the function

'd;C.t/ D sup
°k1A � t 1

p 1 C ykp
k1A C ykp W y 2 L0p.A/; k1A C yk D dk1Ak; 1A C y � 0

±

:

We note that 'd;C.t/ does not depend on the choice of A 2 †C.

Lemma 6.19. For any d > 1 the function 'd;C is convex on .0;C1/ and thus

e'd .t/ � 'd;C.t/ for every t 2 .0;C1/ : (6.20)

Proof. By Lemma 6.18, the function j1 � t
1
p C y.t/jp is convex with respect to the

variable t . Thus, so is the function

k1A � t
1
p 1 C ykp D

Z

A

ˇ

ˇ1 � t 1
p C y.t/

ˇ

ˇ

p
d�.t/ ;

and hence, the function 'd;C. Thus (6.20) follows from the definition ofe'd .t/.
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Lemma 6.20. Let 1 < p < 2, d > 1, and T 2 L.Lp/ be a narrow operator. Then

kI C T kp � 'd;C.kT kp/ :
Proof. Let " > 0, and x D Pm

kD1 ak1Ak
be a simple function with kxk D 1 and

T x ¤ 0, where Œ0; 1� D A1 t : : : t Am, Ak 2 †C. Let "1 2 .0; kT xk=2/ be such
that

p.d C kT k C "1/
p�12"1 � "dp ; (6.21)

and

if t; s 2
�kT xk

2
; 2kT xk

�

and jt�sj < "1 then
ˇ

ˇ

ˇ

'd;C.tp/�'d;C.sp/
ˇ

ˇ

ˇ

< ": (6.22)

By the density of the simple functions, we may choose (partitioning, if necessary)
the sets .Ak/

m
kD1 in such a way that there exist scalars .bk/

m
kD1 with

�

�

�

T x �
m
X

kD1
bk1Ak

�

�

�

< "1 : (6.23)

Set
"2 D "1

.1C d/
Pm
kD1 jakj : (6.24)

Fix any k 2 ¹1; : : : ;mº and "2 > 0, and choose, by Proposition 2.19, an atomless
sub-� -algebra †k � †.Ak/ such that

�

�T
ˇ

ˇ

L0
p.Ak ;†k ;�j

†k
/

�

� < "2 : (6.25)

Choose yk 2 L0p.Ak ;†k ; �j
†k
/ with k1Ak

C ykk D dk1Ak
k. By (6.25), kTykk <

"2kykk. Since

kykk � k1Ak
C ykk C k1Ak

k D .1C d/k1Ak
k � 1C d ;

we obtain, using (6.24), that

kTykk < "2.1C d/ D "1
Pm
kD1 jakj : (6.26)

Let G be the set of all possible such sequences .yk/
m
kD1. Then

kI C T kp � sup
.yk/

m
kD1

2G

�

�

�

.I C T /
�

x CPm
kD1 akyk

�

�

�

�

p

�

�x CPm
kD1 akyk

�

�

p : (6.27)

Since kxk D 1 and supp yk � Ak for k D 1; : : : ;m,

�

�

�

xC
m
X

kD1
akyk

�

�

�

p D
�

�

�

m
X

kD1
ak.1Ak

Cyk/
�

�

�

p D dp
m
X

kD1
jakjpk1Ak

kp D dp : (6.28)
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We denote the numerator of (6.27) by ˛ and estimate

˛ D
�

�

�

x C T x C
m
X

kD1
akyk C

m
X

kD1
akTyk

�

�

�

�
�

�

�

x C
m
X

kD1
bk1Ak

C
m
X

kD1
akyk

�

�

�

�
�

�

�

T x �
m
X

kD1
bk1Ak

�

�

�

�
m
X

kD1
jakjkTykk

by (6.23) and (6.26)�
�

�

�

x C
m
X

kD1
bk1Ak

C
m
X

kD1
akyk

�

�

�

� 2"1 : (6.29)

Set ˇ D kx CPm
kD1 bk1Ak

CPm
kD1 akykk and estimate

ˇ �
�

�

�

x C
m
X

kD1
akyk

�

�

�

C kT xk C
�

�

�

T x �
m
X

kD1
bk1Ak

�

�

�

� d C kT k C "1 : (6.30)

Since, for t > s we have .t � s/p � tp � ptp�1s, by (6.29) we obtain

˛p � .ˇ � 2"1/ � ˇp � pˇp�12"1
by (6.30)� ˇp � p .d C kT k C "1/ 2 "1

by (6.21)� ˇp � "dp : (6.31)

Using (6.28) and (6.31) we continue the estimate (6.27)

kI C T kp � 1

dp
sup

.yk/
m
kD1

2G

�

�

�

x C
m
X

kD1
bk1Ak

C
m
X

kD1
akyk

�

�

�

p � "

D 1

dp
sup

.yk/
m
kD1

2G

m
X

kD1

�

�ak1Ak
C bk1Ak

C akyk
�

�

p � "

D sup
.yk/

m
kD1

2G

m
X

kD1
jak jp��1Ak

�

�

p

�

�1Ak
C bk

ak
ak1Ak

C yk
�

�

p

dp
�

�1Ak

�

�

p � "

by the definition of 'd�
m
X

kD1
'd

� jbkjp
jak jp

�

jak jpk1Ak
kp � " : (6.32)

Since 'd � e'd , by the definition ofe'd and sincee'd � 'd;C by Lemma 6.19, we
can continue the estimate (6.32)

kI C T kp �
m
X

kD1
'd;C

� jbkjp
jakjp

�

jakjp��1Ak

�

�

p � "

� 'd;C
�

m
X

kD1
jbkjp��1Ak

�

�

p
�

� " : (6.33)
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Observe that (6.23) implies jkT xk � kPm
kD1 bk1Ak

kj < "1, and since "1 <

kT xk=2, by (6.22), we continue the estimate (6.33) as follows:

kI C T kp � 'd;C
�kT xkp� � 2" :

Taking the supremum over all simple functions x with kxk D 1 and T x ¤ 0, we get

kI C T kp � 'd;C
�kT kp� � 2" :

By arbitrariness of " > 0, the lemma is proved.

Proof of Theorem 6.15. Let t > 1 and T 2 L.Lp/ be a narrow operator with kT k D
t . By arbitrariness of d > 1 in Lemma 6.20,

kI C T kp � sup
d>1

'd;C
�kT kp� ;

and thus,

 p.t/ �
�

sup
d>1

'd;C.tp/
�1=p � 1 :

By the definition of 'd;C for A D Œ0; 1�, making the substitution x D 1 C y, we
obtain

'd;C.t/ D sup
°

�

�x � t1=p1
�

�

p

kxkp W x 2 LC
1 ; kxk D d;

Z

Œ0;1�

x d� D 1
±

:

Hence,

sup
d>1

'd;C.t/ D sup
°

�

�x � t1=p1
�

�

p

kxkp W x 2 LC
1 ;

Z

Œ0;1�

x d� D 1
±

:

Applying the substitution x D .
R

Œ0;1� y d�/�1y, we obtain

sup
d>1

'd;C.t/ D sup
°

�

�y � t1=p�RŒ0;1� y d�
�

1
�

�

p

kykp W y 2 LC
1 ; y ¤ 0

±

:

Let s D . 2
p�1/

1
p�2 , and choose A 2 † with �.A/ D s (this is possible since

0 < s < 1). Let x0 D s�1=p1A. Since x0 � 0 and kx0k D 1, we can estimate

 p.t/ �
�

sup
d>1

'd;C
�

tp
�

�1=p

� 1 �
�

�

�

x0 � t
Z

Œ0;1�

x0 d�
�

�

�

� 1

D
�

ˇ

ˇ

ˇ

s� 1
p � ts1� 1

p

ˇ

ˇ

ˇ

p
s C tpsp�1.1 � s/

�1=p

� 1

D
�

j1 � tsjp C tpsp�1 � tpsp
�1=p � 1

D
 

ˇ

ˇ

ˇ

1 � t
� 2

p � 1
�

1
p�2

ˇ

ˇ

ˇ

p C tp
� 2

p � 1
�

p�1
p�2 � tp

� 2

p � 1
�

p
p�2

!1=p

� 1 :
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We have

lim
p!1C

� 2

p � 1
�

1
p�2 D 0; lim

p!1C
� 2

p � 1
�

p�1
p�2 D 1; lim

p!1C
� 2

p � 1
�

p
p�2 D 0;

and hence,
lim

p!1C p.t/ � 1C t � 1 D t :

On the other hand, the inequality  p.t/ � t for each t > 0 and p � 1 follows from
the inequality kI C T k � 1C kT k.

6.3 A pseudo-Daugavet property for narrow projections in
Lorentz spaces

Lorentz spaces were introduced by Lorentz [82, 83] in connection with some problems
of harmonic analysis and interpolation theory. Since then they have become one of the
most important examples of r.i. spaces and were extensively studied by many authors.
We start by recalling the definition of Lorentz spaces and introducing some notation.

If f is a measurable function, we define the nonincreasing rearrangement of f to
be

f �.t/ D inf¹ s W �.jf j > s/ � t º :
Notice that when f is a simple function, f D Pm

kD1 ak1Ak
, then f � is also a

simple function and the range of f � equals ¹jak j W k D 1; : : : ;mº.
If 1 � p < 1 and if w W .0; 1/ ! .0;1/ is a nonincreasing function, we define

the Lorentz norm of a measurable function f to be

kf kw;p D
�

Z

Œ0;1�

w.t/f �.t/p dt
�1=p

:

The Lorentz space Lw;p.Œ0; 1�; �/ is the space of those measurable functions f for
which kf kw;p is finite. These spaces are a generalization of theLp spaces: ifw.x/ D
1 for all 0 � x < 1, then Lw;p D Lp with equality of norms.

The main result of this section answers the Open problem 6.14 of Semenov for
Lorentz spaces on Œ0; 1�.

Theorem 6.21. Suppose Lp;w is a Lorentz space on Œ0; 1� and p > 2. Then there
exists %p > 1 such that for every nontrivial projection P from Lp;w onto a rich
subspace

kP k � %p :

In the proof of Theorem 6.21 we will use the following two propositions.
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Proposition 6.22. Suppose Lp;w is a Lorentz space on Œ0; 1� with p > 2. Then there
exist ıp 2 .0; 1=8/; �p D �p.ıp ; p/ 2 .ıp=.ıp � 4/; 0/ and �p D �p.�p; ıp; p/ 2
.0; 1/ such that

�p C 2j�pjıp < 1
which satisfy the following property:

for every simple function x D Pm
kD1 ak1Ak

such that 1 � kxkp;w � 1C 3
2ıp and

jai j
jaj j … .3 � ıp; 3/

for all i; j D 1; : : : ;m; and for every partition Ak D Bk t Ck with �.Bk/ D
.1=4/�.Ak/ we have

�

�

m
X

kD1
ak.31Bk

� 1Ck
/
�

�

p;w
�
�

3

4

�

1
p

;

and

�

��px C
m
X

kD1
ak.31Bk

� 1Ck
/
�

�

p;w
� �p

�

�

m
X

kD1
ak.31Bk

� 1Ck
/
�

�

p;w
:

Proposition 6.23. LetX be an r.i. space. Given a simple function x D Pm
kD1 ak1Ak

2
X and ı 2 .0; 1=8/, there exists a simple function x] D x].ı/ D Pm

kD1 a
]

k
1Ak

such
that for all i; j D 1; : : : ;m,

ja]i j
ja]j j

… .3 � ı; 3/

and kx � x]k < .3=2/ı, kxk � kx]k < .1C .3=2/ı/kxk.

Let us first show that Theorem 6.21 is indeed a consequence of Propositions 6.22
and 6.23.

Proof of Theorem 6.21. Fix " > 0. Since P is a nontrivial projection, there exists a
simple function x D Pm

kD1 ak1Ak
, ak ¤ 0, with kxk D 1 and kPxk < ". Note that

since we will always work in Lp;w we will drop the subscript and simply use k � k to
mean k � kp;w throughout this proof.

Let ıp be as defined in the statement of Proposition 6.22. Since ıp 2 .0; 1=8/, by

Proposition 6.23, there exists a simple function x] D Pm
kD1 a

]

k
1Ak

with 1 � kx]k <
1C .3=2/ıp ; kx � x]k < .3=2/ıp and such that

ja]i j
ja]j j

… .3 � ıp; ıp/ ; (6.34)

for all i; j D 1; : : : ;m.



Section 6.3 A pseudo-Daugavet property for narrow projections in Lorentz spaces 91

Since I � P is narrow, by Lemma 1.11, for each k; 1 � k � m, there exists a
partition Ak D Bk t Ck such that �.Bk/ D .1=4/�.Ak/ and

k.I � P /.31Bk
� 1Ck

/k < "

ja]
k
jm

:

Then for z D Pm
kD1 a

]

k
.31Bk

� 1Ck
/ we obtain k.I � P / zk < ":

Moreover, by (6.34) and Proposition 6.22 we conclude that

k�px] C zk � �pkzk ;
where �p and �p are constants defined in Proposition 6.22. By Proposition 6.22,
kzkp � 3=4 and thus,

kzk D kP.�px] C z/ � P�px] � P�px C P�px C z � Pzk
� kP k � k�px] C zk C j�pj � kP k � kx] � xk C j�pjkPxk C k.I � P /zk
� kP k � �pkzk C kP kj�pj � 3

2
ıp C j�pj"C "

� kzk � kP k
�

�p C 3

2
ıp j�pj

�4

3

�

1
p
�

C ".j�pj C 1/

� kzk � kP k.�p C 2ıp j�pj/C ".j�pj C 1/:

Since " was arbitrary, we obtain

kP k � .�p C 2ıpj�pj/�1 defD %p :

By Proposition 6.22, %p > 1.

Remark 6.24. Note that the same proof will demonstrate that whenever T is a narrow
operator on Lp;w , p > 2, such that 1 is an eigenvalue of T , i.e. such that there exists
a nonzero element x 2 Lp;w with T x D x, then

kI � T k � %p > 1 :

(Simply replace P in the proof with I � T , and note that Propositions 6.22 and 6.23
do not depend on the operator at all.)

Proof of Proposition 6.22. Let ı 2 .0; 1=8/ and x D Pm
kD1 ak1Ak

be a simple func-
tion such that 1 � kxkp;w � 1C .3=2/ı and

jai j
jaj j … .3 � ı; 3/ ;
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for all i; j D 1; : : : ;m. We assume without loss of generality that ja1j � ja2j �
: : : � jamj. For k D 1; : : : ;m, let Bk; Ck be subsets so that Ak D Bk t Ck and
�.Bk/ D .1=4/�.Ak/. We denote

y D
m
X

kD1
3ak1Bk

� ak1Ck
; ˛k D

k
X

jD1
�.Aj /

and

�k D
k
X

jD1
�.Cj / for k D 1; : : : ;m :

First note that

1 � kxkp D
m
X

kD1
jakj

Z ˛k

˛k�1

w.t/dt;

and

kykp � k
m
X

kD1
jakj1Ck

kp D
m
X

kD1
jakj

Z �k

�k�1

w.t/dt:

Since w.t/ is a nonnegative, nonincreasing function, we have that

Z ˛k

˛k�1

w.t/dt D
Z ˛k�1C 3

4
�.Ak/

˛k�1

w.t/dt C
Z ˛k

˛k�1C 3
4
�.Ak/

w.t/dt

� 4

3

Z ˛k�1C 3
4
�.Ak/

˛k�1

w.t/dt;

and

Z �k

�k�1

w.t/dt D
Z 3

4
˛k

3
4
˛k�1

w.t/dt �
Z ˛k�1C 3

4
�.Ak/

˛k�1

w.t/dt:

Thus

kykp �
m
X

kD1
jakj

Z �k

�k�1

w.t/dt �
m
X

kD1
jakj

Z ˛k�1C 3
4
�.Ak/

˛k�1

w.t/dt

�
m
X

kD1
jakj3

4

Z ˛k

˛k�1

w.t/dt D 3

4
kxkp � 3

4
;

which proves the first part of the conclusion.
For the second part, we set bk D 3ak ; ck D �ak for k D 1; : : : ;m.
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Thus,

y D
m
X

kD1
bk1Bk

C ck1Ck
;

�x C y D
m
X

kD1
bk
�

1C �

3

�

1Bk
C ck.1 � �/1Ck

:

We first notice that if 0 � � > ı=.ı � 4/ > �1 then for all i; j D 1; : : : ;m the
following hold:

jbi j
�

1C �

3

�

� jbj j
�

1C �

3

�

” jbi j � jbj jI (6.35)

jci j.1 � �/ � jcj j.1 � �/ ” jci j � jcj jI (6.36)

jci j.1 � �/ < jbi j
�

1C �

3

�

for all i I (6.37)

jbi j
�

1C �

3

�

� jcj j.1 � �/ ” jbi j � jcj jI (6.38)

jbi j
�

1C �

3

�

¤ jcj j.1 � �/ for all i; j : (6.39)

Indeed (6.35), (6.36) and (6.37) are obvious since 1 C �=3 > 0, 1 � � > 0 and
1 � � < 3.1C �=3/. To see (6.38)“),” suppose on the contrary, that there exist i; j
such that

jbi j.1C �

3
/ � jcj j.1 � �/; and jbi j > jcj j :

Then

1 >
jcj j
jbi j � 1 � �

1C �
3

D 1� �

3.3C �/
:

Thus, since � 2 .ı=.ı � 4/; 0/ ,

3 >
jaj j
jai j � 1� �

3C �
>
3� ı

4�ı
1C ı

4�ı
D 3 � ı ;

which contradicts (6.37), and (6.38)“)” is proved.
Next, suppose jbi j � jcj j. Since � < 0 we get

jbi j.1C �

3
/ < jbi j � jcj j < jcj j.1 � �/ :

Thus (6.38)“(” and (6.39) are proved.
Now define numbers tCk

; tBk
for k D 1; : : : ;m as follows:

tCi
D
X

k<i

�.Ck/C
X

l Wjbl j>jci j
�.Bl/;

tBj
D
X

k<j

�.Bk/C
X

iWjci j�jbj j
�.Ci/:



94 Chapter 6 Daugavet-type properties of Lebesgue and Lorentz spaces

It follows from (6.35)–(6.39) that for all i; j D 1; : : : ;m

tCi
> tCj

)
�

jci j � jcj j and jci j.1 � �/ � jcj j.1 � �/
�

;
�

jci j < jcj j; or, equivalently, jci j.1 � �/ < jcj j.1 � �/
�

) tCi
> tCj

;

tBi
> tBj

)
�

jbi j � jbj j and jbi j.1C �

3
/ � jbj j.1C �

3
/
�

;

�

jbi j < jbj j or, equivalently, jbi j.1C �

3
/ < jbj j.1C �

3
/
�

) tBi
> tBj

;

tBi
> tCi

, jbi j.1C �

3
/ < jcj j.1� �/ , jbi j � jcj j:

(6.40)

Now define the following weights:

wBk
D
Z tBk

C�.Bk/

tBk

w d� ; wCk
D
Z tCk

C�.Ck/

tCk

w d� :

By (6.40) we obtain

kykpp;w D
m
X

kD1

	jbkjpwBk
C jckjpwCk




;

k�x C ykpp;w D
m
X

kD1

	jbkjp.1C �

3
/pwBk

C jckjp.1 � �/pwCk




:

Thus, the nonincreasing order of moduli of coefficients of y is the same as the
nonincreasing order of moduli of coefficients of �x C y.

Thus if we set

 .�/ D
m
X

kD1

	jbkjp.1C �

3
/pwBk

C jck jp.1 � �/pwCk




;

for � 2 .�3; 1/, then

 .0/ D kykpp;w � 3

4
;

 .�/ D k�x C ykpp;w for � 2 .ı=.ı � 4/; 0/:
(6.41)

Clearly,  is differentiable for all � 2 .�3; 1/ and

 0.�/ D
m
X

kD1

	

pjbkjp.1C �

3
/p�1 1

3
wBk

� pjckjp.1 � �/p�1wCk




:
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Thus,

 0.0/ D p

m
X

kD1

	1

3
jbkjpwBk

�jckjpwCk


 D p

m
X

kD1
jak jp	3p�1wBk

�wCk




: (6.42)

We now need to compare the quantities wBk
and wCk

for a given k; 1 � k � m. It
follows from (6.37) that tCk

> tBk
. Moreover, by definition of Bk and Ck , we have

�.Ck/ D 3�.Bk/. Thus, since w is nonincreasing, we obtain

wCk
D
Z tCk

C�.Ck/

tCk

w d� D
Z tCk

C3�.Bk/

tCk

w d�

�
Z tBk

C�.Bk/

tBk

w d�C
Z tBk

C2�.Bk/

tBk
C�.Bk/

w d�C
Z tBk

C3�.Bk/

tBk
C2�.Bk/

w d�

� 3

Z tBk
C�.Bk/

tBk

w d� D 3wBk
:

Thus for all k D 1; : : : ;m,

3p�1wBk
� wCk

� 3p�1wBk
� 3wBk

D wBk
.3p�1 � 3/ : (6.43)

In analogy to numbers tCk
; tBk

; wCk
; wBk

we define

tAk
D
X

l<k

�.Al /; wAk
D
Z tAk

C�.Ak/

tAk

wd� :

Since we assumed that ja1j � ja2j � : : : � jamj, we obtain

kxkpp;w D
m
X

kD1
jakjpwAk

:

Further, since for all k; �.Ak/ D �.Bk/ C �.Ck/ and since jcl j � jbj j )
jcl j > jcj j ) l < j , we obtain

tBj
D

X

k<j

�.Bk/C
X

l Wjcl j�jbj j
�.Cl / �

X

k<j

�.Bk/C
X

l<j

�.Cl /

D
X

k<j

�.Ak/ D tAj
:

Therefore, since for all j D 1; : : : ;m; �.Bj / D 1
4�.Aj /, we obtain

wBj
D
Z tBj

C�.Bj /

tBj

w d� �
Z tAj

C 1
4
�.Aj /

tAj

w d� � 1

4

Z tAj
C�.Aj /

tAj

w d� D 1

4
wAj

:
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Thus, we can continue the estimate from (6.43) as follows:

3p�1wBk
� wCk

� wBk
.3p�1 � 3/ � 1

4
.3p�1 � 3/wAk

:

Plugging this into (6.42), we get

 0.0/ D p

m
X

kD1
jak jp	3p�1wBk

� wCk


 � 1

4
p.3p�1 � 3/

m
X

kD1
jakjpwAk

D 1

4
p.3p�1 � 3/kxkpw;p � 1

4
p.3p�1 � 3/ defD Cp:

(6.44)

Note that our assumption that p > 2 guarantees that Cp > 0.
Our next step is to estimate from above the value of j 00.�/j when � 2 .ı=.ı � 4/;

ı=.4 � ı//. We have, since ı 2 .0; 1
8
/,

j 00.�/j D
ˇ

ˇ

ˇ

p.p � 1/
m
X

kD1

h1

9
jbkjp.1C �

3
/p�2wBk

C jckjp.1 � �/p�2wCk

i

ˇ

ˇ

ˇ

� p.p � 1/
�

1C ı

4 � ı
�p�2 m

X

kD1

h1

9
jbkjpwBk

C jckjpwCk

i

(6.45)

� p.p � 1/
�

1C ı

4 � ı
�p�2kykpw;p � p.p � 1/

� 4

4� ı
�p�2

3pkxkpw;p
� p.p � 1/

� 4

4� ı
�p�2

3p.1C 3

2
ı/p � p.p � 1/4p defD Mp:

By Taylor’s Theorem for � 2 .ı=.ı � 4/; 0/ we get

 .�/ D  .0/C � 0.0/C 1

2
�2 00.	/ ;

where 	 2 .�; 0/.
Thus, by (6.44), (6.45) and since  .0/ D kykp � 3=4, we have

 .�/ �  .0/C �Cp C 1

2
�2Mp �  .0/Œ1C 4

3
�.Cp C 1

2
�Mp/� :

Thus, when � < 0 and j�j � min¹ı=.4 � ı/; .Cp=Mp/º, we get

 .�/ �  .0/
	

1C 2

3
�Cp




:

If ı � min¹1=8; 4Cp=Mp; .2Cp/=.3p/º, we set � D �ı=4 and

�.ı/
defD .1 � 2

3
ıCp/

1
p :
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Then �.ı/ < 1 and by (6.41), we have
�

��x C y
�

� � �.ı/kyk :

Further, by the Bernoulli inequality, �.ı/ < 1 � 2
3
ı
Cp

p
. Hence

�.ı/C 2j�jı < 1 � 2

3
ı
Cp

p
C 1

2
ı
Cp

p
< 1;

and the proposition is proved.

Remark 6.25. The above proof does not work for p < 2. Indeed, when p < 2,
the estimate (6.43) becomes meaningless and both constants Cp andDp are negative.
Moreover, for every p, 1 � p < 2, it is not difficult to construct weights wp such that
when x D 1Œ0;1� is partitioned into any disjoint sets Œ0; 1� D B tC with �.B/ D 1=4

then for any � 2 R

k�x C .31B � 1C /kp;wp
� k31B � 1C kp;wp

:

In fact, one can take, e.g.

wp D 4

3p�1 C 1
1Œ0; 1

4
/ C 4 � 3p�2

3p�1 C 1
1Œ 1

4
;1� :

This is a well-defined weight when 1 � p < 2. It is routine, even though tedious, to
check that Lp;wp

satisfy (6.42) for all p with 1 � p < 2. We leave the details to the
interested reader.

Proof of Proposition 6.23

The first step of the proof of Proposition 6.23 is the following lemma.

Lemma 6.26. Let X be an r.i. space and x be a simple function, x D Pm
kD1 ak1Ak

.
For any � > 0 there exists x D x.�/ D Pm

kD1 ak1Ak
such that for all i; j D

1; : : : ;m ,
jaj j
jai j … .1; 1C �/

and kx � xk < �kxk, kxk � kxk.

Proof of Lemma 6.26. Without loss of generality we assume that ja1j � ja2j � : : : �
jamj. Let r0 D 1 < r1 < r2 : : : < rn D m be such that

jaj j
jai j

´

< 1C � if there exists k with rk � j < i < rkC1,

� 1C � if there exists k with j < rk � i .
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Define aj D sgn.aj /jark.j /
j; where k.j / is such that rk.j / � j < rk.j /C1.

Then for any j < i we have k.j / � k.i/ and

jaj j
jai j D jark.j /

j
jark.i/

j

´

D 1 if k.j / D k.i/,

� 1C � if k.j / < k.i/.

Thus jaj j
jai j … .1; 1C �/

as required.
Moreover for all j D 1; : : : ;m

aj

aj
D jark.j /

j
jaj j 2 Œ1; 1C �/ :

Thus kxk � kxk and

kx � xk D �

�

m
X

jD1
.aj � aj /1Ak

�

� D �

�

m
X

jD1
aj .

aj

aj
� 1/1Ak

�

�

< �
�

�

m
X

jD1
aj 1Aj

�

� D �kxk:

In the next lemma we gather, for easy reference, a few simple arithmetic inequalities
which will be useful in the proof of Proposition 6.23.

Lemma 6.27. Let ı 2 .0; 3/ and Qti ; ti , i D 1; 2; 3; 4, be positive real numbers such
that Qti

ti
2 	1; 3

3 � ı
�

for i D 1; 2; 3; 4 :

Then we have:

(i) If ti D t2; Qti= Qt3 2 .3 � ı; 3/; Qt2= Qt4 2 .3 � ı; 3/, then
Qt3= Qt4 2 ..3 � ı/3=27; 27=.3 � ı/3/.

(ii) If t1=t2 2 .3 � ı; 3/; t3=t2 D 3, then t3=t1 2 .1; 3=.3 � ı//.
(iii) If t1 < t2, then Qt1= Qt2 < 9=.3 � ı/2.

(iv) If t1= Qt2 D 3; t1= Qt3 2 .3 � ı; 3/, then t2=t3 2 ..3 � ı/2=9; 3=.3 � ı//.
Proof of Lemma 6.27. The proofs of Lemma 6.27(i)–(iv) are very simple and very
similar to each other. As an illustration, we prove implication (i).
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We have
t3

t4
D t3

Qt3 � Qt3
Qt1 � Qt1

t1
� t1
t2

� t2Qt2 � Qt2
Qt4 � Qt4

t4
:

Since

t3
Qt3 2

�3� ı

3
; 1
i

;
Qt3
Qt1 2

�1

3
;
1

3 � ı
�

;
Qt1
t1

2
h

1;
3

3 � ı
�

;
t1

t2
D 1;

t2
Qt2 2

�3� ı

3
; 1
i

;
Qt2
Qt4 2 .3 � ı; 3/; Qt4

t4
2
h

1;
3

3 � ı
�

;

we obtain

t3

t4
2
�3� ı

3
� 1
3

� 1 � 1 � 3� ı

3
� .3 � ı/ � 1; 1 � 1

3� ı � 3

3 � ı � 1 � 1 � 3 � 3

3 � ı
�

D
� .3� ı/3

27
;

27

.3 � ı/3

�

:

Implications (ii)–(iv) are proved in a very similar way.

For any simple function y D Pm
kD1 dk1Dk

we define the sets

S.y; k/
defD¹j 2 ¹1; : : : ;mº W jdj j

jdkj 2 .3 � ı; 3/º :

Proof of Proposition 6.23. Let � > 0 be such that

1C � D
� 3

3� ı
�3

:

By Lemma 6.26, there exists x D x.�/ D Pm
kD1 ak1Ak

with

kx � xk < �kxk ; (6.46)

such that for all i; j D 1; : : : ;m, jai j
jaj j … .1; 1 C �/: By symmetry, this means that for

all i; j D 1; : : : ;m,

jai j
jaj j 2

� 1

1C �
; 1C �

�

H) jai j D jaj j : (6.47)

To prove the proposition we need to construct a simple function x] such that
kx � x]k < .3=2/ı, kxk � kx]k < .1C .3=2/ı/kxk and

S.x]; k/ D ; for k D 1; : : : ;m : (6.48)

We will construct x] satisfying (6.48) inductively. To start the induction, we set for
k D 1; : : : ;m,

a
.0/

k
D ak; x.0/ D

m
X

kD1
a
.0/

k
1Ak

D x; k0 D max.¹k W S.x.0/; k/ ¤ ;º [ ¹0º/ :
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If k0 D 0, then x.0/ satisfies (6.48), and we are done. If k0 > 0 then

S.x.0/; k/ D ; for k > k0 :

Inductively, we will define a sequence of nonnegative integers k0 > k1 > k2 > : : :
and a sequence of simple functions .x.0/; x.1/; x.2/; : : :/ such that for all n ,

S.x.n/; k/ D ; for k > kn :

Once these sequences are defined, we observe that since k0 � m and the se-
quence .kn/n is a strictly decreasing sequence of nonnegative integers, there exists
N � mC 1, such that kn D 0 and x.N / satisfies (6.48).

To describe the inductive process, suppose that .x.�//n�D0 and k0 > k1 > : : : >

kn > 0 have been defined such that for all � � n:

x.�/ D Pm
kD1 a

.�/

k
1Ak

;

S.x.�/; k�/ ¤ ; if k� > 0; (6.49)

S.x.�/; k/ D ; for k > k�; (6.50)
a

.�/

k

ak
2
h

1; 3
3�ı

�

for k D 1; : : : ;m; (6.51)

a
.�/

k
D ak for k …

��1
[

˛D0
S.x.˛/; k˛/; (6.52)

jakj D jal j H) ja.�/
k

j D ja.�/
l

j; (6.53)

jak�
j > jak��1

j if k� > 0: (6.54)

Now we define

a
.nC1/
j D

´

sgn.aj / � 3 � ja.n/
kn

j if j 2 S.x.n/; kn/,
a
.n/
j if j … S.x.n/; kn/,

x.nC1/ D
m
X

kD1
a
.nC1/
k

1Ak
;

knC1 D max.¹k W S.x.nC1/; k/ ¤ ;º [ ¹0º/:
To prove the induction step we need to show that (6.49)–(6.54) are satisfied for

� D nC 1.
Clearly, if knC1 ¤ 0 then S.x.nC1/; knC1/ ¤ ; so (6.49) holds for � D n C 1.

Similarly, (6.50) holds for � D nC 1 by the definition of knC1.
To verify (6.51) for � D n C 1 we first observe that if j … S.x.n/; kn/ then, by

definition, a.nC1/ D a.n/ and by (6.51) we get

a
.nC1/
j

aj
D a

.n/
j

aj
2
h

1;
3

3� ı

�

for j … S.x.n/; kn/ : (6.55)
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Thus, it only remains to check that (6.51) is valid for � D nC1 and j 2 S.x.n/; kn/.
For this we first establish that

a
.n/
j D aj for j 2 S.x.n/; kn/ : (6.56)

To prove (6.56), by (6.52), it is enough to show that for all ˛; 0 � ˛ < n ,

S.x.n/; kn/ \ S.x.˛/; k˛/ D ; :
Suppose, for contradiction, that there exist ˛; 0 � ˛ < n and i; 1 � i � m such

that
i 2 S.x.n/; kn/ \ S.x.˛/; k˛/ :

Now we set t1 D t2 D jai j; Qt1 D ja.n/i j; Qt2 D ja.˛/i j; t3 D jakn
j; Qt3 D

ja.n/
kn

j; t4 D jak˛
j; Qt4 D ja.˛/

k˛
j. Then by (6.51) and Lemma 6.27(i) ,

jakn
j

jak˛
j D t3

t4
2
�

.3 � ı/3
33

;
33

.3 � ı/3
�

D
�

1

1C �
; 1C �

�

:

Thus, by (6.47), jakn
j D jak˛

j which contradicts (6.54). Hence, (6.56) is proved.
Next, by (6.56) and by definition of S.x.n/; kn/ we see that for j 2 S.x.n/; kn/

jaj j
ja.n/
kn

j
D ja.n/j j

ja.n/
kn

j
2 .3 � ı; 3/ :

Thus, by Lemma 6.27(ii) with t1 D jaj j; t2 D ja.n/
kn

j; t3 D ja.nC1/
j j, we obtain

a
.nC1/
j

aj
D ja.nC1/

j j
jaj j D t3

t1
2
�

1;
3

3 � ı
�

for j 2 S.x.n/; kn/ :

Together with (6.55) this ends the proof that (6.51) is satisfied for � D nC 1.
Next we check that (6.52) is valid for � D nC 1, i.e.

a
.nC1/
k

D ak for k …
n
[

˛D0
S.x.˛/; k˛/ :

Let k … Sn
˛D0 S.x.˛/; k˛/. Then k … S.x.n/; kn/ and, by definition, a.nC1/

k
D

a
.n/

k
. And since k … Sn�1

˛D0 S.x.˛/; k˛/, by (6.52), a.n/
k

D ak . Thus (6.52) holds for
� D nC 1.

Our next step is to check (6.53) for � D n C 1. We know, by (6.53), that if
jakj D jal j then ja.n/

k
j D ja.n/

l
j. Thus, k 2 S.x.n/; kn/ if and only if l 2 S.x.n/; kn/.

In either case it follows directly from the definition that ja.nC1/
k

j D ja.nC1/
l

j, i.e.
(6.53) holds for � D nC 1.
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Our final step is to verify (6.54) for � D nC 1, i.e. to show that if knC1 > 0 then

jaknC1
j > jakn

j :
Since .jakj/m

kD1 are arranged in a nonincreasing order and knC1 D max.¹k W
S.x.nC1/; k/ ¤ ;º [ ¹0º/ > 0, it is enough to prove that

jakj � jakn
j H) S.x.nC1/; k/ D ; : (6.57)

If jakj D jakn
j then by (6.53) for � D nC 1 we get ja.nC1/

k
j D ja.nC1/

kn
j and thus,

S.x.nC1/; k/ D S.x.nC1/; kn/ : (6.58)

Notice that kn … S.xn; kn/ so a.nC1/
kn

D a
.n/

kn
. Hence, when j … S.x.n/; kn/ we

get a.nC1/
j D a

.n/
j and

ja.nC1/
j j

ja.nC1/
kn

j
D ja.n/j j

ja.n/
kn

j
… .3 � ı; 3/ :

Thus, j … S.x.nC1/; kn/.
If j 2 S.x.n/; kn/ then, by definition,

ja.nC1/
j j

ja.nC1/
kn

j
D ja.nC1/

j j
ja.n/
kn

j
D 3 … .3 � ı; 3/ :

Hence, S.x.nC1/; kn/ D ; and by (6.58) we see that

jakj D jakn
j H) S.x.nC1/; k/ D ; : (6.59)

Now we consider the case
jakj < jakn

j :
In this case k > kn and by definition of kn, S.x.n/; k/ D ;.

By (6.51),

ja.n/
k

j
jakj 2

h

1;
3

3 � ı
�

;
ja.n/
kn

j
jakn

j 2
h

1;
3

3 � ı
�

:

Thus, if we set t1 D jakj; Qt1 D ja.n/
k

j; t2 D jakn
j; Qt2 D ja.n/

kn
j, by Lemma 6.27(iii)

we obtain
ja.n/
k

j
ja.n/
kn

j
D Qt1

Qt2 <
9

.3 � ı/2 < 3 � ı :
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Thus, k … S.x.n/; kn/ and, by definition, a.nC1/
k

D a
.n/

k
. Further, for all j …

S.x.n/; kn/ we have a.nC1/
j D a

.n/
j , and therefore

ja.nC1/
j j

ja.nC1/
k

j
D ja.n/j j

ja.n/
k

j
… .3 � ı; 3/ ;

since S.x.n/; k/ D ;. Hence,

S.x.nC1/; k/ 	 S.x.n/; kn/ :

But if j 2 S.x.nC1/; k/ \ S.x.n/; kn/ then

ja.nC1/
j j
ja.n/
kn

j
D 3;

ja.nC1/
j j
ja.n/
k

j
D ja.nC1/

j j
ja.nC1/
k

j
2 .3 � ı; 3/ ;

and if we set t1 D ja.nC1/
j j; t2 D jakn

j; Qt2 D ja.n/
kn

j; t3 D jakj; Qt3 D ja.n/
k

j then
by (6.51) and by Lemma 6.27(iv), we get

jakn
j

jakj D t2

t3
2
�.3 � ı/2

9
;
3

3 � ı
�

	
� 1

1C �
; 1C �

�

:

Hence, by (6.47), jakn
j D jakj which contradicts our assumption that jakn

j > jakj.
Thus, S.x.nC1/; k/ D ; if jakj < jakn

j, which together with (6.59) concludes the
proof of (6.57) and (6.54) for � D nC 1.

Note that (6.54) for � D nC 1, implies that knC1 < kn.
This ends the proof of the inductive process.
To finish the proof of the proposition we notice, as indicated above, that since

.kn/n�0 is a strictly decreasing sequence of nonnegative integers, it must be finite,
i.e. there exists N � mC 1, such that kN D 0.

Set x] D x.N /. By (6.50), S.x.N /; k/ D ;, for all k > kN D 0, and, by (6.51),

kx] � xk D �

�

m
X

kD1
.a
.N /

k
� ak/1Ak

�

� D �

�

m
X

kD1
ak

�a
.N /

k

ak
� 1

�

1Ak

�

�

�
� 3

3� ı
� 1

�

� ��
m
X

kD1
ak1Ak

�

� D ı

3 � ıkxk:

Thus, by (6.46), when ı < 1=8 we have

kx] � xk � kx] � xk C kx � xk � ı

3� ı kxk C �kxk � ı

3 � ı .1C �/kxk C �kxk

D
h ı

3 � ı �
� 3

3 � ı
�3 C

� 3

3 � ı
�3 � 1

i

kxk D 81 � .3 � ı/4
.3 � ı/4 kxk

<
3

2
ıkxk:
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Finally note that, by (6.51), for all j D 1; : : : ;m,
a

.N/

j

aj
� 1: Combining the last two

inequalities and Lemma 6.26 we get

�

1C 3

2
ı
�

kxk > kx]k D kx.N /k � kxk � kxk :

6.4 Near isometric classification of Lp.�/-spaces for
1 � p < 1, p ¤ 2

Recall that the Banach–Mazur distance d.X; Y / between Banach spaces X and Y is
given by

d.X; Y / D inf
®kT kkT �1k W T 2 L.X; Y / is an onto isomorphism

¯

:

If X and Y are not isomorphic, we say that d.X; Y / D 1.
The main result of this section is the following theorem.

Theorem 6.28. Let 1 � p < 1, p ¤ 2, and kp > 1, k1 D 2 be the constants
defined in Corollary 6.12 (kp D 1 C ıp.1/). Let .�i ;†i ; �i /, i D 1; 2 be finite
atomless measure spaces with the Maharam sets Mi . Suppose that

d
�

Lp.�1/;Lp.�2/
�

< kp :

Then M1 D M2.

A similar result for separable (not necessarily atomless) Lp.�/-spaces was ob-
tained by Benyamini in [13], and the same result for p D 1 and not necessarily
separable spaces was proved by Cambern in [24].

Let M be the Maharam set of a finite atomless measure space .�;†;�/. By the
Maharam theorem, there exists a decomposition � D F

˛2M �˛ and a collection of
positive numbers ."˛/˛2M such that the measure spaces .�˛;†.�˛/; �j†.�˛// and
"˛ �D!˛ are isomorphic for every ˛ 2 M. In particular,

Lp.�/ D
�

X

˛2M

Lp.�˛/
�

p
;

where Lp.�˛/ and Lp.D!˛ / are isometrically isomorphic for every p 2 .0;C1/.
Let P be a projection on Lp.�/. Denote by M.P / the set of all those ˛ 2 M for

which the image imP of P is rich with respect to Lp.�˛/, and set

X.P / D
�

X

˛2M.P /

Lp.�˛/
�

p
; Y.P / D

�

X

˛2MnM.P /

Lp.�˛/
�

p
:
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For subspacesX and Y of a Banach spaceZ we consider the following asymmetric
function

�.X; Y / D inf
®kx � yk W x 2 SX ; y 2 Y ¯ : (6.60)

Our main tool will be the following lemma.

Lemma 6.29. If kP k < kp, then either X.P / D ¹0º, or �.kerP;X.P // > 0.

Proof of Lemma 6.29. Suppose that X.P / ¤ ¹0º and �.kerP;X.P // D 0. We prove
that kP k � kp. First we prove that the restriction .I � P /jX.P/ is a narrow operator.

Fix any measurable subset A � S

˛2M.P /�˛ and " > 0. Since imP is rich with
respect to

S

˛2M.P /�˛, we can find a mean zero sign x on A and y 2 imP such
that

kx � yk < "

kP k C 1
:

Since Py D y, we obtain

�

�.I�P /x�� D kx�Pxk � kx�PykCkPy�Pxk < "

kP k C 1
CkP kkx�Pyk < ":

Thus, .I � P /jX.P/ is narrow.
Now we prove that k.I � P /jX.P/k � 1. Fix " > 0. Since �.kerP;X.P // D 0,

there exist y 2 kerP , kyk D 1, and x 2 X.P / such that kx � yk < ". Thus
�

�.I � P /x�� � �

�.I � P /y�� � �

�.I � P /x � .I � P /y��
D kyk � �

�x � y C P.y � x/�� � 1 � kx � yk�kP k C 1
�

> 1� "�kP k C 1
�

(6.61)

and
kxk � kyk C kx � yk < 1C " : (6.62)

Dividing (6.61) by (6.62), we obtain

�

�.I � P /ˇˇ
X.P/

�

� �
�

�.I � P /x
�

�

kxk � 1 � "�kP k C 1
�

kyk C kx � yk � 1 � "�kP k C 1
�

1C "
:

By arbitrariness of " > 0, we deduce that k.I � P /jX.P/k � 1.
By Corollary 6.4 for p D 1, and by Theorem 6.8 for p 2 .1; 2/ [ .2;C1/, we get

kP k � �

�P
ˇ

ˇ

X.P/

�

� D �

�I
ˇ

ˇ

X.P/
� .I � P /ˇˇ

X.P/

�

�

� 1C ıp

�

�

�.I � P /ˇˇ
X.P/

�

�

�

� 1C ıp.1/ D kp :

Corollary 6.30. If kP k < kp , then kerP embeds in Y.P /.
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Proof. By Lemma 6.29, either X.P / D ¹0º, or �.kerP;X.P // > 0. If X.P / D ¹0º
then the assertion of the corollary is evident. Suppose that �.kerP;X.P // > 0. We
denote by Q the projection from Lp.�/ onto Y.P / with kerQ D X.P /, and show
that the restrictionQjkerP is an isomorphic embedding of kerP in Y.P /.

Indeed, let x 2 kerP be any element with kxk D 1. Then

kQxk D kx � .I �Q/xk � �
�

kerP;X.P /
�

;

by the definitions of � and Q. Thus, the operator QjkerP is bounded from below.

Corollary 6.31. Suppose that kP k < kp , and let

M0 D ®

˛ 2 M W @˛ > dens kerP
¯

; M00 D M n M0 :

Then either M0 D ;, or

�
�

kerP;
�

X

˛2M0

Lp.�˛/
�

p

�

> 0 :

Moreover, kerP embeds in .
P

˛2M00 Lp.�˛//p .

Proof. By Lemma 6.29 and Corollary 6.30 it is enough to prove that M0 � M.P /.
Let ˛ 2 M0, then, @˛ > dens kerP . By Theorem 2.12, the restriction operator .I �
P /jLp.�˛/ is narrow. This exactly means that imP is rich with respect to Lp.�˛/,
that is, ˛ 2 M.P /.

Lemma 6.32. Let P ¤ I be a projection on Lp.�/ with kP k < kp. Then

dens kerP 2 ®@˛ W ˛ 2 M
¯

;

where M is the closure of M in the order topology. Conversely, if ˇ 2 M, then there
exists a projection P of Lp.�/ of norm one such that dens kerP D @ˇ .

Proof of Lemma 6.32. Let M00 D ¹˛ 2 M W dens kerP � @˛º. Since M00 � M and
M is, at most, countable

X

˛2M00

@˛ � dens kerP :

On the other hand, since kerP embeds in .
P

˛2M00 Lp.�˛//p whose dimension
equals

P

˛2M00 @˛, by Corollary 6.31, we get

X

˛2M00

@˛ � dens kerP

Thus,
dens kerP D

X

˛2M00

@˛ 2 ®@˛ W ˛ 2 M
¯

:
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Suppose that ˇ 2 M, say, ˇ D limn ˛n, where ˛n 2 M. Then

dens
�

X

n

Lp.�˛n
/
�

p
D
X

n

@˛ D @ˇ ;

and the subspace .
P

nLp.�˛n
//p is the kernel of the projection defined by Px D

x � 1B for each x 2 Lp.�/, where B D � nSn�˛n
.

A subspace X � Lp.�/ is isometrically isomorphic to an Lp.�/-space if and only
if X is the range of norm one from Lp.�/ onto X (Ando [9], and Douglas [33]).
Thus Lemma 6.32 has the following corollary.

Corollary 6.33. Let X be a subspace of Lp.�/ which is isometrically isomorphic to
some Lp.�/-space where � is not necessarily an atomless measure. Then

codimX
defD densLp.�/=X 2 ®@˛ W ˛ 2 M

¯

:

Conversely, if ˇ 2 M then there exists a subspace X of Lp.�/ which is isometrically
isomorphic to some Lp.�/-space such that codimX D @ˇ .

Lemma 6.34. Assume 1 � p < 1, p ¤ 2 and let ˛ be an ordinal. Suppose that
Lp.D

!˛ / embeds in X D .
P

j2J Xj /p , where J is some infinite set of indices and
the Xj are Banach spaces. Then @˛ � densXj , for some j 2 J .

Proof of Lemma 6.34. Note that Lp.D!˛ / contains a Rademacher system .r� /�<!˛

of cardinality @˛. Indeed, given � < !˛, we define r� .t/ D 	� for any t D
.	ˇ /ˇ<!˛

2 D!˛ . By the Khintchine inequality [79, p. 66], `2.!˛/ embeds in
Lp.D

!˛ /, and hence, in X . Let Y be a subspace of X isomorphic to `2.!˛/.
Assume, on the contrary, that densXj < @˛ for all j 2 J . We are going to

construct a subspace of Y isomorphic to p̀, which will give us the contradiction since
p ¤ 2.

We construct inductively sequences xn 2 X and yn 2 Y , n 2 N, and a sequence
.Jn/ of finite disjoint subsets Jn 	 J as follows. Choose any y1 2 Y with ky1k D 1.
Then find a finite subset J1 	 J and x1 2 lin.Xj W j 2 J1/ such that kx1 � y1k <
2�1. Suppose that finite pairwise disjoint subsets Jk 	 J and elements xk 2 X ,
yk 2 Y , k D 1; : : : ; n, have been chosen so that kxkk D 1, kxk � ykk < 2�k and
xk 2 lin.xj W j 2 Jk/. Since In is finite, by the assumption that densXj < @˛ for
every j 2 J , we have that

dens lin
�

Xj W j 2
n
[

kD1
Jk

�

< @˛ D densY : (6.63)

We claim that there exists a finite subset JnC1 	 J n Sn
kD1 Jk , xnC1 2 lin.Xj W

j 2 Sn
kD1 Jk/ and ynC1 2 Y so that kxnC1k D 1 and kxnC1 � ynC1k < 2�n�1.
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Indeed, if this were not true, then the quotient map of X by the subspace
.
P

j2JnSn
kD1 Jk

Xj /p would be bounded from below, which contradicts (6.63). Thus,
the inductive construction has been done.

By the construction, the sequence .xn/ is isometrically equivalent to the unit vec-
tor basis of `p, and by the Krein–Milman–Rutman theorem on the stability of basic
sequences ([52, p. 64], [79, p. 5]), the inequality kxn � ynk < 2�n for each n 2 N
implies that the sequence .yn/ is equivalent to the unit vector basis of p̀. This con-
tradicts the assumptions that Y is isomorphic to `2.!˛/, and p ¤ 2.

Proof of Theorem 6.28. Using Maharam’s theorem, for i D 1; 2, we decompose
�i D F

˛2Mi
�i;˛ so that Lp.�i;˛/ and Lp.D!˛ / are isometrically isomorphic

for every ˛ 2 Mi .
Fix any ˛1 2 M1. Observe that the operator defined by Px D x � x � 1�1;˛1

for
each x 2 Lp.�1/, is a projection of norm one from Lp.�1/ onto the subspace

�

X

˛2M1n¹˛1º
Lp
�

�1;˛
�

�

p

and with kerP D Lp.�1;˛1
/. Since d.Lp.�1/;Lp.�2// < kp, there exists a pro-

jection Q of Lp.�2/ of norm kQk < kp with kerQ isomorphic to Lp.D!˛1 /. By
Corollary 6.31, kerQ embeds in

�

X

˛2M00
2

Lp
�

�2;˛
�

�

p
;

where M00
2 D ¹˛ 2 M2 W ˛ � ˛1º. By Lemma 6.34, there exists ˛2 2 M00

2 such
that ˛1 � ˛2. Hence, ˛1 D ˛2 by the definition of M00

2 . Thus, ˛1 2 M2. By
arbitrariness of ˛1 2 M1, we obtain that M1 � M2. The inverse inclusion can be
proved analogously.



Chapter 7

Strict singularity versus narrowness

We saw that every compact operator is narrow, and in Chapter 2 we identified other
classes of “small” operators which are narrow. The next natural ideal of “small”
operators to consider is the ideal of strictly singular operators.

Recall that an operator T W X ! Y is called strictly singular if for every infinite
dimensional subspaceX1 ofX , the restriction of T toX1 is not an isomorphic embed-
ding, that is, for every " > 0 and every infinite dimensional subspace X1 of X , there
exists an element x 2 X1 with kT xk < "kxk. Superficially, this condition appears
similar to the definition of a narrow operator. However there are important differences
on the conditions that an element x with kT xk < "kxk has to satisfy: a symmetric
sign on an arbitrary set, versus an element of an arbitrary infinite dimensional sub-
space. These differences are fundamental and, as we saw in Chapter 4, there do exist
nonstrictly singular operators, and even Enflo operators, which are narrow. In this
chapter we investigate the converse problems whether some kind of strict singularity
implies narrowness. These problems were posed by Plichko and Popov in [110], and
they were already mentioned in Chapter 2, Open problems 2.6 and 2.7. We list them
here again in a somewhat expanded version.

Open problem 7.1. Let T be an operator from E to X . Does T have to be narrow,
provided that

(a) T is strictly singular?

(b) T is Z�strictly singular for an appropriately chosen infinite dimensional sub-
space Z of E?

(c) T is non-Enflo, that is, T is E-strictly singular?

A number of other notions closely related to strict singularity are considered in
the literature. These include strictly cosingular operators, introduced in [106], su-
perstrictly singular operators, also known as finitely strictly singular operators, intro-
duced implicitly in [98] and explicitly in [96] and [97], disjointly strictly singular op-
erators, introduced in [47], and Schreier strictly singular operators, introduced in [8].
All these notions are actively studied and it would be very interesting to discover their
relationships with narrowness.

Problems 7.1(a)–(c) are open in general, but, somewhat surprisingly, they do have
affirmative answers in important special cases.

Bourgain and Rosenthal [20] showed that every `1-strictly singular operator from
L1 to any Banach space X is narrow (Theorem 7.2 below). Moreover, they described
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sufficient conditions for an operator T 2 L.L1; X/ to fix a copy of `1 (Theorem 7.4
below). Section 7.1 is devoted to the proofs of these results.

Open problem 7.1(b) is very interesting for the case when Z D `2. It was posed in
that form by Plichko and Popov in [110], cf. Open problem 2.7. It has two positive
partial answers. Flores and Ruiz [39] proved that every `2-strictly singular regular
operator (i.e. a difference of two positive operators) from LpŒ0; 1�, 1 � p < 1, to an
order continuous Banach lattice F , is narrow. We present a generalized version of this
result in Section 10.9. The authors jointly with Mykhaylyuk and Schechtman [102]
proved that every `2-strictly singular operator fromLpŒ0; 1�, 1 � p < 1, to a Banach
space X with an unconditional basis, is narrow. We present this result in Section 9.5.

Problem 7.1(c) has a very strong affirmative answer for operators on L1, which
follows from Rosenthal’s [128] very deep and remarkable characterization of narrow
operators on L1 (Theorem 7.30 below). This fundamental result connects several
deep notions in the theory. We present it in its general context in Section 7.2. We
show the connections with pseudo-embeddings on L1 (see Definition 1.32), includ-
ing Rosenthal’s characterization that an operator on L1 is a pseudo-embedding if and
only if it acts as an almost isometry on a subspace of the form L1.A/ for a suitable
subset A � Œ0; 1� ([128], Theorem 7.39 below). We then present ideas related to
the Enflo–Starbird maximal function �, and, as a culmination, the theorem assert-
ing that the notions of narrow, pseudonarrow and �-narrow operators all coincide for
operators on L1, and in addition they are equivalent to the fact that for each measur-
able set A, the restriction of the operator to L1.A/ is not an isomorphic embedding
(Theorem 7.45). This combines results of Enflo and Starbird [37], Kalton [66] and
Rosenthal [128]. As a first corollary, we present the fact that narrow operators on L1
form a band ([92, 93], see Theorem 7.46). In particular, this yields that a sum of two
narrow operators on L1 is narrow, a fact having a long history: first it was asserted
in [110] with a wrong proof, and then proved in [132] and [58] in different ways.

Problem 7.1(c) has a negative answer for operators on Lp, for p > 2 (see Ex-
ample 7.56), but it has an affirmative answer for operators on Lp, for 1 < p < 2, as
proved by Johnson, Maurey, Schechtman and Tzafriri [49] (Theorem 7.55 below). We
present the proof of this result in Section 7.3. We do not know whether Theorem 7.30
can be extended to Lp, for 1 < p < 2 (see Open problem 7.52). A partial answer to
this question is presented in Section 11.2.

The last three sections of this chapter are devoted to geometric applications of the
above results. In Section 7.4, as an application of Theorem 7.46, we prove that if a
subspace of L1 is isomorphic to L1 then it contains an almost isometric copy of L1.
We also obtain a result about operators from L1 to any Banach space X which fix a
copy of L1. This will have an important application in Section 8.5. In Section 7.5
we show that “well” co-complemented subspaces of Lp are isomorphic to Lp (see
Corollary 7.83). In Section 7.6 we show that any rich subspace X of L1 satisfies
Daugavet property for L1-strictly singular operators and for operators narrow on X
(see Definition 7.84).
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7.1 Bourgain–Rosenthal’s theorem on narrowness of
`1-strictly singular operators

This section is devoted to the following elegant result of Bourgain and Rosenthal.

Theorem 7.2 ([20]). Let X be a Banach space. Then every `1-strictly singular oper-
ator T 2 L.L1; X/ is narrow.

Theorem 7.2 immediately generalizes to arbitrary atomless L1.�/-spaces.

Corollary 7.3. Let .�;†;�/ be a finite atomless measure space, and let X be a
Banach space. Then every `1-strictly singular operator T 2 L.L1.�/;X/ is narrow.

Theorem 7.2 is obtained as a corollary of the following more general result.

Theorem 7.4 (Bourgain, Rosenthal [20]). Let X be a Banach space. Assume that an
operator T 2 L.L1; X/ satisfies the following property:

There exists ı > 0 such that kT xk � ı, for every sign x D 1A � 1B , where A
and B are finite unions of dyadic intervals with A t B D Œ0; 1�.

Then T fixes a copy of `1.

It is interesting to remark that the assumption on T in Theorem 7.4 does not imply
that T is not narrow. Indeed, Rosenthal in [125] constructed a Banach spaceX with an
unconditional basis, and an operator T satisfying the assumption from Theorem 7.4.
On the other hand, by Theorem 11.11 (see below), T is narrow. This confirms that
Theorem 7.4 is essentially stronger than Theorem 7.2.

For the proof of Theorem 7.4 we need a chain of lemmas with preliminary defini-
tions and notation.

Special terminology and notation

We will use trees of sets in the sense of Definition 1.3, however, with another notation.
We denote by D the set of all finite sequences of 0s and 1s. Given any ˛ D

.˛1; : : : ; ˛k/ 2 D , we set j˛j D k. Empty sequence is also considered to be an ele-
ment of D with j;j D 0. For any ˛ D .˛1; : : : ; ˛k/ 2 D and ˇ D .ˇ1; : : : ; ǰ / 2 D

we say that ˛ � ˇ if and only if k � j and ˛i D ˇi for every i D 1; : : : ; k. We denote
˛ 0 D .˛1; : : : ; ˛k ; 0/, ˛ 1 D .˛1; : : : ; ˛k; 1/ and ˛ ˇ D .˛1; : : : ; ˛k ; ˇ1; : : : ; ǰ /.

Definition 7.5. A tree of sets is a collection .G˛/˛2D of sets G˛ 2 † such that

G˛ D G˛ 0 tG˛ 1 and �.G˛/ D 2�j˛j�.G;/ :

Definition 7.6. A tree of signs is a collection .g˛/˛2D of signs g˛ 2 L1 such that
.supp g˛/˛2D is a tree of sets.
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By the support of a tree of signs G D .g˛/˛2D we will mean the set supp G D G;.
For every x 2 L1 n ¹0º, byex we denote x=kxk.

Definition 7.7. Let G be a tree of signs. We say that a sign x 2 L1 is a G -function
if x D g˛ or x D �g˛ for some ˛ 2 D . Given " > 0, a sign x 2 L1 is called an
"-G -function if there exists a G -function y with kex �eyk < ".

Definition 7.8. A finite sum of disjoint G -functions is called an elementary G -sign.
Given " > 0, a sign x 2 L1 is called an "-elementary G -sign if there exists an
elementary G -sign y with kex �eyk < ".

Definition 7.9. Let G 0 D .g 0̨ /˛2D and G 00 D .g00̨/˛2D be trees of signs. G 0 is said
to be related to G 00 if for every " > 0 there exists k 2 N such that for each ˛ 2 D

with j˛j � k, g 0̨ is an "-elementary G 00-sign. G 0 is called a piece of G 00 if there exists
ˇ 2 D such that g 0̨ D g00

ˇ ˛
for every ˛ 2 D .

Given a nonempty subset M � BL1
and x 2 L1, we set

M.x/ D sup
y2M

ˇ

ˇ

ˇ

Z

Œ0;1�

xy d�
ˇ

ˇ

ˇ

:

Clearly, M is a seminorm on L1 such that M.x/ � kxk for every x 2 L1.

Definition 7.10. Let b > 0. We say that a nonempty subset M � BL1
b-norms an

element x 2 L1 if M.x/ � b. We say that M b-norms a tree of signs G if M b-
norms every elementary G -sign. We say that M bC-norms G if there exists " > 0

such that M .b C "/-norms G .

Observe that if M b-norms G , then M .b � "/-norms every "-elementary G -sign
for every " 2 .0; b/.

Let 0 < a < b, M � BL1
and x 2 L1, x ¤ 0. We set

M x>b D
°

m 2 M W
ˇ

ˇ

ˇ

Z

Œ0;1�

mex d�
ˇ

ˇ

ˇ

> b
±

;

Mx<a D
°

m 2 M W
ˇ

ˇ

ˇ

Z

Œ0;1�

mex d�
ˇ

ˇ

ˇ

< a
±

:

Proof of Theorem 7.4

By an `1-sequence we mean a sequence equivalent to the unit vector basis of `1.

Lemma 7.11. Let G be a tree of signs. Then for every n 2 N there exists a sys-
tem .hi /

n
iD1 of elementary G -signs with supp hi D supp G , for i D 1; : : : ; n and

R

Œ0;1� hihj d� D 0, for i ¤ j .
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Proof. Fix any n 2 N and set for each i D 1; : : : ; n and k D 1; : : : ; 2n

	i;k D ri

� k

2n

�

D .�1/
	

k�1

2n�i




;

where .ri / is the standard Rademacher system and Œa� indicates the integer part of
a 2 R. By the well-known property of the Rademacher system, if i ¤ j then

2�n
2n
X

kD1
	i;k	j;k D

Z

Œ0;1�

ri rj d� D 0 : (7.1)

Let G D .g˛/˛2D , and g1; : : : ; g2n be an enumeration of ¹g˛ W j˛j D nº. Observe
that .gk/2

n

kD1 is a disjoint system with
S2n

kD1 supp gk D supp G . Define, for i D
1; : : : ; n ,

hi D
2n
X

kD1
	i;kgk :

By disjointness of gks and (7.1), for i ¤ j we have

Z

Œ0;1�

hihj d� D
2n
X

kD1

Z

Œ0;1�

	i;k	j;k g
2
k d� D �.supp G /

2n

2n
X

kD1
	i;k	j;k D 0 :

Lemma 7.12. Let x; y be signs and C D ¹t 2 Œ0; 1� W x.t/ D y.t/ ¤ 0º. Then for
A D supp x and B D supp y we have

kex �eyk D 2
�

1 � �.C /

max¹�.A/;�.B/º
�

:

Consequently, for every � > 0 we have

kex �eyk < � if and only if �.C / >
�

1� �

2

�

max¹�.A/;�.B/º :

Proof. Without loss of generality we may and do assume that �.B/ � �.A/. Let
W D .A \ B/ n C , that is, W D ¹t 2 Œ0; 1� W x.t/ D �y.t/ ¤ 0º. Then

kex �eyk D
Z

AnB
jex �eyj d�C

Z

BnA
jex �eyj d�C

Z

C

jex �eyj d�C
Z

W

jex �eyj d�

D �.A n B/
�.A/

C �.B n A/
�.B/

C �.C /
� 1

�.B/
� 1

�.A/

�

C �.W /
� 1

�.B/
C 1

�.A/

�

D 2� 2 �.C /
�.A/

:
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Lemma 7.13. Let x and y be nonzero signs and " 2 .0; 1/.
(a) If kex �eyk < " then kx � yk < 2"min¹kxk; kykº.

(b) If kx � yk < "kxk then kex �eyk < 2".
Proof. Let A;B;C;W be as defined in Lemma 7.12.

(a) Suppose kex �eyk < ". Assume without loss of generality that �.B/ � �.A/.
Since �.C / � �.B/, by Lemma 7.12, �.A/.1 � "=2/ < �.B/ and thus

�.A/� �.B/ �
� 1

.1 � "
2 /

� 1
�

�.B/ � "�.B/: (7.2)

Since kex �eyk D k x
�.A/

� y
�.B/

k < ", we get that

�

�

�

�.B/

�.A/
x � y

�

�

�

< "�.B/: (7.3)

Since kx � �.B/
�.A/

xk D �.A/� �.B/, by (7.2) and (7.3) we get

kx � yk �
�

�

�

x � �.B/

�.A/
x
�

�

�

C
�

�

�

�.B/

�.A/
x � y

�

�

�

� 2"�.B/:

(b) Suppose now that kx � yk < "kxk (we no longer assume that �.B/ � �.A/).
Then

�

�

�

x

�.A/
� y

�.A/

�

�

�

< ":

Hence,

�

�

�

y

�.A/
� y

�.B/

�

�

�

D
ˇ

ˇ

ˇ

ˇ

1� �.B/

�.A/

ˇ

ˇ

ˇ

ˇ

D
ˇ

ˇ

ˇ

ˇ

�

�

�

x

�.A/

�

�

�

�
�

�

�

y

�.A/

�

�

�

ˇ

ˇ

ˇ

ˇ

�
�

�

�

x

�.A/
� y

�.A/

�

�

�

< ";

and thus,

kex �eyk D
�

�

�

x

�.A/
� y

�.B/

�

�

�

�
�

�

�

x

�.A/
� y

�.A/

�

�

�

C
�

�

�

y

�.A/
� y

�.B/

�

�

�

< 2":

Lemma 7.14. Let G be a tree of signs, � 2 .0; 4/ and ı D �2=16. Given a ı-
elementary G -sign y, there exist m 2 N and disjoint �-G -functions h1; : : : ; hm such
that supp hj � supp y for j D 1; : : : ;m, and key �ehk < �, where h D Pm

jD1 hj .

Proof. Let B D supp y, and choose disjoint G -functions f1; : : : ; fn, such that

key � ef k < ı ; (7.4)
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where f D Pn
iD1 fi . Let Fi D supp fi , F D Sn

iD1 Fi , I D ¹i 2 ¹1; : : : ; nº W
�.Fi \ B/ > .1 � p

ı/�.Fi /º and J D ¹1; : : : ; nº n I . We claim that

X

i2J
�.Fi / <

p
ı

2
�.F / : (7.5)

Indeed, by Lemma 7.12 and (7.4)

�.F \ B/ � �.C / >
�

1 � ı

2

�

max
®

�.B/;�.F /
¯ �

�

1� ı

2

�

�.F / ; (7.6)

where C D ¹t 2 Œ0; 1� W y.t/ D f .t/ ¤ 0º. Let c D �.F / D Pn
iD1 �.Fi / and

b D P

i2J �.Fi/. So, c � b D P

i2I �.Fi /. By the definition of I we have that

�

1 �
p
ı
�

b � �

1�
p
ı
�

X

i2J
�.Fi \ B/ : (7.7)

By (7.6),
n
X

iD1
�.Fi \ B/ >

�

1� ı

2

�

n
X

iD1
�.Fi/ D

�

1 � ı

2

�

c : (7.8)

Thus, by (7.7) and (7.8),

�

1 �
p
ı
�

b C c � b �
X

i2J
�.Fi \ B/C

X

i2I
�.Fi/ �

n
X

iD1
�.Fi \ B/ >

�

1 � ı

2

�

c ;

which gives
p
ı
2 > b, which proves (7.5).

Now for each i 2 I , let hi D fi � 1Fi \B . By the definition of I , for every i 2 I we
have

khi � fik D �.Fi n G/ <
p
ı�.Fi/ D

p
ıkfik :

By Lemma 7.13(b), for every i 2 I , hi is an .�=2/-G -function. Moreover,
�

�

�

X

i2I
hi �

X

i2I
fi

�

�

�

<
p
ı
X

i2I
kfik �

p
ıkf k :

Let h D P

i2I hi . By (7.5) we obtain that kh � f k � 3
p
ı
2

kf k. Therefore, again by

Lemma 7.13(b), keh� ef k � 3
p
ı. This yields that

key �ehk < ı C 3
p
ı < 4

p
ı D � :

It is clear from the construction that supp hi � supp y for every i 2 I .
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Lemma 7.15. Let G be a tree of signs, " 2 .0; 1/ and ı D "=9. If y1; y2; : : : is
a disjoint finite or countable collection of ı-G -functions then y D P

i yi is an "-
elementary G -sign.

Proof. By the definition of a tree of sets, if A and B are supports of members of G

then either A � B , B � A, or A \ B D ;. Hence, if C1; : : : ; Cn are supports of
members of G then there exists I � ¹1; : : : ; nº such that

�
�

[

i2I
Ci

�

D �
�

n
[

iD1
Ci

�

and Ci \ Cj D ;; as i; j 2 I and i ¤ j : (7.9)

If there are infinitely many yi s, we choose n 2 N so that

�

�

�

An
X

iD1
yi �

A1
X

iD1
yi

�

�

�

< ı (7.10)

(this is possible because fn ! f ¤ 0 in L1, implies ef n ! ef in L1). Now let
y0 D Pn

iD1 yi ,Bi D supp yi for all i D 1; : : : ; n, and a D ky0k D Pn
iD1 �.Bi /. For

all i D 1; : : : ; n, we choose G -functions zi with kezi �eyik < ı and put Ci D supp zi .
By Lemma 7.12, for all i D 1; : : : ; n,

�.Ci \ Bi / >
�

1� ı

2

�

�.Bi/ : (7.11)

Hence,

�
�

n
[

iD1
Ci

�

� �
�

n
[

iD1
Ci \ Bi

�

D
n
X

iD1
�.Ci \ Bi/

>

n
X

iD1

�

1� ı

2

�

�.Bi/ D
�

1� ı

2

�

a : (7.12)

By Lemma 7.12, .1 � ı
2 /�.Ci / < �.Bi/ for all i D 1; : : : ; n, and hence

n
X

iD1
�.Ci/ <

1

1� ı
2

n
X

iD1
�.Bi / � .1C ı/ a : (7.13)

Now we choose I � ¹1; : : : ; nº satisfying (7.9). By (7.9), (7.12) and (7.13) we
have

X

i2J
�.Ci / <

�

.1C ı/ �
�

1� ı

2

�

�

a D 3

2
ıa ; (7.14)

where J D ¹1; : : : ; nº n I . By (7.11), for all i D 1; : : : ; n,

�.Bi / <
�

1� ı

2

��1
�.Ci \ Bi/ �

�

1 � ı

2

��1
�.Ci / � .1C ı/�.Ci / :
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Hence, by (7.14) we have

X

i2J
�.Bi / < .1C ı/

X

i2J
�.Ci/ < .1C ı/

3

2
ıa < 2ıa : (7.15)

By Lemma 7.13(a), for all i D 1; : : : ; n,

kzi � yik < 2ımin
®

�.Ci /; �.Bi /
¯ � 2ı�.Bi / :

Therefore, by (7.15), we have
�

�

�

X

i2I
zi � y0

�

�

�

�
X

i2I
kzi � yik C

X

i2J
kyik

< 2ı
X

i2I
�.Bi /C

X

i2J
�.Bi / < 2ıa C 2ıa D 4ıa :

By Lemma 7.13(b), k B

P

i2I zi �ey0k < 8ı, and finally, by (7.10),

�

�

�

A

X

i2I
zi �ey

�

�

�

<
�

�

�

A

X

i2I
zi �

An
X

iD1
yi

�

�

�

< 8ı C ı D " :

Lemma 7.16. Let G be a tree of signs. For every " > 0 there exists ı D ı."/ > 0

such that for any tree of signs G and any sign x 2 L1 if x is a (finite or infinite) sum
of disjoint ı-elementary G -signs then x is an "-elementary G -sign.

Proof. Let " > 0, � D "=13 and ı D �2=16. Assume y1; y2; : : : are disjoint ı-
elementary G -signs and x D P

i yi . By Lemma 7.14, for each i , we choose disjoint
�-G -functions hi;j with supp hi;j � supp yi for all j , and

�

�

�

eyi � B

X

i

hi;j

�

�

�

< � : (7.16)

Since .hi;j /i;j are disjoint, by Lemma 7.15, there is an elementary G -sign h with

�

�

�

eh � B

X

i;j

hi;j

�

�

�

< 9� : (7.17)

By (7.16) and Lemma 7.13(a) ,
�

�

�

yi �
X

j

hi;j

�

�

�

< 2�kyik ;
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for all j , and hence
�

�

�

X

i

yi �
X

i;j

hi;j

�

�

�

< 2�
X

i

kyik D 2�kyk :

Again by Lemma 7.13(a),

�

�

�

ey � B

X

i;j

hi;j

�

�

�

< 4� : (7.18)

Thus, by (7.17) and (7.18), y is a .13�/-elementary G -sign.

Lemma 7.17. Let G , G 0 and G 00 be trees of signs with G 0 related to G and G 00 related
to G 0. Then G 00 is related to G .

Proof. Let G 0 D .g 0̨ /˛2D and G 00 D .g00̨/˛2D . Let " > 0 and ı D ı."=2/ from
Lemma 7.16. Choose k 2 N so that

g 0̨ is a ı � elementary G � sign if j˛j � k : (7.19)

Let c0 D �.supp G 0/ and c00 D �.supp G 00/, and observe that for every ˛ 2 D ,

kg 0̨ k D 2�j˛jc0 and kg00̨k D 2�j˛jc00 : (7.20)

Choose m 2 N so that

c 0

2`
� .1C "/ c00

2m
implies ` � k : (7.21)

Let n � m, so that if j˛j � n then g00̨ is an ."=2/-elementary G 0-sign. Fix any
˛ 2 D with j˛j � n. We are going to show that g00̨ is an "-elementary G -sign. To do
this, we choose a finite sum h0 D Ps

iD1 h0
i of disjoint G 0-functions h0

i so that

keg00̨ �eh0k � "=2 : (7.22)

By Lemma 7.13, we have that kg00̨ �h0k < "kg00̨k and hence, kh0k < .1C "/kg00̨k.
Therefore, given any i 2 ¹1; : : : ; sº, by (7.20), we have that for a suitable mi

c0
2mi

D kh0
ik � kh0k < .1C "/kg00̨k � .1C "/ c00

2m
:

By (7.21), mi � k for all i � s, and by (7.19), h0
i is a ı-elementary G -sign.

By Lemma 7.16, h0 is an ."=2/-elementary G -sign. Finally, by (7.22), g00̨ is an "-
elementary G -sign.

Lemma 7.18. Let ; ¤ M � BL1
, G and G 0 be trees of signs with G 0 related to G ,

and b > 0. If M bC-norms G , then M bC-norms a piece of G 0.
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Proof. Assume G 0 D .g 0̨ /˛2D . Choose " > 0 so that M .b C 2"/-norms G . Let
ı D ı."/ be as in Lemma 7.16 with respect to G . Choose k 2 N so that g0

ˇ
is a

ı-elementary G -sign if jˇj � k. Fix any ˇ 2 D with jˇj � k and set h00̨ D h0
ˇ ˛

for
all ˛ 2 D . Thus, G 00 D .g00̨/˛2D is a piece of G 0. Now suppose x is an elementary
G 00-sign, that is, x D Pm

iD1 "ig0
ˇ ˛i

for some m 2 N, "i D ˙1 and ˛i 2 D .
Since jˇ ˛i j � k, we have that g0

ˇ ˛i
is a ı-elementary G -sign, and so is "ig0

ˇ ˛i
for

each i D 1; : : : ;m. By Lemma 7.16, x is an "-elementary G -sign. Hence, there is
an elementary G -sign y with kex � eyk < ". Since M.ex/ � b C 2", we get that
M.ey/ � b C ".

Definition 7.19 (Rosenthal [124]). We say that a sequence .An; Bn/1nD1 of pairs of
subsets of a set S with An\Bn D ; for all n 2 N, is Boolean independent, if for any
two disjoint finite sets of indices I; J 	 N we have

\

i2I
Ai \

\

j2J
Bj ¤ ; ;

(under the convention that
T

i2; Ci D S ).

Lemma 7.20. Let S be a set, .fn/ a uniformly bounded sequence of real-valued
functions defined on S , and 0 < a < b < 1. For each n 2 N, let An D ¹s 2 S W
jfn.s/j > bº and Bn D ¹s 2 S W jfn.s/j < aº. Assume that the sequence .An; Bn/ is
Boolean independent. Then there exists a subsequence .f 0

n/ of .fn/ such that for all
n 2 N, and all real scalars .cj /njD1, we have

sup
s2S

ˇ

ˇ

ˇ

n
X

iD1
cif

0
i .s/

ˇ

ˇ

ˇ

� b � a
2

n
X

iD1
jci j : (7.23)

Lemma 7.20 has a somewhat combinatorial nature. Its proof is logically divided
into several steps (sublemmas below) first of which (Sublemma 1) is contained in
Rosenthal’s paper [124]. The rest of the proof was communicated to us by Mykhay-
lyuk.

Sublemma 1. Let S be a set, .fn/ a sequence of real-valued functions defined on S ,
r 2 R and ı > 0. For each n 2 N, set Fn D ¹s 2 S W fn.s/ > r C ıº and Gn D ¹s 2
S W fn.s/ < rº. Assume that the sequence .Fn; Gn/ is Boolean independent. Then
for all n 2 N and all real scalars .cj /njD1 we have

sup
s2S

ˇ

ˇ

ˇ

n
X

iD1
cifi .s/

ˇ

ˇ

ˇ

� ı

2

n
X

iD1
jci j :

Proof. Fix n and real scalars .cj /njD1. Let I D ¹i 2 ¹1; : : : ; nº W ci > 0º and
J D ¹j 2 ¹1; : : : ; nº W cj � 0º. By the Boolean independence of .Fn; Gn/, there
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exists s1 2 Ti2I Ai \T

j2J Bj and s2 2 Ti2I Bi \T

j2J Aj . Then

(a)
P

i2I cifi.s1/ � .r C ı/
P

i2I jci j;
(b)

P

j2J cjfj .s1/ D P

j2J �cj .�fj .s1// � �rPj2J jcj j;
(c) �Pi2I cifi .s2/ D P

i2I ci .�fi .s2// � �rPi2I jci j;
(d) �Pj2J cjfj .s2/ � .r C ı/

P

j2J jcj j.
Adding (a), (b), (c) and (d), we obtain

n
X

iD1
cifi .s1/ �

n
X

iD1
cifi .s2/ � ı

n
X

iD1
jci j :

Hence,

sup
s2S

ˇ

ˇ

n
X

iD1
cifi .s/

ˇ

ˇ � max
®

ˇ

ˇ

n
X

iD1
cifi .s1/

ˇ

ˇ;
ˇ

ˇ

n
X

iD1
cixi .s2/

ˇ

ˇ

¯

� 1

2

�

n
X

iD1
cifi .s1/ �

n
X

iD1
cixi .s2/

�

>
ı

2

n
X

iD1
jci j:

For the remaining sublemmas we need to consider a “localized” version of Boolean
independence. Denote by N<! the set of all finite subsets of N.

Let ˛ D ..An; Bn//n2N be a sequence of pairs of subsets of a set S withAn\Bn D
; for each n 2 N, and let I; J 2 N<! with I \ J D ;. We set

C˛.I; J / D
\

i2I
Ai \

\

j2J
Bj :

We say that a sequence ˛ is Boolean independent on a subset T � S if C˛.I; J /\
T ¤ ; for each I; J 2 N<! with I \ J D ;.

The following fact follows directly from the definition.

Sublemma 2. Let a sequence ˛ D ..An; Bn//n2N be Boolean independent on T � S

and I; J 2 N<! with I \ J D ;. Then the sequence ˛0 D ..An; Bn//n2Nn.I[J/ is
Boolean independent on T \ C˛.I; J /.

Sublemma 3. Let a sequence ˛ D ..An; Bn//n2N be Boolean independent on T �
S , .nk/

1
kD1 be a strictly increasing sequence of the integers, and .Ik/

1
kD1 and

.Jk/
1
kD1 be sequences in N<! with Ik; Jk � N \ .nk ; nkC1/ and Ik \ Jk D ;.

Then the sequence ˛0 D ..A0
k
; B 0
k
//k2N , defined by A0

k
D Ank

\ C˛.Ik ; Jk/ and
B 0
k

D Bnk
is Boolean independent on T as well.
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Proof. Let I; J 2 N<! with I \ J D ;. Then

C˛0.I; J / D
\

k2I

�

Ank
\ C˛.Ik ; Jk/

� \
\

`2J

�

Bn`
\ C˛.I`; J`/

�

D
\

k2I

�

Ank
\
\

i2Ik

Ai \
\

j2Jk

Bj
� \

\

`2J

�

Bn`
\
\

i2I`

Ai \
\

j2J`

Bj
�

D C˛.I
�; J �/ ;

where

I � D
[

k2I

�¹nkº [ Ik
� [

[

`2J
I` and J � D

[

k2I
Jk [

[

`2J

�¹n`º [ J`
�

:

Hence, C˛0.I; J / \ T D C˛.I
�; J �/ \ T ¤ ;.

Sublemma 4. Let a sequence ˛ D ..An; Bn//n2N be Boolean independent on T � S

and An D Un [ Vn for each n 2 N. Then there exist a strictly increasing sequence
of the integers .nk/

1
kD1 and a sequence .A0

k
/1
kD1 of sets A0

k
2 ¹Unk

; Vnk
º, such that

the sequence ˛0 D ..A0
k
; B 0
k
//k2N , where B 0

k
D Bnk

is Boolean independent on T
as well.

Proof. First we consider the following partial case.

Assumption 1. For everym 2 N there are n D n.m/ > m, A D A.m/ 2 ¹Un; Vnº
and finite sets I D I.m/; J D J.m/ 	 N \ .n;C1/ with I \ J D ; such that
.T \ A/ \ C˛.I; J / D ;.

Under this assumption, we construct recursively strictly increasing sequences of
integers .mk/1kD1 and .nk/1kD1 such that

1 D m1 < n1 D n.m1/ < m2 D max
�

I.m1/[ J.m1/
�

< n2 D n.m2/ < m3

D max
�

I.m2/[ J.m2/
�

< : : : :

For each k 2 N, let Ik D I.mk/, Jk D J.mk/, A
0
k

D Unk
if A.mk/ D Vnk

and
A0
k

D Vnk
if A.mk/ D Unk

. Observe that by Assumption 1,

Pk D T \ A0
k \ C˛.Ik ; Jk/ D T \ Ank

\ C˛.Ik ; Jk/
for each k 2 N. By Sublemma 3, the sequence ..Pk ; B

0
k
//k2N is Boolean indepen-

dent on T . Hence, the sequence ..A0
k
; B 0
k
//k2N is Boolean independent on T as well

by the inclusion Pk � A0
k

.
Our next case is a little bit more general than the previous one.

Assumption 2. There exist a set T � � T , and a subsequence ˇ D ..Ain ; Bin//n2N

of ˛, Boolean independent on T �, such that for every m 2 N, there are n > m and
A 2 ¹Uin ; Vinº such that the sequence ..Aik ; Bik //k>n is not Boolean independent on
A \ T �.
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Observe that Assumption 2 implies that Assumption 1 is satisfied for ˇ instead of ˛
and T � instead of T . Since Sublemma 4 asserts the existence of subsequences, it then
will do for ˛ itself. And, since the independence on T � implies the independence
on T , we conclude that the sublemma is proved under Assumption 2.

The last assumption is the negation of Assumption 2, which will complete the proof.

Assumption 3. Let Assumption 2 be false, that is, for any T � � T and any
subsequence ˇ D ..Ain ; Bin//n2N of ˛, Boolean independent on T �, there exists
m 2 N such that for every n > m and A 2 ¹Uin ; Vinº the sequence ..Aik ; Bik //k>n
is Boolean independent on A \ T �.

By induction on k we construct a strictly increasing sequence of integers .nk/1kD1
and a sequence of sets .A0

k
/1
kD1 with A0

k
2 ¹Unk

; Vnk
º such that for each k 2 N the

sequence ˛k D ..P
.k/
i ;Q

.k/
i //i2N of pairs

�

P
.k/
i ;Q

.k/
i

� D
²

.A0
i ; B

0
i /; i � k;

.AiCnk�k ; BiCnk �k/; i > k;

is Boolean independent on T �.
By Assumption 3 applied to ˇ D ˛ and T � D T , there exist n1 2 N and a set

A0
1 2 ¹Un1

; Vn1
º so that the sequence ..An; Bn//n>n1

is Boolean independent on
A0
1 \ T . Then the sequence

˛1 D �

.A0
1; B

0
1/; .An1C1; Bn1C1/; .An1C2; Bn1C2/; : : :

�

is Boolean independent on T as well.
Assume that integers .ni /kiD1 and sets .A0

i /
k
iD1 have been chosen so that the se-

quences ˛1; ˛2; : : : ; ˛k are Boolean independent on T . Let T be the collection of all
sets T � D .

T

i2I A0
i/\ .Tj2J B 0

j /, where ¹1; 2; : : : ; kº D I t J . Observe that T is
finite, and hence by Sublemma 1, the sequence ˇk D ..An; Bn//n>nk

is Boolean in-
dependent on every set T � 2 T . Applying Assumption 3 to ˇk and each set T � 2 T ,
we find a number nkC1 > nk such that the sequence ˇkC1 D ..An; Bn//n>nkC1

is Boolean independent on each set A \ T � where A 2 ¹UnkC1
; VnkC1

º and each
T � 2 T . We choose an arbitrary A0

kC1 2 ¹UnkC1
; VnkC1

º. Notice that by Sub-
lemma 1, the sequence ˇkC1 is Boolean independent on any set BnkC1

\ T �, where
T � 2 T . Since B 0

kC1 D BnkC1
, we deduce that the sequence

˛kC1 D �

.A0
1; B

0
1/; : : : ; .A

0
kC1; B

0
kC1/; .AnkC1C1; BnkC1C1/;

.AnkC1C2; BnkC1C2/; : : :
�

is Boolean independent on T .
Now observe that for any I; J 2 N<! with I \ J D ; and max.I [ I / � k we

have C 0̨ .I; J / D C˛k
.I; J /. Thus, the sequence ˛0 is Boolean independent on S .
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Proof of Lemma 7.20. Let Un D ¹s 2 An W fn.s/ � 0º and Vn D ¹s 2 An W fn.s/ <
0º, and choose the corresponding sequences .nk/ and .A0

k
/ by Sublemma 4. Denote

N1 D ¹k 2 N W A0
k

D Unk
º and N2 D ¹k 2 N W A0

k
D Vnk

º. Since N2 [ N2 D N,
at least one of the sets N1; N2 is infinite.

If N1 is infinite, we use Sublemma 1 for r D a, ı D b � a and the sequence
..Fnk

; Gnk
//k2N1

to prove the lemma (it is Boolean independent, because A0
k

D
Unk

� Fnk
and Bnk

� Gnk
for each k 2 N1).

If N2 is infinite, we use Sublemma 1 for r D �b, ı D b � a and the sequence
..Fnk

; Gnk
//k2N2

to prove the lemma (it is Boolean independent, because A0
k

D
Vnk

� Gnk
and Bnk

� Fnk
for each k 2 N2).

Lemma 7.21. Let G D .g˛/˛2D be a tree of signs and G˛ D supp g˛ , for each
˛ 2 D . Let E be a set of positive measure belonging to the � -algebra †G generated
by .G˛/˛2D . Then for every ı > 0, there exists a tree of signs G 0 related to G with
supp G 0 D E such that every member of G 0 is a ı-elementary G -sign.

Proof. Observe that for every " > 0 and every F 2 †C
G

, there exists an "-elementary

G -sign x with supp xDF . Indeed, let ˛1; : : : ; ˛k 2 D be so that �.F�
Fk
iD1G˛i

/<

"=2�.F /, the proof is the same as for the case of the dyadic tree, when the G˛i
s are

disjoint dyadic intervals. Define H D F nSk
iD1G˛i

and g D 1F
Pk
iD1 g˛i

C 1H .
Then

�

�

�

g �
k
X

iD1
g˛i

�

�

�

D �
�

F�

k
G

iD1
G˛i

�

<
"

2
�.F / ;

and thus keg � D
Pk
iD1 g˛i

k < 2."=2/ D ", by Lemma 7.13(b).
We choose recursive sets E˛ 2 †G , for every ˛ 2 D , so that E; D E and E˛ D

E˛ 0 tE˛ 1 with �.E˛ 0/ D �.E˛ 1/. By our initial observation, for each ˛ 2 D we
choose an "˛-elementary G -sign g 0̨ with supp g 0̨ D E˛, where "˛ D min¹ı; 2�j˛jº.
Thus, G 0 D .g 0̨ /˛2D is the desired tree.

Lemma 7.22. Let G D .g˛/˛2D be a tree of signs and M � BL1
. Let b; " > 0

be so that M .b C "/-norms every elementary G -sign x with supp x D supp G . Then
there exists a tree of signs G 0 related to G such that M bC-norms G 0.

Proof. We set E D supp G and observe that

If x is an elementary G -sign with �.supp x/ �
�

1 � "

2

�

�.E/

then M.ex/ � b C "

2
:

(7.24)

Indeed, denote A D supp x and choose an elementary G -sign y with supp y D E nA.
Since supp.x C y/ D E, by the lemma assumption, M.x C y/ � .b C "/�.E/.
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Suppose �.supp x/ � .1 � "
2
/�.E/. Then M.y/ � kyk � "

2
�.E/, and hence

M.ex/ D M.x/

�.E/
� M.x C y/ �M.y/

�.E/
� b C "� "

2
D b C "

2
:

Let ı D ı."=4/, be from the assertion of Lemma 7.16, and let †G be the � -algebra
generated by G (that is, generated by the supports of elements of G ). We are going to
prove that there is F 2 †C

G
such thatM .bC"=4/-norms every ı-elementary G -sign x

with supp x � F .
Suppose there is no such F . Denote by M the set of all finite or countable disjoint

(unordered) collections .xi /i2I of ı-elementary G -signs such that supp xi 2 †G and
M.xi / < .b C "=4/kxik for each i 2 I . We endow M with the inclusion ordering,
that is, .xi /i2I � .yj /j2J provided for each i 2 I there exists j 2 J such that
xi D yj . Let L � M be a chain. Setting X D S

Y2L Y we obtain that X 2 M.
Indeed, obviously X is a disjoint collections of ı-elementary G -signs. It is, at most
countable, because

P

x2X �.supp x/ � �.F /. Since Y � X for each Y 2 L,X is an
upper bound of L in M. By Zorn’s lemma, M has a maximal element Y D .yi /i2I .
We have that

S

i2I supp yi D E, because otherwise, by the assumption, we would
obtain a contradiction with the maximality of Y . Thus, setting y D P

i2I yi , we
obtain that supp y D E and

M.y/ �
X

i2I
M.yi / <

X

i2I

�

b C "

4

�

kyik D
�

b C "

4

�

�.E/ : (7.25)

By Lemma 7.16, y is an ."=4/-elementary G -sign, that is, there exists an elementary
G -sign x with kex �eyk < "=4. Hence, by (7.25),

M.ex/ � M.ey/CM.ey �ex/ � M.y/

�.E/
C kex �eyk < b C "

4
C "

4
D b C "

2
; (7.26)

and by Lemma 7.13(a), kx � yk < "
2
kyk D "

2
�.E/, therefore

�.supp x/ D kxk � kyk � kx � yk >
�

1� "

2

�

�.E/ : (7.27)

Now (7.26) together with (7.27) contradicts (7.24), proving the existence of F 2
†C

G
such that M .b C "

4
/-norms every ı-elementary G -sign x with supp x � F .

By Lemma 7.16, there exists a tree of signs G 0 related to G with supp G 0 D F such
that every member of G 0 is a ı-elementary G -sign. Thus, M .b C "

4
/-norms G 0. In

particular, M bC-norms G 0.

Lemma 7.23. LetM � BL1
bC-norm a tree of signs G , and assumeMDSk

iD1Mi .
Then there exists a tree of signs G 0 related to G , and an index i 2 ¹1; : : : ; kº so
that Mi b

C-norm G 0.



Section 7.1 Bourgain–Rosenthal’s theorem on `1-strictly singular operators 125

Proof. By transitivity of the relationship (Lemma 7.17), it suffices to consider the
case of k D 2. In this case, we choose " > 0 so that M .b C "/-norms G . Let
G D .g˛/˛2D and G˛ D supp g˛ for each ˛ 2 D . We consider the following cases.

(a) There is ˛ 2 D such that M1 .b C "
2/-norms all elementary G -signs x with

supp x D G˛ . In this case we apply Lemma 7.22.

(b) For each ˛ 2 D there exists an elementary G -sign g 0̨ with M1.fg
0̨ / < b C "

2
and

supp g 0̨ D G˛. We claim that in this case M2 .b C "/-norms G 0 D .g 0̨ /˛2D .
Indeed, if x D Pm

iD1 �ig˛i
is an elementary G 0-sign, �i D ˙1 then

M1.x/ �
m
X

iD1
M1.g˛i

/ <

m
X

iD1

�

b C "

2

�kg˛i
k D �

b C "

2

�kxk:

Since .M1 [M2/.ex/ � bC " andM1.ex/ < bC ", one gets that M2.ex/ � bC ".
It remains to observe that G 0 is related to G .

Lemma 7.24. Let M � BL1
bC-norm a tree of signs G . Then there exists � > b

such that for every " > 0, there exists a tree of signs G 0 related to G such that

jM.ex/� �j < " for every elementary G 0-sign x : (7.28)

Proof. Let G D .g˛/˛2D . For each ˛ 2 D , we set G˛ D supp g˛ and � D
sup˛2D �˛, where

�˛ D inf
®

M.ex/ W x is an elementary G 0-sign with supp x D G˛
¯

:

Since M bC-norms G , we have that � > b. Let " > 0, 
 D "=2 and ˛0 2 D be such
that

�˛0
> � � 
 : (7.29)

For each ˛ � ˛0 we choose an elementary G -sign x˛ with supp x˛ D G˛ and

M.fx˛/ < �˛ C 
 � �C 
 : (7.30)

Define a tree of signs H D .x˛/˛2D . Then (7.30) implies that

jM.ex/ � �j � �C 
 for every elementary H -sign x : (7.31)

It follows from (7.29) that M.ex/ � � � 
 D � � " C 
 for every elementary H -
sign x with supp x D supp H D suppH˛0

. By Lemma 7.22, there exists a tree of
signs G 00 D .g00̨/˛2D related to H (and hence, to G ) such thatM .��"/C-norms G 00.

Let ı D ı.
/ be from Lemma 7.16. Using Definition 7.9, we choose k 2 N so
that g00̨ is a ı-elementary H -sign for each ˛ 2 D with j˛j � k. Fix any ˛1 2 D

with j˛1j D k and set g 0̨ D g00̨
1 ˛

for each ˛ 2 D . Then for the tree of signs
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G 0 D .g 0̨ /˛2D we have that for every ˛ 2 D , g 0̨ is a ı-elementary H -sign. Being a
piece of G 00, G 0 is related to H and to G as well. By Lemma 7.16, every elementary
G 0-sign is a 
 -elementary H -sign. By (7.31), jM.ex/� �j < �C 2
 D �C " for every

 -elementary G 0-sign x.

Lemma 7.25. Suppose that sets M1; : : : ;Mk � BL1
all bC-norm a tree of signs G .

Then there exists 
 2 .0; 1/ such that for every " > 0, there exist a tree G 0 related to
G and numbers �j � b C 
 for each j D 1; : : : ; k, such that

jMj .ex/� �j j < " for every elementary G 0-sign x : (7.32)

Proof. Let ˇ 2 .0; 2/ so that Mj .b C ˇ/-norms G for every j D 1; : : : ; k, set

 D ˇ=2 and fix any " > 0. We choose inductively trees of signs G D G0;G1; : : : ;Gk
and numbers �1; : : : ; �k so that for every j D 1; : : : ; k, �j > b C ˇ=2, the tree Gj is
related to Gj�1 and

jMj .ex/� �j j < " for every elementary Gj -sign x : (7.33)

To see that this is possible, fix i 2 ¹0; : : : ; k � 1º and suppose that Gi and �i has
been chosen. By Lemma 7.17, Gi is related to G , and, by Lemma 7.18, we choose a
piece G 0

i of Gi such that MiC1 .b C ˇ=2/-norms G 0
i . By Lemma 7.24, we choose a

tree of signs GiC1 related to Gi and �i with the desired properties.
The induction completed, we have that, by Lemma 7.17, Gk is related to all Gi s.

By Lemma 7.16, we choose a piece G 0 of Gk so that every elementary G 0-sign is an
."=2/-elementary Gj function for all j D 1; : : : ; k. Equation (7.32) now follows from
this and (7.33).

Lemma 7.26. Let s 2 N, 
 2 .0; 1/, and " D 
=.2.4s C 1//. Suppose that a tree of
signs G and sets M1; : : : ;Ms � BL1

satisfy the following hypothesis:

For every j D 1; : : : ; k, there exists �j � b C 
 such that for every elementary
G -sign x we have

(a) Mj .ex/ < �j C ";

(b) Mj .ex/ > �j � " if supp x D supp G .

Then there exists a tree of signs G 0 related to G such that each Mj bC-norms G 0 for
j D 1; : : : ; s.

Proof. Without loss of generality, for simplicity of the notation, we assume that
supp G D Œ0; 1�. Let � D 1=.2s/. We claim that for each j 2 ¹1; : : : ; sº

Mj .ex/ > �j � 2"

�
; provided x is an elementary G -sign with �.supp x/ > � :

(7.34)
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Indeed, let x be an elementary G -sign with � D �.supp x/ > � . Choose an
elementary G -sign y with support disjoint from x and kxk C kyk D 1. Applying (b)
to z D x C y Dez, we obtain

�j � " < Mj .x/CMj .y/ D �Mj .ex/C .1 � �/Mj .ey/
by (a)� �Mj .ex/C .1 � �/.�j C "/ :

Thus,
�j � "� .1 � �/.�j C "/ < �Mj .ex/ : (7.35)

Since the left-hand side of (7.35) equals �.�j C "/ � 2", we obtain Mj .ex/ >
�j C " � 2"=� > " � 2"=� , proving (7.34).

Let †G be the � -algebra generated by G , and let ı D ı."/ be from Lemma 7.16.
We claim that there exists E 2 †C

G
such that for every j D 1; : : : ; s, Mj .b C 
=2/-

norms every ı-elementary G -sign x with supp x � E.
Assuming that the claim is false, by Zorn’s lemma and the arguments used in the

proof of Lemma 7.22, there exists a disjoint finite or countable sequence .yi /i2I of
ı-elementary G -signs such that

X

i2I
kyik D 1 (7.36)

and for every i 2 I , there exists j 2 ¹1; : : : ; sº with

Mj .yi / < kyik
�

b C 


2

�

: (7.37)

For each j D 1; : : : ; s, let Ij be the set of all i 2 I for which (7.37) is satisfied.
Since

Ps
jD1 Ij D I , by (7.36) we have that

s
X

jD1

X

i2Ij
kyik D 1 :

Choose j0 2 ¹1; : : : ; sº so that

X

i2Ij0

kyik � 1

s
: (7.38)

Set y D P

i2Ij0
yi . By Lemma 7.16, y is an "-elementary G -sign, and by (7.37)

and (7.38),

Mj0
.y/ < kyk

�

b C 


2

�

and kyk � 1

s
: (7.39)

Choose an elementary G -sign x with kex � eyk < ". Since, by Lemma 7.13(a),
kx � yk < 2"kyk and by (7.39), we have

kxk � kyk � kx � yk > kyk.1 � 2"/ � 1� 2"
s

: (7.40)
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Since 1�2"
s

� 1
2s

, (7.34) implies that

Mj0
.ex/ > �j0

� 4s " � b C 
 � 4s " : (7.41)

By (7.39), Mj0
.ex/ < b C 
=2 C ". Hence, b C 
 � 4s " < b C 
=2 C " which

implies that 
 < 2.4s C 1/ ", a contradiction which proves the claim.
Let E be a set satisfying the claim. By Lemma 7.21, we choose a tree of signs G 0

related to G with supp G 0 D E such that every member of G 0 is a ı-elementary G -sign.
By Lemma 7.16, for every j D 1; : : : ; s, Mj .b C 
=2/-norms every "-elementary
G 0-sign, and hence, for all j , Mj bC-norms G 0.

Lemma 7.27. Let b > 0 and n 2 N. Suppose that all the sets M1; : : : ;Mk � BL1

bC-norm a tree of signs G . Then there exists a tree of signs G 0
0 related to G with the

following property:

Given any n elementary G 0
0-signs x1; : : : ; xn with supp xi D supp G 0

0 for all i , there

exists a tree G1 related to G such that M xi>b
j bC-norms G 0 for all i D 1; : : : ; n

and j D 1; : : : ; k.

Proof. Let 
 2 .0; 1/ be the number from Lemma 7.25 and set

" D 


6.4nk C 1/
: (7.42)

By Lemma 7.25, choose a tree of signs G 0 D .g 0̨ /˛2D related to G , and numbers
�j � bC 
 for j D 1; : : : ; k so that (7.32) is satisfied. DefineE˛ D supp g 0̨ for each
˛ 2 D . Let G 0

0 and G 0
1 be the pieces of G 0 consisting of all g 2 G 0 with supp g � E.0/

and supp g � E.1/, respectively.
Let x1; : : : ; xn be elementary G 0

0-signs with supp xj D E.0/. We now fix i 2
¹1; : : : ; nº and j 2 ¹1; : : : ; kº and claim that

For every elementary G 0
1-sign y we have

(a) M xi>b
j .ey/ < �j C ";

(b) M xi>b
j .ey/ > �j � 3" provided supp y D supp G 0

1.

Indeed, (a) immediately follows from (7.32):

M
xi>b
j .ey/ � Mj .ey/ < �j C " :

To show (b), assume supp y D E.1/ and observe that by (7.32), there exists m D
m.i; j; y/ 2 Mj such that

1

2

ˇ

ˇ

ˇ

Z

Œ0;1�

m.exi Cey/ d�
ˇ

ˇ

ˇ

D
ˇ

ˇ

ˇ

Z

Œ0;1�

m.Bxi C y/ d�
ˇ

ˇ

ˇ

> �j � " : (7.43)
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By (7.32), we have that
ˇ

ˇ

ˇ

Z

Œ0;1�

mexi d�
ˇ

ˇ

ˇ

< �j C " and
ˇ

ˇ

ˇ

Z

Œ0;1�

mey d�
ˇ

ˇ

ˇ

< �j C " : (7.44)

Now we are going to show that
ˇ

ˇ

ˇ

Z

Œ0;1�

mey d�
ˇ

ˇ

ˇ

> �j � 3" and
ˇ

ˇ

ˇ

Z

Œ0;1�

mexi d�
ˇ

ˇ

ˇ

> �j � 3" : (7.45)

If the first inequality were not true, we would obtain by (7.44) that

1

2

ˇ

ˇ

ˇ

Z

Œ0;1�

m.exi Cey/ d�
ˇ

ˇ

ˇ

<
�j � 3"
2

C �j C "

2
D �j � " ;

which contradicts (7.43). The second inequality in (7.45) is proved analogously.
By (7.45) and by the choice of �j , we have that

ˇ

ˇ

ˇ

Z

Œ0;1�

mexi d�
ˇ

ˇ

ˇ

> �j � 3" � b C 
 � 3" > b ;

and hence,m 2 M xi>b
j . Thus, by (7.45),

M
xi>b
j .ey/ �

ˇ

ˇ

ˇ

Z

Œ0;1�

mey d�
ˇ

ˇ

ˇ

> �j � 3" ;

proving (b).
Now letting s D nk, we have that the hypotheses of Lemma 7.26 are satisfied for

the sets M xi>b
j for j D 1; : : : ; k, i D 1; : : : ; n, for G 0

1 instead of G and 3" instead
of ". Lemma 7.26 yields that there exists a tree of signs G1 related to G 0

1 such that

M
xi>b
j bC-norms G1 for all i D 1; : : : ; n and j D 1; : : : ; k. It remains to observe

that, since G 0
1 is a piece G 0 and G 0 is related to G , by Lemma 7.17, G1 is related to

G .

Lemma 7.28. Let 0 < a < b be numbers. Suppose that every set M1; : : : ;Mk �
BL1

bC-norms a tree of signs G . Let n � 1 C k
a2 , and x1; : : : ; xn be orthogonal

(i.e.
R

Œ0;1� xixj d� D 0 for i ¤ j ) signs with common support. Then there exist

i 2 ¹1; : : : ; nº and a tree of signs G 0 related to G such that Mxi<a
j bC-norms G 0 for

every j D 1; : : : ; k.

Proof. Let G D .g˛/˛2D. For convenience of the notation, without loss of generality
we assume in addition that supp xi D Œ0; 1� for each i D 1; : : : ; n. We first do some
elementary counting. Assume M � BL1

and X � X0 D ¹x1; : : : ; xnº with the
number of elements jX j � a�2. If m 2 M then, by Bessel’s inequality,

X

x2X

ˇ

ˇ

ˇ

Z

Œ0;1�

mx d�
ˇ

ˇ

ˇ

2 � kmk2L2
� 1 : (7.46)
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Hence, j¹x 2 X W j RŒ0;1�mx d�j � aºj � 1=.a2/, and therefore, for eachm 2 M ,

ˇ

ˇ

ˇ

°

x 2 X W
ˇ

ˇ

ˇ

Z

Œ0;1�

mx d�
ˇ

ˇ

ˇ

< a
±

ˇ

ˇ

ˇ

� jX j � 1

a2
: (7.47)

Given Z � X0, we set

MZ D
°

m 2 M W
ˇ

ˇ

ˇ

Z

Œ0;1�

mx d�
ˇ

ˇ

ˇ

< a for all x 2 Z
±

:

Then by (7.47) we have

M D
[

°

MZ W Z � X and jZj � jX j � 1

a2

±

: (7.48)

By Lemma 7.23 we have the following:

(a) If M bC-norms a tree of signs H then there exists a tree of signs H 0 related to H

and a subset Z � X with jZj � jX j � 1
a2 such that MZ b

C-norms H 0.
Recursively, we choose subsets X1; : : : ; Xk of X0 and trees of signs G0 D G ,

G1; : : : ;Gk so that for every i D 1; : : : ; k,

(b) Xi � Xi�1 and jXi j � n � i
a2 :

(c) Gi is related to Gi�1 and .Mi /Xi
bC-norms Gi :

This is possible since, if i 2 ¹1; : : : ; k�1º, and ifXi�1 and Gi�1 have been chosen,
then, by (a), there exists Gi related to Gi�1 such that .Mi /Xi

bC-norms Gi with

jXi j � jXi�1j � 1

a2

by .b/� n � i � 1
a2

� 1

a2
D n � i

a2
:

Thus, the recursive construction is completed.
We have jXkj � n � k

a2 � 1. Suppose that x 2 Xk . Then x 2 Xi for every
i 2 ¹1; : : : ; kº. Since kxk D 1, we obtain that .Mi /Xi

� Mx<a
i . Then by (c) we

have M x<a
i bC-norms Gi . By Lemma 7.17, Gk is related to Gi . By Lemma 7.18,

there exists a piece G 0 of Gk so that M x<a
i bC-norms G 0. Since Gk is related to G , by

Lemma 7.17, so too is G 0.

Lemma 7.29. Let 0 < a < b be numbers. Suppose that every set M1; : : : ;Mk �
BL1

bC-norms a tree of signs G . Then there exists a sign x and a tree of signs G 0
related to G such that for every i D 1; : : : ; k, M x>b

i and Mx<a
i bC-norm G 0.

Proof. We fix n 2 N with n � 1 C k
a2 and choose a tree of signs G 0

0 satisfying the
conclusion of Lemma 7.27. Then by Lemma 7.11 we choose orthogonal elementary
G 0
0-signs x1; : : : ; xn with supp xi D G 0

0 for all i . By Lemma 7.27, we choose a tree

of signs G 00 related to G such that Mxi>b
j bC-norms G 00, for every i D 1; : : : ; n
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and j D 1; : : : ; k. In particular, Mj bC-norms G 00, for every j D 1; : : : ; k. By
Lemma 7.28 we choose i 2 ¹1; : : : ; nº and a tree of signs G 0

1 related to G 00 such that
M
xi<a
j bC-norms G 0

1, for every j D 1; : : : ; k. Finally, by Lemma 7.18, we choose a

piece G 0 of G 0
1 such that M xi>b

j bC-norms G 0 for every j D 1; : : : ; k. Since G 0 is a
piece of G 0

1, G 0 is related to G 0
1. And since G 0

1 is related to G 00 and G 00 is related to G ,
by Lemma 7.17, G 0 is related to G .

Proof of Theorem 7.4. Let G be the dyadic tree of signs, that is, the L1-normalized
Haar system without the first element. Without loss of generality we assume that
kT k D 1. Identifying L�

1 with L1, we set M D T �BX� . By the theorem as-
sumption, M ı-norms every elementary G -sign x with supp x D Œ0; 1�. Fix arbitrary
numbers 0 < a < b < ı. By Lemma 7.22, choose a tree of signs G 0 such that M
bC-norms G 0.

Now we construct recursively a sequence .xn/1nD1 of signs and a sequence .Gn/1nD1
of trees of signs with the following property:

for all n 2 N, "j D ˙1, j D 1; : : : ; n, the set
n
\

jD1
B
"j
j bC-norms Gn, (7.49)

where

B1n D ®

m 2 M W ˇˇ
Z

Œ0;1�

mexn d�
ˇ

ˇ > b
¯

; B�1
n D ®

m 2 M W ˇˇ
Z

Œ0;1�

mexn d�
ˇ

ˇ < a
¯

:

We proceed as follows. By Lemma 7.29, for k D 1 and M1 D M we choose a
tree of signs G1 and a sign x1 such that M x>b and M x<a bC-norm G1. Suppose
that for a given n 2 N signs x1; : : : ; xn and trees G1; : : : ;Gn have been chosen to
satisfy (7.49). Let k D 2n andM1; : : : ;M

2n

be an enumeration of the sets
Tn
jD1B

"j
j

over all choices of "j D ˙1, j D 1; : : : ; n. By Lemma 7.29, we choose a sign xnC1
and a tree of signs GnC1 related to Gn so thatMxnC1>b

i andM xnC1<a

i bC-norm GnC1
for every i D 1; : : : ; 2n. Since

�

n
\

jD1
B
"j
j

�xnC1>b D
nC1
\

jD1
B
"j
j for any sign numbers ."j /

n
jD1 and "nC1 D 1; and

�

n
\

jD1
B
"j
j

�xnC1<a D
nC1
\

jD1
B
"j
j for any sign numbers ."j /njD1 and "nC1 D �1;

we have that (7.49) is satisfied for nC 1, and the recursive construction is completed.
In particular, it follows that the sequence .B1n ; B

�1
n /1nD1 is Boolean independent.

Then we use Lemma 7.20 for S D M , fn.s/ D R

Œ0;1� sexn d� (in this case we have
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An D B1n and Bn D B�1
n ). Thus, given any n 2 N and any scalars .cj /njD1, for

x D Pn
jD1 cjexj , we have

�

�

�

n
X

jD1
cjT xj

�

�

�

D kT xk D sup
f 2BX�

ˇ

ˇf .T x/
ˇ

ˇ D sup
f 2BX�

ˇ

ˇ

ˇ

Z

Œ0;1�

.T �f / � x d�
ˇ

ˇ

ˇ

D sup
m2M

ˇ

ˇ

ˇ

Z

Œ0;1�

mx d�
ˇ

ˇ

ˇ

D sup
m2M

ˇ

ˇ

ˇ

n
X

jD1
cjfj .m/

ˇ

ˇ

ˇ

by (7.23)� b � a
2

n
X

jD1
jcj j � b � a

2
kxk � b � a

2 kT k kT xk :

Thus, both sequences .exi / and .Texi / are equivalent to the unit vector basis of `1.

7.2 Rosenthal’s characterization of narrow operators
on L1 and some related results

In this section we prove the following remarkable result of Rosenthal [128].

Theorem 7.30. An operator T 2 L.L1/ is narrow if and only if for every A 2 †C
the restriction T jL1.A/ of T to L1.A/ is not an isomorphic embedding.

We present a proof of Theorem 7.30 in the context of the general theory. Proofs of
auxiliary statements combine the original ideas of Enflo–Starbird [37], Kalton [66],
Rosenthal [128], the results of two papers by O. Maslyuchenko, Mykhaylyuk and
Popov [92, 93], and several private communications of Mykhaylyuk.

Every operator from L1 to a Banach space X almost attains its norm at
a positive cone of some set

We present here a helpful result that has been discovered and originally proved by
different authors (in particular, by Shvidkoy in [131] and by Mykhaylyuk and Popov
in [100]). However, the first author of it (to the best of our knowledge) is Rosen-
thal [128]. In our proof we follow [100].

Theorem 7.31. Let X be a Banach space and T 2 L.L1; X/. For every " > 0 there
exists an A 2 †C such that kT xk � .kT k � "/kxk for each x 2 LC

1 .A/.

First we prove the following statement.

Lemma 7.32. Let M � B.L1/. Assume that for each A 2 †C and each " > 0,
there exists x 2 M such that

R

A x d� > 1 � ": Then the closed absolute convex hull
fM of M coincides with the unit ball BL1

.
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Proof. Let D be the set of all f 2 L1 such that �¹t W jf .t/j D kf kº > 0. First we
prove that for any f 2 D we have

sup
x2M

Z

Œ0;1�

f x d� D kf k : (7.50)

Fix " > 0. ChooseA 2 †C such that jf .t/j D kf k for every t 2 A, and, moreover, f
has a common sign on A, say f .t/ D kf k. Let x 2 M be so that

R

A x d� > 1� ":

Then we have
Z

Œ0;1�

f x d� �
Z

A

f x d� �
Z

Œ0;1�nA
jf jjxj d�

� kf k.1 � "/ � kf k
�

kxk �
Z

A

jxj d�
�

D kf k.1 � " � kxk/C kf k
Z

A

jxj d�

� �"kf k C kf k
Z

A

x d� � kf k.1 � 2"/ :

Thus, (7.50) is proved.
Now suppose that the lemma is not true and there exists x0 2 BL1

n fM . By the
Hahn–Banach Theorem, there are f0 2 L1 and ı > 0 such that f0.x0/ D 1 and
f0.x/ � 1 � ı for each x 2 fM . Since D is dense in L1, there exists f 2 D with
kf � f0k < ı

3
. Thus, for each x 2 fM ,

Z

Œ0;1�

f x d� D
Z

Œ0;1�

f0x d�C
Z

Œ0;1�

.f � f0/x d�

� 1 � ı C kf � f0kkxk < 1 � 2ı

3
< kf k � ı

3
:

This contradicts (7.50).

Proof of Theorem 7.31. Supposing the contrary, we obtain that there is ı 2 .0; kT k/
such that for each A 2 †C there exists x 2 LC

1 .A/, with kxk D 1 and kT xk <

kT k � ı. Let
M D ®

x 2 B.L1/ W kT xk � kT k � ı¯ :
On the one hand, the closed absolute convex hull ofM equalsM , that is,fM D M . On
the other hand,M satisfies the assumptions of Lemma 7.32, and hence, M D B.L1/,
a contradiction.

Disjointness-preserving operators

Recall that two elements x and y of a Köthe–Banach space E on a measure space
.�;†;�/ are called disjoint if supp x \ supp y D ;. In this case we write x?y. An
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element x 2 E is said to be a fragment of y 2 E provided x? .y � x/. An operator
T 2 L.E1; E2/ between Köthe–Banach spaces Ei on measure spaces .�i ;†i ; �i /,
i D 1; 2, respectively, is called disjointness preserving (“atom,” in the terminology of
Kalton and Rosenthal, which is less convenient) if for each x; y 2 E1 the condition
x?y implies T x?Ty. We use the abbreviation d.p.o. for these operators. Obviously,
a d.p.o. T maps fragments of an arbitrary element y 2 L1 to fragments of Ty (cf.
Section 1.6).

Using the definition of a d.p.o., we obtain the following consequence of Theo-
rem 7.31.

Corollary 7.33. Let T 2 L.L1; L1.�// be a d.p.o. Then for every " > 0 there exists
A 2 †C such that kT xk � .kT k � "/kxk for each x 2 L1.A/. In particular, if
T ¤ 0 then there is A 2 †C such that the restriction T jL1.A/ is an into isomorphism.

The proof easily follows from the observation that kT xk D kT xC � T x�k D
kT xCk C kT x�k for each x 2 L1, because T is a d.p.o.

We need the following well-known characterization of d.p.o. on L1, due to Abra-
movich [1], who proved it for general vector lattices (cf. Rosenthal [128] for the case
of L1). Before stating it, we introduce some terminology.

We say that a measurable function � W Œ0; 1� ! Œ0; 1� is almost injective if for every
B 2 † with �.B/ D 0 we have �.��1.B// D 0. For measurable functions f; g the
notation f 
 g means that they are equivalent, i.e. �¹t W f .t/ ¤ g.t/º D 0.

Proposition 7.34.

(a) A measurable function � W Œ0; 1� ! Œ0; 1� is almost injective if and only if

for every x 2 L0; x ı � is well defined as an element of L0 ; (7.51)

that is, if f; g W Œ0; 1� ! Œ0; 1�, are measurable and f 
 g then f ı � 
 g ı � .

(b) If � is almost injective then ��1.B/ 2 †, for every B 2 †.

Proof. (a) Let B D ¹t W f .�.t// ¤ g.�.t//º and A D ¹
 W f .
/ ¤ g.
/º. Thus,
(7.51) holds if and only if �.B/ D 0 whenever �.A/ D 0. It remains to notice that
B D ��1.A/.

(b) Let B 2 †. Since for every n 2 N, there is a closed set Fn � B with
�.B n Fn/ < 1=n, we have B D B 0 t B 00 where B 0 D S1

nD1 Fn is an F� -set and
B 00 D B n B 0, �.B 00/ D 0. Then ��1.B 0/ [ ��1.B 00/ where ��1.B 0/; ��1.B 00/ 2
†.

Proposition 7.35. An operator T 2 L.L1/ is a d.p.o. if and only if there exist mea-
surable functions f W Œ0; 1� ! R and � W Œ0; 1� ! Œ0; 1� so that � is almost injective
on supp f ,

.T x/.t/ D f .t/ � x.�.t// a.e. for each x 2 L1 (7.52)
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and

K D sup
° 1

�.B/

Z

��1.B/

jf j d� W �.B/ > 0
±

< 1 :

Moreover, kT k D K.

Proof. The “if” part is obvious. To prove “only if,” let f be a representative of the
equivalence class T 1Œ0;1�. For n 2 N and k D 1; : : : ; 2n denoted by I kn there is the
dyadic interval Œ2�n � .k � 1/; 2�n � k/. Let f 10 D f . Choose a representative f kn
of the equivalence class T 1Ik

n
in such a way that for J kn D supp f kn , n 2 N and

k D 1; : : : ; 2n, we have J kn D J 2k�1
nC1 t J 2knC1. Then for all 
 2 J 10 there exists a

unique sequence of nested sets .J kn
n /10 containing 
 . Thus, we can define �.
/ D t ,

where ¹tº D T1
nD0 I

kn
n (here I kn

n denotes the closure of the interval I kn
n ). Moreover,

for all 
 2 Œ0; 1� n J 10 we set �.
/ D 1. It is a standard technical exercise to show that
the desired measurable functions are well defined.

Show, for example, that � is almost injective. Let B 2 † and �.B/ D 0. Assume
first that jf .t/j � ı for all t 2 J 10 and some ı > 0. Then

�.J kn / D k1Jk
n

k � ı�1kf � 1Jk
n

k D ı�1kT 1Ik
n

k � ı�1kT k�.I kn / : (7.53)

Let B 2 †, �.B/ D 0, " > 0, and .I
kj

nj
/1jD1 be a sequence with B � S1

jD1 I
kj

nj

and
P1
jD1�.I

kj

nj
/ < "ıkT k�1. Then ��1.B/ � S1

jD1 ��1.I kj

nj
/ D S1

jD1 J
kj

nj
, and

by (7.53),
1
X

jD1
�.J

kj

nj
/ � ı�1kT k

1
X

jD1
�.I

kj

nj
/ < " :

This proves that �.��1.B// D 0. To prove almost injectivity for the general case,
we split J 10 D F1

nD0 Cn, where C0 D ¹jf j � 1º and Cn D ¹.n C 1/�1 � jf j <
n�1º. By the above, � is almost injective on each Cn, and so it is almost injective on
supp f .

Proposition 7.36. Let 0 ¤ T 2 L.L1/ be a d.p.o. Then there are A;B 2 †C
and a sub-� -algebra †1 of †.B/ such that T jL1.A/ W L1.A/ ! L1.B;†1/ is an
isomorphism.

Proof. Let f and � be as in Proposition 7.35. By Corollary 7.33, there exists A0 2
†C so that T0 D T jL1.A0/ W L1.A0/ ! L1 is an into isomorphism. Let B0 D
suppT 1A0

. Observe that if x 2 L1.A0/ then x ı � 2 L1.B0/ (to prove this, first
consider x of the form x D 1A, A 2 †.A0/, then prove it for simple functions, and
finally use the density argument) and hence, T x 2 L1.B0/. Let a > 0 so that �.A/ >
0, where A D ¹t 2 A0 W jf .t/j � aº. By Proposition 7.34(b), B D ��1.A/ 2 †. If
x 2 L1.A/ then x ı � 2 L1.B/ and hence T1 D T jL1.A/ W L1.A/ ! L1.B/. Since
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A � A0, T1 is an into isomorphism. Let †1 D ¹C 2 †.B/ W ��1.C / 2 †.A/º.
By almost injectivity of � , †1 is a sub-� -algebra of †.B/. For surjectivity of T1 W
L1.A/ ! L1.B;†1/, by (7.52), it is enough to notice that for each y 2 L1.B/, it
follows from the definition of B and †1 that

x.�/ D y.��1.�//
f .��1.�// 2 L1.A/ :

Pointwise absolutely convergent series of operators

Definition 7.37. Let X , Y be Banach spaces. A series of operators
P1
nD1 Tn, Tn 2

L.X; Y / is said to be pointwise absolutely convergent if for every x 2 X the series
P1
nD1 kTnxk converges.

Notice that if a series
P1
nD1 Tn is pointwise absolutely convergent then it is point-

wise convergent to some operator T 2 L.X; Y /, and there exists a constant K 2
Œ0;C1/ such that

1
X

nD1
kTnxk � Kkxk : (7.54)

Indeed, the first fact follows immediately from the Uniform Boundedness Principle.
To see that the second assertion is true, we consider the sequence of operators Sn W
X ! `1.Y /, defined by Sx D .T1x; : : : ; Tnx; 0; : : :/ for each n 2 N and x 2 X .
Since the series

P1
nD1 Tn is pointwise absolutely convergent, the sequence .Sn/ is

pointwise bounded and hence, is uniformly bounded, that gives (7.54).
The notion of pointwise absolute convergence was considered by Rosenthal

in [128] under the name of “strong `1-convergence,” and recently by L. Kadets and
V. Kadets in [51], from where we took its current name. Later in Chapter 10 we will
show that for operators on L1 this notion coincides with the notion of order conver-
gence of operators on the vector lattice L.L1/.

First characterization of pseudo-embeddings on L1

Recall that an operator T 2 L.L1/ is a pseudo-embedding if there exists an absolutely
order summable family .Tj /j2J of d.p.o. in L.L1/ such that T D P

j2J Tj (cf. Def-
inition 1.32). Theorem 1.33 implies that the set Lpe.L1/ of all pseudo-embeddings
on L1 is the band generated by the d.p.o. on L1.

Our first characterization of pseudo-embeddings on L1-spaces is the following.

Theorem 7.38. An operator T 2 L.L1.�/;L1.�// is a pseudo-embedding if and
only if T equals the sum T D P1

ND1 Tn of a pointwise absolutely converging series
of d.p.o. Tn 2 L.L1.�/;L1.�//.
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Proof. By Definition 1.19, a series
P

n2N Tn is absolutely order convergent if
and only if the series S D P

n2N jTnj is order convergent. Hence, S D supn2N
Pn
kD1 jTkj and Sx D P1

nD1 jTnjx for each x 2 LC
1 . Therefore,

n
X

kD1
kTkxk �

n
X

kD1

�

� jTkjx�� D
�

�

�

n
X

kD1
jTkjx

�

�

�

� kSxk � kSk � kxk

for all n 2 N and x 2 LC
1 . Thus, (7.54) is satisfied with K D kSk.

Before we prove the converse, note that by Lemma 1.23 and the order continuity
of L1, for any U 2 L.L1/ we have for all x 2 LC

1 ,

�

� jU jx�� D sup
°

�

�

�

m
X

iD1

ˇ

ˇUxi
ˇ

ˇ

�

�

�

W x D
m
X

iD1
xi ; xi 2 XC; m 2 N

±

: (7.55)

Suppose that
P1
nD1 kTnxk � Kkxk for all x 2 LC

1 and some K < 1. We will
show that 1

X

nD1

�

� jTnjx�� � Kkxk for all x 2 LC
1 : (7.56)

Fix x 2 LC
1 , n 2 N and " > 0. Using (7.55) for U D Tk , k D 1; : : : ; n, we choose

x1; : : : ; xm 2 LC
1 , so that x D Pm

iD1 xi and

�

�

�

m
X

iD1
jTkxi j

�

�

�

� �

� jTkjx �� � "

n

for k D 1; : : : ; n. Then

n
X

kD1

�

� jTkjx �� �
n
X

kD1

�

�

�

m
X

iD1
jTkxi j

�

�

�

C " �
m
X

iD1

n
X

kD1
kTkxik C "

�
m
X

iD1
Kkxik C " D Kkxk C " :

Taking " ! 0 and then n ! 1, we obtain (7.56).
It is not hard to see that there exists S 2 L.L1/ which extends by linearity the

equality Sx D limn
Pn
kD1 jTkjx for all x 2 LC

1 and such that kSk � K and
Pn
kD1 jTkj � S . Then, supn2N

Pn
kD1 jTkj exists and therefore the series

P

n2N Tn
is absolutely order convergent.

We will now show that the series are convergent, then the order sum T 0 DP

n2N Tn
equals the pointwise absolute sum T 00 D P1

nD1 Tn.
It is enough to prove that T 0x D P1

nD1 Tnx holds for all x 2 LC
1 .
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Let x 2 LC
1 . Then

�

�

�

�

T 0 �
n
X

kD1
Tk

�

x
�

�

�

D
�

�

�

�

X

k>n

Tk

�

x
�

�

�

�
�

�

�

�

X

k>n

jTkj
�

x
�

�

�

D
�

�

�

1
X

kDnC1

�jTkjx�
�

�

�

�
1
X

kDnC1

�

� jTkjx�� � kxk
1
X

kDnC1

�

� jTkj ��:

Thus, letting n ! 1, we obtain T 0 D T 00.

The main property of pseudo-embeddings on L1

The name of a pseudo-embedding becomes clear from the next theorem saying that a
pseudo-embedding is an “almost” isometric embedding when restricted to a suitable
subspace L1.A/.

Theorem 7.39. Let T 2 L.L1/ be a nonzero pseudo-embedding. Then for each
" > 0 there exists A 2 †C such that the restriction T jL1.A/ is an into isomorphism
with

(a) kT jL1.A/k � kT k � ";
(b) kT jL1.A/k � kT j�1

L1.A/
k < 1C ";

(c) there exists a d.p.o. U W L1.A/ ! L1 so that kT jL1.A/ � U k < ".
Without the last part, Theorem 7.39 is due to the work by Rosenthal [128].

Claim (c) is new, and it will serve the proof of Theorem 7.80 below, which is also
due to Rosenthal. More precisely, the claim on the existence of U plays the role of
Alspach’s result from [7], the proof of which, in turn, involves further results of Dor
and Schechtman.

For the proof we need some lemmas.

Lemma 7.40. Let T1; : : : ; Tn 2 L.L1/ be a d.p.o. and " > 0. Then there exist ı > 0
and B 2 † such that �.B/ > 1� " and for any A 2 † with diamA < ı, the operator
T W L1.A/ ! L1.B/ defined by

T x D
�

n
X

iD1
Tix

�

� 1B ; x 2 L1.A/ ;

is a d.p.o.

Proof. For i D 1; : : : ; n, choose, by Proposition 7.35, measurable functions xi ; �i W
Œ0; 1� ! Œ0; 1� such that Ti x.t/ D xi .t/ � x.�i .t//, for almost all t 2 Œ0; 1�. For
any 1 � i < j � n and k 2 N, let A.k/i;j D ¹t W 0 < j�i .t/ � �j .t/j �
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k�1º. Since limk!1 �.A
.k/
i;j / D 0, there exists k0 so that �.C / < ", where C D

S

1�i<j�n A
.k0/
i;j . Let B D Œ0; 1� n C , ı D k�1

0 , A 2 † be any set with diamA < ı,
and T W L1.A/ ! L1.B/ be an operator defined in the lemma conditions. We are go-
ing to prove that T is a d.p.o., i.e. that for any disjoint measurable subsets U;V � A

we have that .T 1U /.t/ � .T 1V /.t/ D 0 a.e. on B . Note that

�

T 1U
�

.t/ � �T 1V
�

.t/
a.e.D

�

n
X

iD1
xi .t/1U

�

�i .t/
�

�

�
�

n
X

iD1
xi .t/1V

�

�i .t/
�

�

:

We will show that

�

n
X

iD1
xi .t/1U

�

�i .t/
�

�

�
�

n
X

iD1
xi .t/1V

�

�i .t/
�

�

D 0 ;

for all t 2 B . Supposing the contrary, there would exist t 2 B and indices i; j 2
¹1; : : : ; nº such that 1U .�i .t// ¤ 0 and 1V .�j .t// ¤ 0, i.e. �i .t/ 2 U and �j .t/ 2 V .

Since U t V � A and diamA < ı, we have 0 < j�i .t/� �j .t/j < ı. Thus, t 2 A.k0/
i;j

or t 2 A.k0/
j;i , that contradicts the choice of B .

Lemma 7.41. Let A;B 2 †C and T W L1.A/ ! L1.B/ be a pseudo-embedding
with T D P1

nD1 Tn where Tn W L1.A/ ! L1.B/ is a d.p.o. for each n 2 N and
P1
nD1 kTnxk � Kkxk for all x 2 L1. Then for each " > 0 there exist A0 2 †.A/C

and n 2 N such that
�

�

�

�

X

k>n

Tk

�

ˇ

ˇ

ˇ

L1.A0/

�

�

�

< " :

Proof. Supposing the contrary, we obtain that for some " > 0 and all A0 2 †.A/C
and n 2 N we have

�

�

�

�

X

k>n

Tk

�

ˇ

ˇ

ˇ

L1.A0/

�

�

�

� " : (7.57)

In particular, kT k � ". By Theorem 7.31, there exists A0
1 2 †.A/C so that

kT 1A0
1
k > "

2
�.A0

1/. Since limn!1 kPn
iD1 Ti1A0

1
k D kT 1A0

1
k, there is n1 2 N

such that kPn1

iD1 Ti1A0
1
k > "

2
�.A0

1/. Hence,

�

�

�

�

n1
X

iD1
Ti

�

ˇ

ˇ

L1.A
0
1
/

�

�

�

>
"

2
:

By Theorem 7.31, there exists A1 2 †.A0
1/

C such that for any A0 2 †.A1/
C we

have
�

�

�

n1
X

iD1
Ti1A0

�

�

�

� "

2
�.A0/ :
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Let

S1 D
�

n1
X

iD1
Ti

�

ˇ

ˇ

ˇ

L1.A1/
:

By (7.57), kS1k � ". By Theorem 7.31, we choose A0
2 2 †.A1/

C so that
kS11A0

2
k > "

2 �.A
0
2/. Then there exists n2 such that

�

�

�

n2
X

iDn1C1
Ti1A0

2

�

�

�

>
"

2
�.A0

2/ :

In particular, k.Pn2

iDn1C1 Ti /jL1.A
0
2/

k > "
2

. Now we choose A2 2 †.A0
2/

C so that

�

�

�

n2
X

iDn1C1
Ti1A0

�

�

�

� "

2
�.A0/

for every A0 2 †.A2/C. Continuing this procedure, we obtain a decreasing sequence
.An/, An 2 †.A/C and an increasing sequence of numbers .nk/ such that

�

�

�

nk
X

iDnk�1C1
Ti1A0

�

�

�

� "

2
�.A0/ ;

for each k 2 N and each A0 2 †.Ak/C. Choose k 2 N so that k � "
2
> K. Then

K � �.Ak/ �
nk
X

iD1

�

�Ti1Ak

�

� �
k
X

jD1

�

�

�

nk
X

iDnk�1C1
Ti1Ak

�

�

�

� k � "
2

� �.Ak/ ;

which is impossible.

Proof of Theorem 7.39. Let " > 0 and let 0 ¤ T 2 L.L1/ be a pseudo-embedding.
Let T D P1

nD1 Tn be an absolutely order summable series of d.p.o. Tn 2 L.L1/.
Choose ı > 0 so that

.1 � ı/3.1 � 2ı/ � ı > max

²

1� "

1C "
; 1 � "

kT k
³

and ıkT k < " : (7.58)

By Theorem 7.31, there exists A1 2 †C so that kT xk � .1� ı/kT kkxk for each x 2
LC
1 .A1/. Obviously, T jL1.A1/ D P1

nD1 TnjL1.A1/ is an absolutely order summable
series of d.p.o. fromL1.A1/ toL1 with kT jL1.A/k.1�ı/kT k for everyA 2 †C.A1/.

By Lemma 7.41, we choose A2 2 †.A1/C and an n 2 N such that
�

�

�

�

X

i>n

Ti

�

ˇ

ˇ

ˇ

L1.A2/

�

�

�

D
�

�

�

�

X

i>n

Ti
ˇ

ˇ

L1.A1/

�

ˇ

ˇ

ˇ

L1.A2/

�

�

�

< ıkT k : (7.59)
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Set S1 D .
Pn
iD1 Ti /jL1.A2/. Since kT jL1.A2/k � .1 � ı/ kT k, we obtain that

kS1k � �

�T jL1.A2/

�

� �
�

�

�

�

X

i>n

Ti

�

ˇ

ˇ

ˇ

L1.A2/

�

�

�

� .1 � ı/ kT k � ı kT k D .1 � 2ı/ kT k : (7.60)

By Theorem 7.31, there exists A3 2 †.A2/C so that kS1xk � .1� ı/ � kS1k � kxk
for each x 2 LC

1 .A3/. Let ı1 > 0 be so that for any B 2 † with �.B/ > 1� ı1 ,

Z

B

jS11A3
j d� � .1 � ı/

Z

Œ0;1�

jS11A3
j d� :

By Lemma 7.40, choose � > 0 and B 0 2 † so that �.B 0/ > 1 � ı1, and for any set
A0 2 †.A3/C, the operator SA0 W L1.A0/ ! L1.B

0/ defined by

SA0x D .S1x/ � 1B 0 for each x 2 L1.A0/ (7.61)

is a d.p.o. whenever diamA0 < � .
Now we claim that there exists A4 2 †.A3/C with diamA4 < � such that

�

�.S11A4
/ � 1B 0

�

� � .1 � ı/2 � kS1k � �.A4/ : (7.62)

Suppose on the contrary that this is not true. Decompose A3 D Fm
iD1 Ci into

subsets with diamCi < � , i D 1; : : : ;m. By the assumption, for each i D 1; : : : ;m ,
�

�.S11Ci
/ � 1B 0

�

� < .1 � ı/2 � kS1k � �.Ci/ :
Then

.1 � ı/2 � kS1k � �.A3/ D .1 � ı/2 � kS1k �
m
X

iD1
�.Ci / >

m
X

iD1

�

�.S11Ci
/ � 1B 0

�

�

� �

�.S11A3
/ � 1B 0

�

� � .1 � ı/ � kS11A3
k

� .1 � ı/2 � kS1k � �.A3/ ;
which again is impossible. Thus, the claim is proved.

Let A4 2 †.A3/C satisfy (7.62). By (7.62) and the choice of � and B 0, the opera-
tor SA4

defined by (7.61) is a d.p.o. with

kSA4
k � .1 � ı/2 � kS1k : (7.63)

By Corollary 7.33, there exists A5 2 †.A4/C such that, for all x 2 L1.A5/,
kSA4

xk � .1 � ı/ � kSA4
k � kxk : (7.64)
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Since SA4
is a d.p.o., so is U D SA4

jL1.A/ W L1.A/ ! L1. Since A � A0 and
B � B 0, by (7.61), U D SA4

jL1.A/ D S1jL1.A/. Thus, for any x 2 L1.A/, we have

kT xk � kS1xk �
�

�

�

X

i>n

Tix
�

�

�

by (7.59)� kSA4
xk � ıkT kkxk

� .1 � ı/kSA4
kkxk � ıkT kkxk

by (7.63)�
�

.1 � ı/3kS1k � ıkT k
�

kxk
by (7.60)�

�

.1 � ı/3.1 � 2ı/ � ı
�

kT kkxk
by (7.58)
>

�

1� "

1C "

�

kT kkxk D kT k
1C "

kxk �
�

�T
ˇ

ˇ

L1.A/

�

�

1C "
kxk :

(7.65)

Thus, T jL1.A/ is an into isomorphism with kT jL1.A/kkT j�1
L1.A/

k � 1C ". More-
over, (7.65) and (7.58) give

kT ˇˇ
L1.A/

k �
�

1� "

kT k
�

kT k D kT k � " :

It remains to observe that

�

�T
ˇ

ˇ

L1.A/
� U�� D

�

�

�

�

X

i>n

Ti

�

ˇ

ˇ

ˇ

L1.A/

�

�

�

by (7.59)
< ıkT k by (7.58)

< " :

The Enflo–Starbird maximal function and �-narrow operators

For an operator T 2 L.L1/, we denote by �T .t/ the Enflo–Starbird maximal function

�T .t/ D lim
n!1 max

1�k�2n

ˇ

ˇT 1Ik
n

ˇ

ˇ.t/ ;

for t 2 Œ0; 1�, where I kn D Œk�1
2n ;

k
2n / and the limit is taken in the sense of L1-norm;

see Proposition 7.42 below for the proof that �T .t/ is well defined for almost all
t 2 Œ0; 1�.

Formally the Enflo–Starbird function was introduced by Rosenthal in [128], how-
ever implicitly it appeared in [37] (1979). Its properties were used to study Enflo op-
erators in L.L1/. Almost simultaneously similar ideas were used by Kalton in [66].
A generalized version of the Enflo–Starbird function for vector lattices will be used
later in Section 10.4 to prove the main result of Chapter 10.

Proposition 7.42 (Enflo and Starbird [37]). For every T 2 L.L1/ the function �T .t/
is well defined for almost all t 2 Œ0; 1�, and the limit exists in the sense of L1-norm.
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Proof. Let T 2 L.L1/. For each n 2 N, we define gn 2 L1 for t 2 Œ0; 1�, by

gn.t/ D max
1�k�2n

ˇ

ˇT 1Ik
n

ˇ

ˇ.t/ ;

and anL1-valued function vn, defined on the finite algebra Fn generated by the dyadic
intervals .I kn /

2n

kD1 by

vn.A/ D
X

Ik
n �A

ˇ

ˇT 1Ik
n

ˇ

ˇ :

Let F D S1
nD1Fn. Observe that for eachA 2 F the values vn.A/ are well defined

for sufficiently large n. Since, by the Monotone Convergence Theorem, vn.A/ �
vnC1.A/ � jT j1A for all n 2 N, for every A 2 F there exists a limit in the norm
of L1

v.A/
defD lim
n!1 vn.A/ :

Now we show that for almost all t 2 Œ0; 1� we have

gnC1.t/ � vnC1
�

Œ0; 1�
�

.t/ � gn.t/ � vn
�

Œ0; 1�
�

.t/ : (7.66)

Indeed, by the definition of gnC1, for almost all t , gnC1.t/ D j.T 1
I

j
nC1

/.t/j for

some j 2 ¹1; : : : ; 2nC1º. Let i 2 ¹1; : : : ; 2nº be such that I jnC1 	 I in. Then

gnC1.t/ � gn.t/ � ˇ

ˇT 1
I

j
nC1

.t/
ˇ

ˇ � ˇ

ˇT 1I i
n
.t/
ˇ

ˇ

D vnC1
�

I
j
nC1

�

.t/ � vn
�

I in
�

.t/

� vnC1
�

I in
�

.t/ � vn
�

I in
�

.t/

� vnC1
�

Œ0; 1�
�

.t/ � vn
�

Œ0; 1�
�

.t/ :

Thus, (7.66) is proved. Hence the decreasing sequence gn.t/ � vn.Œ0; 1�/.t/ has a
(finite or �1) limit a.e. Since the limit limn!1 vn.Œ0; 1�/.t/ D v.Œ0; 1�/.t/ is finite
and gn.t/ � 0 a.e., the limit limn!1.gn.t/ � vn.Œ0; 1�/.t// is finite a.e. Hence, the
limit g.t/ D limn!1 gn.t/ exists a.e. on Œ0; 1�. Furthermore,

0 � gn � vn
�

Œ0; 1�
� � v

�

Œ0; 1�
� 2 L1 :

Therefore, by the Dominated Convergence Theorem, g D limn!1 gn in theL1-norm
and g 2 L1.

Definition 7.43. An operator T 2 L.L1/ is called �-narrow if �T D 0.
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Pseudonarrow operators and the main result

Recall that an operator T 2 L.L1/ is called pseudonarrow if for every d.p.o. S 2
L.L1/ the inequalities 0 � S � jT j imply S D 0, equivalently, if for every lattice ho-
momorphism S 2 L.L1/ the inequality S � jT j implies S D 0 (cf. Definition 1.32).

Theorem 1.33 applied to the case of E D F D L1 implies the following represen-
tation theorem.

Corollary 7.44. The sets Lpe.L1/ of all pseudo-embeddings and Lpn.L1/ of all
pseudonarrow operators on L1 are mutually complemented bands. Hence, every op-
erator T 2 L.L1/ has a unique representation in the form T D TpeCTpn where Tpe
is a pseudo-embedding and Tpn is pseudonarrow. Moreover, max¹kTpek; kTpnkº �
kT k.

We will prove that for operators on L1 the notions of a narrow and a pseudonarrow
operators coincide.

Theorem 7.45. For an operator T 2 L.L1/ the following conditions are equivalent:

(i) T is narrow.

(ii) T is pseudonarrow.

(iii) T is �-narrow.

(iv) For each A 2 † the restriction T jL1.A/ is not an into isomorphism.

The equivalence (ii) , (iii) , (iv) can be deduced from Kalton’s paper [66]. The
implication (iv) ) (iii) is older and due to Enflo and Starbird [37]. Finally, the equiv-
alence of (i) with all other conditions was established by Rosenthal in [128].

We will follow the following scheme in our proof:

.iv/
l
.i/

. -
.ii/ �! .iii/

Once we prove the equivalence (i) $ (ii), we obtain the equality Lpn.L1/ D
N.L1/, and thus Corollary 7.44 implies the following.

Theorem 7.46. The setsLpe.L1/ of all pseudo-embeddings andN.L1/ of all narrow
operators on L1 are mutually complemented bands (in particular, since N.L1/ is a
band in L.L1/, a sum of two narrow operatores on L1 is narrow). Hence, every
operator T 2 L.L1/ has a unique representation in the form T D Tpe C Tn where
Tpe is a pseudo-embedding and Tn is narrow. Moreover, max¹kTpek; kTnkº � kT k.
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Note that the last inequality in Theorem 7.46 follows from Proposition 1.30.
Therefore, first we prove the implications (i) ) (ii) ) (iii) ) (i), and then us-

ing Theorem 7.46 we prove the implication (iv) ) (i) (the implication (i) ) (iv) is
obvious).

Proof of the implication (i) ) (ii). Let T 2 L.L1/ be narrow. By Corollary 7.44, we
may write T D Tpe C Tpn, where Tpe is a pseudo-embedding and Tpn is pseudonar-
row. Suppose on the contrary, that Tpe ¤ 0. Then, by Theorem 7.39, there exists
A 2 †C such that Spe D TpejL1.A/ is an isomorphic embedding with d D kSpek �
kS�1
pe k < 2.

Then for S D T jL1.A/ and Spn D Tpn
ˇ

ˇ

L1.A/
we have that S D SpeCSpn with S nar-

row, Spe pseudo-embedding and Spn pseudonarrow. By Proposition 1.30, kSpnk �
kSk. On the other hand, by Theorem 6.3, kSpnk D kSpe � Sk � kSk C
kSpek

�

2
d

� 1
�

> kSk, a contradiction.

To prove the implication (ii) ) (iii) we need some lemmas (this proof was kindly
communicated to us by Mykhaylyuk).

Lemma 7.47. Let 0 � a < b � 1, T 2 L.L1Œa; b�; L1/ and " > 0. Then there exists
a nonempty dyadic interval I � Œ0; 1� such that for any decomposition I D Fn

kD1 Ik
into arbitrary (not necessary dyadic) intervals we have

�

�

�

sup
1�k�n

jT j 1Ik
� sup
1�k�n

ˇ

ˇT 1Ik

ˇ

ˇ

�

�

�

� " � �.I / : (7.67)

Proof. Let ı D "=.3kT k/ (if T D 0 then the assertion of the lemma is trivial). By
Theorem 7.31, there exists A 2 †.Œa; b�/C so that kT xk � kT k.1 � ı/kxk for each
x 2 LC

1 .A/. Then, for each x 2 LC
1 .A/ ,

�

� jT jx � jT xj �� D �

� jT jx�� � kT xk � kT kkxk � kT k.1 � ı/kxk D ıkT kkxk :
Choose a nonempty dyadic interval I � Œa; b� so that �.I n A/ � ı�.I /. Let I D
Fn
kD1 Ik be a decomposition into arbitrary intervals. Then

�

�

�

sup
1�k�n

jT j 1Ik
� sup
1�k�n

ˇ

ˇT 1Ik

ˇ

ˇ

�

�

�

�
n
X

kD1

�

�

�

jT j 1Ik
� ˇ

ˇT 1Ik

ˇ

ˇ

�

�

�

�
n
X

kD1

�

�

�

jT j 1Ik \A � ˇ

ˇT 1Ik \A
ˇ

ˇ

�

�

�

C
n
X

kD1

�

�

�

jT j 1IknA � ˇ

ˇT 1IknA
ˇ

ˇ

�

�

�

� ıkT k�.I \ A/C kT k�.I n A/C kT k�.I n A/
< 3ıkT k�.I / D "�.I / :
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Lemma 7.48. Let T 2 L.L1/. Then �T D 0 if and only if �jT j D 0.

Proof. Suppose that �T D 0 and let " > 0. By Lemma 7.47, we choose a finite system
.Ij /

s
1 of disjoint dyadic intervals such that for each j and each decomposition Ij D

Fn
kD1 Ij;k into arbitrary intervals the corresponding inequality of the type (7.67) is

satisfied and such that �.Œ0; 1� n I / < ", where I D Fs
jD1 Ij . Choose m so large

that for each j D 1; : : : ; s, and for the intervals Ji D Œ.i � 1/ � 2�m; i � 2�m/, either
Ji � Ij or Ji \ Ij D ;. Then

�

�

�

sup
1�i�2m

jT j 1Ji
� sup
1�i�2m

jT 1Ji
j
�

�

�

�
s
X

jD1

�

�

�

sup
Ji �Ij

jT j 1Ji
� sup
Ji �Ij

jT 1Ji
j
�

�

�

C
2m
X

iD1

�

�jT j 1Ji nI
�

�C
2m
X

iD1

�

�T 1Ji nI
�

�

�
s
X

jD1
"�.Ij /C 2kT k

2m
X

iD1
�.Ji n I /

� "�.I /C 2kT k��Œ0; 1� n I � < " .1C 2kT k/ :
Thus, �jT j D 0. The converse implication is trivial.

Lemma 7.49. Let .Ak;i /1 2k

kD0;iD1 be a family of measurable subsets of Œ0; 1� such that

AkC1;2i�1 [ AkC1;2i � Ak;i (7.68)

and
2k
[

iD1
Ak;i D A0;1 (7.69)

for all values of indices. Then there exists a family .Bk;i /
1 2k

kD0;iD1 of sets Bk;l 2
†.Ak;l / such that B0;1 D A0;1 and Bk;i D BkC1;2i�1 t BkC1;2i for each k; i .

Proof. For each k D 0; 1; : : : and i D 1; : : : ; 2k , let

Ck;i D
1
\

rD0

�

2r
[

jD1
AkCr;2r .i�1/Cj

�

:

Observe that (7.69) impliesC0;1 D A0;1 and (7.68) impliesCkC1;2i�1[CkC1;2i �
Ck;i for each k; i . Moreover, Ck;i � Ak;i . Put B0;1 D C0;1 and inductively on k,
BkC1;2i�1 D CkC1;2i�1 \ Bk;i and BkC1;2i D Bk;i n BkC1;2i�1.

Proof of the implication (ii) ) (iii). By Lemma 7.48, it is enough to consider only
positive operators. Let T 2 L.L1/

C with �T ¤ 0. It is enough to prove that there
exists S 2 Lpe.L1/ such that 0 < S � T .
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Choose " > 0 so that �.A0;1/ > 0, where A0;1 D ¹t W �T .t/ � "º and set for
k D 1; 2; : : : ; i D 1; : : : ; 2k ,

Ak;i D
°

t 2 A0;1 W T 1	 i�1

2k
; i

2k

�.t/ � "
±

:

Since T � 0, the family .Ak;i /1 2k

kD0;iD1 satisfies (7.68) and (7.69). By Lemma 7.49,
there exists a familyBk;i D BkC1;2i�1tBkC1;2i satisfying the claims of the lemma.
Define an operator S 2 L.L1/ by setting S1Œ i�1

2k ;
i

2k /
D "1Bk;i

for each k D 1; 2; : : :

and i D 1; : : : ; 2k . Since Bk;i � Ak;i , we get that S1Œ i�1

2k
; i

2k
/ � T 1Œ i�1

2k
; i

2k
/. Then S

is well defined and S � T . Since BkC1;2i�1 \ BkC1;2i D ;, we obtain that S is a
d.p.o.

For the proof of implication (iii) ) (i) we need the following lemma.

Lemma 7.50. Let .�;†;�/ be a finite atomless measure space, z1; : : : ; z2n2L1.�/,
K D P2n

iD1 kzik, z0 D W2n
iD1 zi and ˛ D kz0k. Then there exists a permutation


 W ¹1; : : : ; 2nº ! ¹1; : : : ; 2nº such that

�

�

�

2n
X

iD1
.�1/iz�.i/

�

�

�

� p
2˛K :

Proof. Let ı D p
2˛K and suppose that for each permutation 
 we have

�

�

�

2n
X

iD1
.�1/iz�.i/

�

�

�

> ı :

Denote by .ri / the Rademacher system. Then for each s 2 Œ0; 1�, there exists a
permutation 
 such that

n
X

iD1
ri.s/.zi � znCi / D

2n
X

iD1
.�1/iz�.i/ :

Hence for each s 2 Œ0; 1� we have

Z

Œ0;1�

ˇ

ˇ

ˇ

n
X

iD1
ri.s/

�

zi .t/� znCi .t/
�

ˇ

ˇ

ˇ

d�.t/ > ı :
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Thus, using the Khintchine and the Hölder inequalities, we obtain

ı D
Z

Œ0;1�

ı ds <

Z

Œ0;1�

�

Z

Œ0;1�

ˇ

ˇ

ˇ

n
X

iD1
ri .s/

�

zi .t/ � znCi .t/
�

ˇ

ˇ

ˇ

d�.t/
�

d�.s/

D
Z

Œ0;1�

�

Z

Œ0;1�

ˇ

ˇ

ˇ

n
X

iD1
ri .s/

�

zi.t/ � znCi .t/
�

ˇ

ˇ

ˇ

d�.s/
�

d�.t/

�
Z

Œ0;1�

�

Z

Œ0;1�

ˇ

ˇ

ˇ

n
X

iD1
ri .s/zi .t/

ˇ

ˇ

ˇ

d�.s/C
Z

Œ0;1�

ˇ

ˇ

ˇ

n
X

iD1
ri .s/znCi .t/

ˇ

ˇ

ˇ

d�.s/
�

d�.t/

�
Z

Œ0;1�

�

n
X

iD1
z2i .t/

�

1
2

d�.t/C
Z

Œ0;1�

�

n
X

iD1
z2nCi.t/

�

1
2

d�.t/

�
Z

Œ0;1�

�

n
_

iD1
jzi .t/j

n
X

iD1
jzi .t/j

�

1
2

d�.t/

C
Z

Œ0;1�

�

n
_

iD1
jznCi .t/j

n
X

iD1
jznCi .t/j

�

1
2

d�.t/

�
�

Z

Œ0;1�

n
_

iD1
jzi .t/j d�.t/

�

1
2 �
�

Z

Œ0;1�

n
X

iD1
jzi .t/j d�.t/

�

1
2

C
�

Z

Œ0;1�

n
_

iD1
jznCi .t/j d�.t/

�

1
2 �
�

Z

Œ0;1�

n
X

iD1
jznCi .t/j d�.t/

�

1
2

� p
˛

0

@

v

u

u

t

n
X

iD1
kzik C

v

u

u

t

2n
X

iDnC1
kzik

1

A � p
˛

v

u

u

t2

2n
X

iD1
kzik D ı ;

a contradiction.

Proof of the implication (iii) ) (i). Let T 2 L.L1/ be �-narrow. We assume that
T ¤ 0, otherwise there is nothing to prove. Fix any " > 0 and any B 2 † of the form
B D S2n

iD1 I
ki
m where 1 � k1 < : : : < k2n � 2m and I im D Œ2�m.i � 1/; 2�mi /.

Since �T D 0 and since B can also be represented in the similar form with a larger
value of m, we may and do assume thatm is so large that

˛
defD
�

�

�

max
1�i�2n

ˇ

ˇT 1
I

ki
m

ˇ

ˇ

�

�

�

�
�

�

�

max
1�k�2m

ˇ

ˇT 1Ik
m

ˇ

ˇ

�

�

�

� "2

2kT k�.A/ :

Let zi D T 1
I

ki
m

for i D 1; : : : ; 2n. Then K
defDP2n

iD1 kzik � kT k�.A/. By

Lemma 7.50 there exists a permutation 
 W ¹1; : : : ; 2nº ! ¹1; : : : ; 2nº with

�

�

2n
X

iD1
.�1/iz�.i/

�

� � p
2˛K � " :
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For x D P2n
iD1.�1/i1I�.ki /

m

, we obtain that x2 D 1B ,
R

Œ0;1� x d� D 0 and

kT xk < ". By Lemma 1.12, T is narrow.

Upon completion of proving the implications (i) ) (ii) ) (iii) ) (i), we have
proved Theorem 7.46.

Proof of the implication (iv) ) (i). Let T 2 L.L1/, and assume that for every A 2
†, T jL1.A/ is not an into isomorphism. By Theorem 7.46, we represent T D TpeCTn,
where Tpe is a pseudo-embedding and Tn is narrow. Our goal is to prove that Tpe D 0.

Suppose, on the contrary, that Tpe ¤ 0. Let " D kT k=2. By uniqueness of the
representation T D Tpe C Tn, T ¤ 0, and hence, " > 0. Choose ı > 0 so that

�kT k � ı�
� 2

1C ı
� 1

�

� kT k � "
and

�
defD kT k � ı

1C ı
� kT k

2
> 0 :

By Theorem 7.39, there exists A 2 † so that Spe
defDTpejL1.A/ is an into isomor-

phism with kSpek � kT k � ı and kSpekkS�1
pe k < 1C ı. Then setting S D T jL1.A/

and Sn D T jL1.A/, we obtain the decomposition S D Spe CSn, where Spe is an into
isomorphism, Sn is narrow and S is not an into isomorphism. By Theorem 6.3,

kT k � kSk � kSnk C kSpek
� 2

1C ı
� 1

�

� kSnk C �kT k � ı�
� 2

1C ı
� 1

�

� kSnk C kT k � " :
Thus, kSnk � ". Hence, for each x 2 L1.A/, we have

kT xk D kSxk � kSpexk � kSnxk � �

�S�1
pe

�

�

�1kxk � "kxk
�
�kSpek
1C ı

� "
�

kxk

�
�kT k � ı
1C ı

� kT k
2

�

kxk D �kxk :

This is impossible since S is not an into isomorphism.

Open problems

By Theorem 7.46, a sum of two narrow operators from L1 to L1 is narrow. Very
recently1 appeared the first example of a Banach space X and two narrow operators
from L1 to X with a non-narrow sum.

1 V.Mykhaylyuk, M.Popov. On sums of narrow operators on Köthe function spaces. Preprint.
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Open problem 7.51. Characterize Banach spaces X for which a sum of two narrow
operators in L.L1; X/ is narrow.

Theorem 7.30 characterizes when an operator T 2 L.L1/ is narrow. An analogous
result does not hold for p > 2. To see this, consider the composition SJ 2 L.Lp/,
where J W Lp ! L2 is the identity embedding and S W L2 ! Lp is any isomorphic
embedding. However we do not know whether a similar characterization is true for
1 < p � 2.

Open problem 7.52. Suppose an operator T 2 L.Lp/, 1 < p � 2, is such that for
everyA 2 †C the restriction T jLp.A/ is not an isomorphic embedding. Does it follow
that T is narrow?

In Section 11.2 we present a partial answer to this problem.
In Chapter 10 we state a general lattice version of Open problem 7.52, see Open

problem 10.46.
As a corollary of Theorem 7.30 we obtain the following sufficient condition for

subspaces of L1 to be rich.

Corollary 7.53. Let X be a subspace of L1 such that the quotient space L1=X iso-
morphically embeds in L1. If �.L1.A/;X/ D 0 for every A 2 †C, then X is rich
(here � is a function defined by (6.60)).

Talagrand’s Theorem (see Theorem 8.24 below) shows that the isomorphic embed-
dability condition of L1=X in L1 is essential in Corollary 7.53. Indeed, let X be a
subspace of L1 such that neither X nor L1=X contains a copy of L1. Since L1 does
not embed in X , �.L1.A/;X/ D 0 for every A 2 †C (indeed, if �.L1.A/;X/ ¤ 0

then the restriction 
L1.A/ of the quotient map 
 W L1 ! L1=X is an isomorphic
embedding). By Corollary 2.23, since L1 does not embed in L1=X , X is not rich.

Open problem 7.54. Let E be an r.i. Banach space on Œ0; 1�, E ¤ L1. Let X be a
subspace of E such that �.L1.A/;X/ D 0 for every A 2 †C. Must X be rich?

7.3 Johnson–Maurey–Schechtman–Tzafriri’s theorem on
narrowness of non-Enflo operators on Lp for 1 < p < 2

This section is devoted to a proof that Problem 7.1(c) has an affirmative answer for Lp
when 1 < p < 2. This result was first explicitly stated by Bourgain [19, Theorem
4.12, item 2] as a result that can be deduced from the proof of a related result in
Johnson, Maurey, Schechtman and Tzafriri’s book [49].

Theorem 7.55. Let 1 < p < 2. Then every non-Enflo operator T 2 L.Lp/ is
narrow.
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The assertion of Theorem 7.55 is evidently true for p D 2, but false for p > 2 due
to the following example.

Example 7.56. Let p > 2 and T D S ı J where J W Lp ! L2 is the inclusion
embedding and S W L2 ! Lp is an isomorphic embedding. Then T is not Enflo and
not narrow.

Recently Dosev, Johnson and Schechtman [32] proved the following result about
the detailed structure of nonnarrow operators on Lp, 1 < p < 2.

Theorem 7.57. For each 1 < p < 2 there is a constant Kp such that if T from
LpŒ0; 1� to Lp is a nonnarrow operator (and in particular if it is an isomorphism),
then there is a Kp-complemented subspace X of Lp which is Kp-isomorphic to Lp
and such that T

ˇ

ˇ

X
is a Kp�isomorphism and T .X/ is Kp complemented in Lp.

Moreover, if we consider Lp with the norm jjjxjjjp D kS.x/kp (with S being the
square function with respect to the Haar system, see Definition 7.72 below) then, for
each " > 0, there exists a subspace X of Lp which is .1 C "/-isomorphic to Lp and
such that some multiple of T

ˇ

ˇ

X
is a .1 C "/-isomorphism (and X and T .X/ are Kp

complemented in Lp).

It is not known whether an analog of Theorem 7.30 is true for 1 < p � 2.
In this section we present a proof of Theorem 7.55 which closely follows the proof

of Theorem 9.1 in [49] with all necessary adjustments due to the fact that we work
with a weaker hypothesis.

Somewhat narrow operators and generalized sign-embeddings

Definition 7.58. Let E be a Köthe–Banach space on a finite atomless measure space
.�;†;�/, and let X be a Banach space. An operator T 2 L.E;X/ is called some-
what narrow if for each A 2 †C and each " > 0 there exists a set B 2 †C.A/ and a
sign x on B such that kT xk < "kxk.

Obviously, each narrow operator is somewhat narrow. The inclusion embedding
J W Lp ! Lr with 1 � r < p < 1 is an example of a somewhat narrow operator
which is not narrow.

We split the proof of Theorem 7.55 into two parts: Theorems 7.59 and 7.60.

Theorem 7.59. Let 1 � p � 2. Then every somewhat narrow operator T 2 L.Lp/

is narrow.

Theorem 7.60. Let 1 < p � 2. Then every non-Enflo operator on Lp is somewhat
narrow.

Theorem 7.59 is not true for p > 2 as Example 7.56 shows. We do not know
whether Theorem 7.60 is true when p > 2.
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Observe that an operator T 2 L.E;X/ is not somewhat narrow if and only if
there exist A 2 †C and ı > 0 such that kT xk � ıkxk for every sign x 2 E with
supp x � A.

Definition 7.61. We say that an operator T 2 L.Lp ; X/ is a generalized sign-embed-
ding if kT xk � ıkxk for some ı > 0 and every sign x 2 E.

We remark that in some papers (see [126, 127]) Rosenthal studied a closely related
notion of a sign-embedding defined on L1, but in his definition an additional assump-
tion of injectivity of T was required. Formally, this is not the same, and there is an
operator onL1 that is bounded from below at signs and is not injective (and even has a
kernel isomorphic to L1), see Section 8.1. However, if an operator on L1 is bounded
from below at signs then there exists A 2 †C such that the restriction T jL1.A/ is
injective, and hence is a sign-embedding in the sense of Rosenthal. Using this notion,
Theorem 7.60 can be equivalently reformulated as follows.

Theorem 7.62. Let 1 < p � 2. Then every generalized sign-embedding on Lp is an
Enflo operator.

Thus, to prove Theorem 7.55, it is enough to prove Theorems 7.59 and 7.62.

A proof of Theorem 7.59 and its generalization for operators from L1 to
any Banach space

The following lemma will be used below in different contexts.

Lemma 7.63. Let .�;†;�/ be a finite atomless measure space and 1 � p < 1.
Then we have the following:

(a) For each x; y 2 Lp.�/ we have

min¹kx C yk; kx � ykº � .kxkp C kykp/1=p if 1 � p � 2; and

.kxkp C kykp/1=p � max¹kx C yk; kx � ykº if 2 � p < 1:

(b) For each n 2 N and each vectors .zk/
n
kD1 in Lp.�/ there is a collection of sign

numbers .	k/
n
kD1 such that

�

�

�

n
X

kD1
	kzk

�

�

�

�
�

n
X

kD1
kzkkp

�1=p

if 1 � p � 2; and

�

n
X

kD1
kzkkp

�1=p �
�

�

�

n
X

kD1
	kzk

�

�

�

if 2 � p < 1:
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(c) For any unconditionally convergent series
P1
nD1 xn in Lp.�/ there is a sequence

.	n/
1
nD1 of sign numbers such that

�

�

�

1
X

nD1
	nxn

�

�

�

�
�

1
X

nD1
kxnkp

�1=p
if 1 � p � 2;

�

1
X

nD1
kxnkp

�1=p �
�

�

�

1
X

nD1
	nxn

�

�

�

if 2 � p < 1:

Note that Lemma 7.63(b) for the case 1 � p � 2 exactly means that the space
Lp.�/ has infratype p with constant one (see [95]). Lemma 7.63 is a consequence
of the Orlicz theorem (see [25, p. 101]). However, one can prove the lemma in an
easy way. Indeed, for p D 1 inequality (a) follows from the triangle inequality, and
for 1 < p < 1 it is a consequence of Clarkson’s inequality (see, e.g. [25, p. 117–
118]) (b) and (c) are consequences of (a).

Proof of Theorem 7.59. Fix any A 2 †C and " > 0. To prove that T is narrow it is
enough to prove that kT xk � "�.A/1=p for some sign x on A.

Assume, for contradiction, that for each sign x on A we have

kT xk > "�.A/1=p :
We will construct a transfinite sequence .A˛/˛<!1

of uncountable length !1 of dis-
joint sets A˛ 2 †C, A˛ 	 A, which will give us the desired contradiction.

By the definition of a somewhat narrow operator, there exist a set A0 2 †C, A0 �
A and a sign x0 on A0 such that

kT x0k � "�.A0/
1=p :

Observe that by our assumption, x0 cannot be a sign onA, therefore,�.AnA0/ > 0.
Suppose that for a given ordinal 0 < ˇ < !1 we have constructed a transfinite se-

quence of disjoint sets .A˛/˛<ˇ � †C, A˛ 	 A and a transfinite sequence .x˛/˛<ˇ
of signs x˛ on A˛ such that

kT x˛k � "�.A˛/
1=p :

Let B D S

˛<ˇ A˛. Our goal is to prove that �.A n B/ > 0. Since .x˛/˛<ˇ is
a disjoint sequence in Lp.�/ with jx˛j � 1 a.e., we have that the series

P

˛<ˇ x˛
is unconditionally convergent, and so is the series

P

˛<ˇ T x˛. By Lemma 7.63(b),
there exist sign numbers 	˛ D ˙1; ˛ < ˇ so that

�

�

�

X

˛<ˇ

	˛T x˛

�

�

�

�
�

X

˛<ˇ

�

�T x˛
�

�

p
�1=p

�
�

X

˛<ˇ

"p�
�

A˛
�

�1=p D "�.B/1=p :

(7.70)
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Observe that x D P

˛<ˇ 	˛x˛ is a sign on B and, by (7.70), kT xk � "�.B/1=p .
By our assumption, x cannot be a sign on A and hence �.A n B/ > 0. Using the
definition of a somewhat narrow operator, there exists Aˇ 2 †C; Aˇ � A and a
sign xˇ on Aˇ such that kT xˇk � "�.Aˇ /

1=p . Thus, the recursive construction is
done.

When p D 1, the assertion of Theorem 7.59 holds for operators valued in any
Banach space (this statement was mentioned by Ghoussoub and Rosenthal in [44]).

Theorem 7.64. Let X be a Banach space. Then every somewhat narrow operator
T 2 L.L1; X/ is narrow.

Proof. Fix any A 2 †C and " > 0. Denote by A the set of all B 2 †C.A/ for which
there exists a sign x on B with kT xk � "kxk. By Zorn’s Lemma we deduce that
there exists a maximal collection M of disjoint elements of A. Since each element of
M has support of positive measure, M is at most countable: M D ¹Bi ºi2I with I
finite or countable. Let

A0 D
[

M D
[

i2I
Bi :

We claim that A0 2 A. Indeed, for each i 2 I choose a sign xi on Bi with kT xik �
"kxik. Then x D P

i2I xi is a sign on A0 and

kT xk �
X

i2I
kT xik � "

X

i2I
kxik D "kxk :

Thus, A0 2 A. Now we prove that �.A n A0/ D 0. Supposing the contrary, we
would obtain by the theorem assumptions that there exist B 2 †C.A n A0/ and a
sign x at B with kT xk � "kxk. This contradicts the maximality of M. Thus, the
sets A and A0 coincide a.e.

We have proved the following statement: for each A 2 †C and " > 0 there exists
a sign x supported on A with kT xk � ". By Proposition 1.9, T is narrow.

A proof of Theorem 7.62. Part 1. Preliminary arguments and an outline

First we recall the Khintchine inequality which will be the starting point of the proof.
Let .rn/ be the Rademacher system on Œ0; 1�. Then for every p 2 Œ1;C1/ there are
constants 0 < Ap � Bp < 1 such that

Ap

�

n
X

iD1
jakj2

�1=2 �
 

Z

Œ0;1�

ˇ

ˇ

ˇ

n
X

iD1
airi .t/

ˇ

ˇ

ˇ

p
dt

!1=p

� Bp

�

n
X

iD1
jakj2

�1=2

for every n 2 N and every choice of scalars .ai /niD1, see [79, p. 66].
The following statement, which is due to Maurey (see [80, p. 50] for a general

setting of q-concave Banach lattices) is the main tool of the proof.
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Lemma 7.65. Let .xi /niD1 be a K-unconditional basic sequence in Lp with 1 � p <

1. Then

A1K
�1
�

�

�

�

n
X

iD1
jxi j2

�1=2�
�

�

�
�

�

�

n
X

iD1
xi

�

�

�

� BpK
�

�

�

�

n
X

iD1
jxi j2

�1=2�
�

�

; (7.71)

where A1 and Bp are constants from Khintchine’s inequality.

Proof. By unconditionality, the triangle inequality and the left-hand side Khintchine’s
inequality for p D 1, respectively, we have

�

�

�

n
X

iD1
xi

�

�

�

� K�1
Z

Œ0;1�

�

�

�

n
X

iD1
ri .s/xi

�

�

�

ds � K�1
�

�

�

�

�

Z

Œ0;1�

ˇ

ˇ

ˇ

n
X

iD1
ri.s/xi

ˇ

ˇ

ˇ

ds

�

�

�

�

�

� A1K
�1
�

�

�

�

n
X

iD1
jxi j2

�1=2�
�

�

:

On the other hand, by unconditionality, Hölder’s inequality, Fubini’s theorem and
the right-hand side of Khintchine’s inequality, respectively, we obtain

�

�

�

n
X

iD1
xi

�

�

�

� K

Z

Œ0;1�

�

�

�

n
X

iD1
ri .s/xi

�

�

�

ds � K

 

Z

Œ0;1�

�

�

�

n
X

iD1
ri .s/xi

�

�

�

p

ds

!1=p

D K

�

�

�

�

�

 

Z

Œ0;1�

ˇ

ˇ

ˇ

n
X

iD1
ri .s/xi

ˇ

ˇ

ˇ

p

ds

!

�

�

�

�

�

� BpK
�

�

�

�

n
X

iD1
jxi j2

�1=2�
�

�

:

For n D 0; 1; : : : and i D 1; : : : ; 2n, let In;i be the dyadic interval Œ2�n.i �
1/; 2�ni /. Then we use the following notation for the L1-normalized Haar system

h0;0 D 1Œ0;1�; hn;i D 1InC1;2i�1
� 1InC1;2i

; n D 0; 1; : : : ; i D 1; : : : ; 2n :

Observe that supp hn;i D In;i . The Lp-normalized Haar system in Lp will be
denoted by ¹h0;0º [ .hn;i /1nD0

2n

iD1, or by .hn;i /, in short.
The square function S W Lp ! LC

p with respect to the Haar system .hn;i / is defined
by

S
�

X

.n;i/

an;ihn;i

�

D
�

X

.n;i/

jan;ihn;i j2
�1=2

: (7.72)

Using this notation, we obtain the following consequence of Lemma 7.65.

Corollary 7.66. For any x 2 Lp, 1 < p < 1 we have

A1K
�1
p

�

�S.x/
�

� � kxk � BpKp
�

�S.x/
�

� ; (7.73)

where A1 and Bp are constants from the Khintchine inequality and Kp is the uncon-
ditional constant of the Haar system in Lp.



156 Chapter 7 Strict singularity versus narrowness

Following [49], a sequence .xn/ in X is said to be disjointly supported with respect
to a basis .ei / of X provided that e�

i .xn/e
�
i .xm/ D 0 for all integers i and n ¤ m,

where .e�
i / are the biorthogonal functionals to .ei /. We will use the following two

simple observations.

(a) Every block basis of .hn;i / is disjointly supported with respect to .hn;i /.

(b) If a sequence .xn/ is disjointly supported with respect to .hn;i / then the square
function S has the following property:

S2
�

X

n

xn

�

D
X

n

S2.xn/: (7.74)

The proof of Theorem 7.62 is very long and will be split into several propositions
and lemmas. We start from statements of these intermediate results postponing their
proofs to the end of this section. This will provide the outline of the proof of Theo-
rem 7.62.

Lemma 7.67. It is enough to prove Theorem 7.62 for an operator T for which the
sequence .T hn;i / of images of the Haar system is disjointly supported with respect to
the Haar system .hn;i /.

Lemma 7.68. Let T 2 L.Lp/, 1 < p < 2 be so that .T hn;i / is disjointly supported
with respect to the Haar system .hn;i / and there exists ı > 0 so that

kT hk � ıkhk
for every sign h. Define

vn D S
�

2n
X

iD1
T hn;i

�

; n D 0; 1; : : : : (7.75)

Then the following properties are satisfied:

(P1) There exists � > 0 such that kvnk � � for each n D 0; 1; : : :.

(P2) The sequence .vpn / is equi-integrable, i.e. for each " > 0 there exists R < 1
such that

Z

¹vn�Rº
vpn d� < "

for each n D 0; 1; : : :.

(P3) There exist numbers R; � > 0 such that
Z

¹vn<Rº
vpn d� � �; n D 0; 1; : : : : (7.76)
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For each n D 0; 1; : : : we define an Lp=2-valued measure on the algebra In gener-
ated by the dyadic intervals In;i of length 2�n by setting

�n.A/ D S2
�

X

supphn;i �A
T hn;i

�

� 1¹vn<Rº; A 2 In : (7.77)

The finite additivity of �n on In follows from the fact that the sequence .T hn;i /
is disjointly supported with respect to .hn;i / and (7.74). We denote E D S1

nD0 In.
Observe that for each A 2 E the sequence .�n.A//1nD0 is uniformly bounded. Indeed,
by (7.74)

v2n D S2
�

2n
X

iD1
T hn;i

�

D S2
�

X

supphn;i �A
T hn;i

�

C S2
�

X

supphn;i ªA
T hn;i

�

and hence,
S2
�

X

supphn;i �A
T hn;i

�

� v2n :

Multiplying the last inequality by 1¹vn<Rº, we obtain

�n.A/ � v2n � 1¹vn<Rº � R2 : (7.78)

Since a bounded set in L2 is relatively weakly compact, there exists a subsequence
.�nk

.A//1
kD1 which converges weakly in L2 to a limit which we denote by �.A/. By

Mazur’s theorem, there exist disjoint sets N` D N`.A/, ` D 1; 2; : : : of integers, and
numbers ˛n D ˛n.A/ � 0, n D 1; 2; : : : with

P

n2N`
˛n D 1 for each ` D 1; 2; : : :

such that
lim
`!1

X

n2N`

˛n�n.A/ D �.A/ ; (7.79)

where the convergence is inL2, and thus, also inL1, inLp=2, and almost everywhere.
Using (7.79), one can easily show that � is a finitely additive measure on E . Observe
that (7.78) and (7.79) imply

�.A/ � R2 a.e. on Œ0; 1� : (7.80)

Lemma 7.69. The above defined finitely additive measure � has the following prop-
erties:

(P4) �.Œ0; 1�/ ¤ 0.

(P5) There exists a measurable set�0 � Œ0; 1� and " > 0 such that for every n 2 N
Z

�0

max
1�i�2n

�.In;i/ d� � ";



158 Chapter 7 Strict singularity versus narrowness

and for every F 2 E the pointwise convergence in (7.79)

lim
`!1

X

n2N`

˛n�n.F / D �.F /

is uniform on �0.

(P6) There exists a constant C > 0 so that
Z

Œ0;1�

�.A/ d� � C�.A/ ; (7.81)

and thus � can be extended to an LC
1 -valued countably additive measure on †.

The next lemma is a slight modification of [49, Lemma 9.8]. We start with defi-
nitions. A tree .Fn;i /1nD0 2

n

iD1 of sets is a family of measurable subsets of Œ0; 1� such
that Fn;i D FnC1;2i�1 t FnC1;2i and �.Fn;i / D 2�n for every n D 0; 1; : : : and
i D 1; : : : ; 2n. For a constant C > 0, a C -tree over a measure space .�;F ; �/ is a
collection of sets .Gn;i /1nD0 2

n

iD1 in F such that Gn;i D GnC1;2i�1 tGnC1;2i and

1

C2n
� �.Gn;i / � C

2n

for all n D 0; 1; : : : and i D 1; : : : ; 2n.

Lemma 7.70. Let � be a measure on .Œ0; 1�;†/ taking values inLC
1.�;F ; �/ where�

is a finite measure. Assume the following:

(i) The semivariation of � is absolutely continuous with respect to the Lebesgue mea-
sure �, i.e.

lim
�.A/!0

Z

�

�.A/ d� D 0:

(ii) There are " > 0 and �0 2 F such that for each n D 0; 1; : : : we have
Z

�0

max
1�i�2n

�.In;i / d� � ":

Then there exist constants C; � > 0, a tree .Fn;i /1nD0 2
n

iD1 with Fn;i 2 E , and
a C -tree .Gn;i /1nD0 2

n

iD1 in F .�0/ such that for each n D 0; 1; : : : and i D 1; : : : ; 2n

�
�

Fn;i
�

.t/ � � for all t 2 Gn;i : (7.82)

Lemma 7.71. Using the same notation as in Lemma 7.70, there exists a sequence
.Nm;j /

1
mD0 2

m

jD1 of disjoint finite sets of integers such that minNm;j > min¹` W
Fm;j 2 E`º and a collection of nonnegative numbers ¹ˇn W n 2 S

m;j Nm;j º, such
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that
P

n2Nm;j
ˇn D 1, for m D 0; 1; : : :, j D 1; : : : ; 2m and

X

n2Nm;j

ˇn�n
�

Fm;j
�

.t/ � �

2
for all t 2 Gm;j : (7.83)

We are now ready for the final step of the proof of Theorem 7.62. We define for
m D 0; 1; : : : ; j D 1; : : : ; 2m,

eh0;0 D 1;

ehm;j D
X

n2Nm;j

ˇ1=2n

X

supphn;i �Fm;j

hn;i ; (7.84)

k0;0 D Teh0;0 D T 1;

km;j D Tehm;j D
X

n2Nm;j

ˇ1=2n

X

supphn;i �Fm;j

T hn;i : (7.85)

It suffices to prove that both .ehm;j /m;j and .km;j /m;j are equivalent to the Haar
system in Lp. When this is established, we see that T acts as an isomorphism on
H D Œehm;j � 	 Lp, which will end the proof of Theorem 7.62.

The proof that .km;j /m;j is equivalent to the Haar system in Lp follows from the
following modification of [49, Proposition 9.6]:

Proposition 7.72. LetX be an r.i. function space on Œ0; 1� whose Boyd indices satisfy
0 < ˇX � ˛X < 1. Let ¹k0;0º [ .km;j /1mD0 2

m

jD1 be a block basis of some enumera-

tion of the Haar system, and for some C > 0, let .Gm;j /1nD0 2
m

jD1 be a C -tree on Œ0; 1�
such that

(i) ¹k0;0º [ .km;j /1mD0 2
m

jD1 is C -dominated by the Haar system, i.e.

�

�

�

X

m;j

am;j km;j

�

�

�

� C
�

�

�

X

m;j

am;j hm;j

�

�

�

for every sequence ¹a0;0º [ .am;j /1mD0 2
m

jD1 of scalars;

(ii)
Z

Gm;j

S.km;j / d� � C�12�m, m D 0; 1; : : :, j D 1; : : : ; 2m.

Then the system ¹k0;0º [ .km;j /1mD0 2
m

jD1 is equivalent to the Haar system in X .

We check that the system ¹k0;0º [ .km;j /1mD0 2
m

jD1 satisfies assumptions (i) and (ii)
of Proposition 7.72.
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To see (i), let ¹a0;0º [ .am;j /1mD0 2
m

jD1 be any scalars. Then

�

�

�

X

m;j

am;j km;j

�

�

�

D
�

�

�

T
�

X

m;j

am;j
X

n2Nm;j

ˇ1=2n

X

supphn;i �Fm;j

hn;i

�

�

�

�

by (7.65)� kT kKpBp
�

�

�

�

X

m;j

a2m;j

X

n2Nm;j

ˇn
X

supphn;i �Fm;j

hn;i

�1=2�
�

�

(7.86)

D kT kKpBp
�

�

�

�

X

m;j

a2m;j

X

n2Nm;j

ˇn1Fm;j

�1=2�
�

�

D kT kKpBp
�

�

�

�

X

m;j

a2m;j 1Fm;j

�1=2�
�

�

:

On the other hand, by (7.65),

�

�

�

X

m;j

am;jhm;j

�

�

�

� A1K
�1
p

�

�

�

�

X

m;j

a2m;jhm;j

�1=2�
�

�

D A1K
�1
p

�

�

�

�

X

m;j

a2m;j 1Im;j

�1=2�
�

�

(7.87)

D A1K
�1
p

�

�

�

�

X

m;j

a2m;j 1Fm;j

�1=2�
�

�

since .Fm;j / is a tree of disjoint sets with �.Fm;j / D �.Im;j /, andLp is an r.i. space.
Then (7.86) and (7.87) together give (i).

(ii) By the definitions of .km;j /, .Nm;j / and .ˇn/ from Lemma 7.71, for all t 2
Gm;j we have

S
�

km;j
�

.t/ �
�

X

n2Nm;j

ˇn�n
�

Fm;j
�

.t/
�1=2 �

r

�

2
:

Since �.Gm;j / � C�1
0 2�m, we get (ii).

This completes the proof that .km;j /m;j is equivalent to the Haar system in Lp.
To prove that .ehm;j /m;j is equivalent to the Haar system in Lp, we first recall a

notion which was introduced in [49].

Definition 7.73. Let .eFm;j /1nD0 2
m

jD1 be a tree of elements of E , and .eNm;j /
1
nD0 2

m

jD1
be a family of subsets of the integers such that

(i) min eNm;j > min¹` W eFm;j 2 E`º;

(ii) eN k;j \ eNm;i D ; whenever eF k;j ¨ eFm;i .
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Let eˇn, n 2 S

m;j
eNm;j be reals such that

P

n2eNm;j

eˇ2n D 1 for every m D
0; 1; : : : and j D 1; : : : ; 2m, and let 	m;j be sign numbers ˙1. A Gaussian Haar
system .gm;j /m;j is defined by setting g0;0 D 1

eF 0;1
and

gm;j D
X

n2eNm;j

eˇn
X

supphn;i �eFm;j

	n;ihn;i

for m D 0; 1; : : : and j D 1; : : : ; 2m.

Observe that our system .ehm;j /m;j is a Gaussian Haar system, by construction.
The fact that it is equivalent to the Haar system .hm;j /m;j follows directly from [49,
Lemma 6.2], which we state here for readers’ convenience.

Lemma 7.74. ([49, Lemma 6.2]) Let X be an r.i. function space on Œ0; 1� which is s-
concave for some s < 1. If the Haar system .hm;j /m;j is unconditional in X then
any Gaussian Haar system .ehm;j /m;j is also unconditional and equivalent to the
Haar system .hm;j /m;j .

A proof of Theorem 7.62. Part 2. Proofs of all statements

We now give proofs of all above lemmas and propositions.

Proof of Lemma 7.67. We need the following lemma, the proof of which uses the idea
of precise reproducibility of the Haar system.

Lemma 7.75. Let X be an r.i. function space, T 2 L.X/, ."0;0/ [ ."n;i /
2n 1
iD1;nD0 be

any sequence of positive numbers. Then there exists a sequence .h0
n;i /, isometrically

equivalent to the Haar system in Lp , and a block basis .gn;i / of the Haar system such
that kT h0

n;i � gn;ik < "n;i for all indices n; i .

Proof of Lemma 7.75. We denote by Pm the basic projection of the Haar system onto
the linear span of .h0;0/ [ .hn;i /

2n m
iD1;nD0, m � 0. We set h0

0;0 D h0;0. Then choose
m0;0 so that kPm

0;0
T h0

0;0 � T h0
0;0k < "0;0 and set g0;0 D Pm

0;0
T h0

0;0.
Let .rj / be the Rademacher system. Since .T rj / is weakly null and Pm

0;0
is a finite

rank operator, we can choose n0;1 > m0;0 so that
�

�

�

Pm
0;0
T rn

0;1

�

�

�

<
"0;1

2
: (7.88)

Set h0
0;1 D rn

0;1
. Then choose m0;1 > n0;1 so that

�

�

�

Pm
0;1
T h0

0;1 � T h0
0;1

�

�

�

<
"0;1

2
: (7.89)

Then, putting g0;1 D .Pm
0;1

� Pm
0;0
/T h0

0;1, we obtain by (7.88) and (7.89)

�

�T h0
0;1 � g0;1

�

� D
�

�

�

T h0
0;1 � Pm

0;1
T h0

0;1 C Pm
0;0
T h0

0;1

�

�

�

<
"0;1

2
C "0;1

2
D "0;1 :
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For the next two steps, denote A1;1 D ¹t 2 Œ0; 1� W h0
0;1.t/ D 1º and A1;2 D

Œ0; 1� n A1;1. Consider a Rademacher system .rj .A1;1// in Lp.A1;1/ (actually, any
weakly null sequence of signs supported on A1;1). Then choose n1;1 > m0;1 so that

�

�

�

Pm
0;1
T rn

1;1
.A1;1/

�

�

�

<
"1;1

2
: (7.90)

Set h0
1;1 D rn

1;1
.A1;1/. Then choose m1;1 > n1;1 so that

�

�

�

Pm
1;1
T h0

1;1 � T h0
1;1

�

�

�

<
"1;1

2
: (7.91)

Then, putting g1;1 D .Pm
1;1

� Pm
0;1
/T h0

1;1, we obtain, using (7.90) and (7.91) as
above, that kT h0

1;1 � g1;1k < "1;1.
Analogously, we do the fourth step using a Rademacher system supported on A1;2,

and choosing h0
1;2 and g1;2. Continuing the construction in this manner, we obtain

the desired sequences.

For the proof of Lemma 7.67 we choose any "n;i > 0 with
P

.n;i/ 2
n=p"n;i < 1=2

(the coefficients 2n=p appeared to normalize the Haar system) and, using Lemma 7.75,
choose the corresponding sequences .h0

n;i / and .gn;i /. By the Krein–Milman–Rutman
theorem on stability of basic sequences [79, p. 5], there exists an isomorphism S W
ŒT h0

n;i � ! Œgn;i � extending the equality ST h0
n;i D gn;i for each n; i . Since the se-

quence .h0
n;i / is isometrically equivalent to the Haar system, there exists an isometric

isomorphism U W Œhn;i � ! Œh0
n;i � extending the equality Uhn;i D h0

n;i for each n; i .
Observe that Uh is a sign whenever h is.

We set T1 D ST U . Since T1hn;i D gn;i for each n; i , we have that .T hn;i / is a
block basis of the Haar system, and hence is disjointly supported with respect to the
Haar system. Observe that T1 is sign-embedding. Indeed, if h is a sign then

kT1hk D kST Uhk � kS�1k�1kT Uhk � kS�1k�1ıkUhk D kS�1k�1ıkhk ;
where ı > 0 is taken from the condition kT xk � ıkxk which is true for every sign x.

Assume that we have proved the theorem for T1. Let E be a subspace isomorphic
to Lp such that the restriction T1jE is an isomorphic embedding. We claim that the
restriction T jU.E/ is an isomorphic embedding. Indeed, given any x 2 U.E/, say,
x D Uy with y 2 E, we obtain

kT xk D kT Uyk � kSk�1kST Uyk D kSk�1kT1yk � kSk�1�
�T1j�1E

�

�

�1kyk
� kSk�1�

�T1j�1E
�

�

�1kU k�1kxk :
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Proof of Lemma 7.68. To prove property (P1), we see that, by Corollary 7.66,

kvnk � 1

BpKp

�

�

�

2n
X

iD1
T hn;i

�

�

�

D 1

BpKp

�

�

�

T
�

2n
X

iD1
hn;i

�

�

�

�

� ı

BpKp

�

�

�

2n
X

iD1
hn;i

�

�

�

D ı

BpKp
D � > 0 :

For the proof of property (P2), assume the contrary and choose "0 > 0, a subse-
quence .vnk

/1
kD1 and disjoint sets .Ak/1kD1 so that

Z

Ak

vpnk
d� � "

p
0

for each k 2 N. Then for everym 2 N

m1=2 D
�

m
X

kD1
12
�1=2 D

�

�

�

m
X

kD1

2nk
X

iD1
hnk ;i

�

�

�

2
�
�

�

�

m
X

kD1

2nk
X

iD1
hnk ;i

�

�

�

p

� kT k�1
�

�

�

m
X

kD1

2nk
X

iD1
T hnk ;i

�

�

�

p

by Cor. 7.66� kT k�1A1K�1
p

�

�

�

S
�

m
X

kD1

2nk
X

iD1
T hnk ;i

�

�

�

�

p

D kT k�1A1K�1
p

�

�

�

S2
�

m
X

kD1

2nk
X

iD1
T hnk ;i

�

�

�

�

1=2

p=2

by (7.74)D kT k�1A1K�1
p

�

�

�

m
X

kD1
S2
�

2nk
X

iD1
T hnk ;i

�

�

�

�

1=2

p=2

D kT k�1A1K�1
p

�

�

�

m
X

kD1
v2nk

�

�

�

1=2

p=2

D kT k�1A1K�1
p

 

Z

Œ0;1�

ˇ

ˇ

ˇ

m
X

kD1
v2nk

ˇ

ˇ

ˇ

p=2

d�

!1=p

� kT k�1A1K�1
p

 

m
X

kD1

Z

Ak

vpnk
d�

!1=p

� kT k�1A1K�1
p "0m

1=p ;

which is impossible for large enough m, since p < 2.
Finally, note that (P3) follows directly from (P1) and (P2).



164 Chapter 7 Strict singularity versus narrowness

Proof of Lemma 7.69. To prove (P4), we see that (7.79) implies that
Z

Œ0;1�

�
�

Œ0; 1�
�

d� D lim
j!1

X

n2Nj

˛n

Z

Œ0;1�

�n
�

Œ0; 1�
�

d� : (7.92)

Since
P

n2Nj
˛n D 1, it is enough to show that the sequence

R

Œ0;1� �n.Œ0; 1�/ d�,
n D 0; 1; : : :, is uniformly bounded away from zero. By (P3) and the definition
of �n (7.77) we have

Z

Œ0;1�

�n
�

Œ0; 1�
�

d� �
�

Z

Œ0;1�

�n
�

Œ0; 1�
�p=2

d�
�2=p � �2=p :

Thus, by (7.92),
Z

Œ0;1�

�
�

Œ0; 1�
�

d� � �2=p ; (7.93)

which ends the proof of (P4).
To prove (P5), we first observe that since p=2 < 1 and �.Œ0; 1�/ � R2, (7.93)

implies that
Z

Œ0;1�

�.Œ0; 1�/p=2 d� �
Z

Œ0;1�

�.Œ0; 1�/R2.p=2�1/ d� � �2=pRp�2 : (7.94)

On the other hand, for any A 2 E we have the following estimate from above
Z

Œ0;1�

�.A/p=2 d� D lim
j!1

Z

Œ0;1�

�

X

n2Nj

˛n�n.A/
�p=2

d�

� lim sup
j!1

Z

Œ0;1�

Sp
�

T
�

X

n2Nj

˛1=2n

X

supphn;i �A
hn;i

��

d�

� �

K2pA
�1
p kT k�p�.A/:

(7.95)

Next we claim that there exists " > 0 such that
Z

Œ0;1�

max
1�i�2n

�.In;i /
p=2 d� � .2"/p=2; n D 0; 1; : : : : (7.96)
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Indeed, by (7.94) and Hölder’s inequality for conjugate indices 2=p and 2=.2�p/,
we get for any n D 0; 1; : : :,

Rp�2�2=p �
Z

Œ0;1�

�
�

Œ0; 1�
�p=2

d� D
Z

Œ0;1�

�

2n
X

jD1
�.In;j /

�p=2
d�

D
Z

Œ0;1�

�

2n
X

jD1
�.In;j /

p=2
�p=2

�.In;j /
.1�p=2/.p=2/d�

�
Z

Œ0;1�

�

2n
X

jD1
�.In;j /

p=2
�p=2

max
1�i�2n

�.In;i /
.1�p=2/.p=2/d�

�
�

Z

Œ0;1�

2n
X

jD1
�.In;j /

p=2 d�
�p=2�

Z

Œ0;1�

max
1�i�2n

�.In;i /
p=2 d�

�.2�p/=2

by (7.95)� �

K2pA
�1
p kT k�p2=2

�

Z

Œ0;1�

max
1�i�2n

�.In;i /
p=2 d�

�.2�p/=2
:

Thus, the existence of " > 0 such that (7.96) holds, is proved. Then (7.96) implies
Z

Œ0;1�

max
1�i�2n

�.In;i / d� �
�

Z

Œ0;1�

max
1�i�2n

�.In;i /
p=2 d�

�2=p � 2" ;

Since �.A/ are uniformly bounded (see (7.80)), there exists � > 0 so that for every
measurable subset �0 of Œ0; 1� the inequality �.�0/ > 1� � implies

Z

�0

max
1�i�2n

�.In;i / d� � " ;

for each n D 0; 1; : : :.
We enumerate E D .Fj /

1
jD1, and choose a sequence .�j /1jD1 of positive numbers

so that
Q1
jD1.1 � �j / > 1 � � . By Egorov’s theorem, there exists a measurable

subset �j of Œ0; 1� so that the convergence in (7.79) for Fj is uniform on �j . Then
for�0 D T1

jD1�j we have that convergence in (7.79) is uniform on�0 for all F 2 E

and, since �.�0/ > 1� � , we also have for all n D 0; 1; : : : ,
Z

�0

max
1�i�2n

�.In;i / d� � " ;

which ends the proof of (P5).
To prove (P6), by (7.78) and (7.95), we obtain

Z

Œ0;1�

�.A/ d� D
Z

Œ0;1�

�.A/p=2 � �.A/1�p=2 d�

� R2.1�p=2/
Z

Œ0;1�

�.A/p=2 d�

� R2�p�K2pA�1
p kT k�p�.A/ ;

as required.
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Proof of Lemma 7.70. For each n D 0; 1; : : : and t 2 �0 we denote

Mn.t/ D max
1�i�2n

�.In;i /.t/ :

The sequence .Mn.t//
1
nD0 is decreasing for each t 2 �0. Indeed, let MnC1.t/ D

�.InC1;j /.t/, and let i be such that either j D 2i � 1 or j D 2i . Then

Mn.t/ � �.In;i /.t/ D �.InC1;2i�1/.t/C �.InC1;2i/.t/ � MnC1.t/ :

Thus, there exists the limit

M.t/ D lim
n!1Mn.t/; t 2 �0 :

By condition (ii) of the assumptions,
R

�0 M d� � ": Thus there exist E 2 F .�0/
and � > 0, such that

Z

E

M d� � "

2
(7.97)

and
M.t/ � � for all t 2 E : (7.98)

We define a sequence of functions 'n W E ! Œ0; 1� by 'n.t/ D i�1
2n , where

i D min
®

j 2 ¹1; : : : ; 2nº W �.In;j /.t/ � M.t/
¯

:

Observe that .'n.t//1nD0 is an increasing sequence for each t 2 E. Indeed, assume
'n.t/ D j�1

2n . Then for each i � j � 1 we have

M.t/ > �.In;i /.t/ D �.InC1;2i�1/.t/C �.InC1;2i/.t/

Hence,M.t/ > �.InC1;s/.t/ for each s � 2j � 2. This implies that

'nC1.t/ � 2j � 1� 1

2nC1 D 'n.t/ :

Since .'n.t//1nD0 is an increasing sequence bounded from above by 1, there exists
a limit

'.t/ D lim
n!1'n.t/

for each t 2 E. We are going to show that

(a) 1'�1.A/.t/M.t/ � �.A/.t/ for every A 2 † and �-almost all t 2 �0;

(b) the measure � ı '�1 is absolutely continuous with respect to � on †.



Section 7.3 Johnson–Maurey–Schechtman–Tzafriri’s theorem 167

Notice that if A D In;i and t 2 '�1.A/ then '.t/ 2 A and therefore, 'k.t/ 2 A

and 'k.t/C 1
2k 2 A for large enough k. Thus, by the definition of 'k ,

�.A/.t/ � �
�

'k.t/; 'k.t/C 1

2k

�

.t/ � M.t/ :

Hence, in order to complete the proof of (a), it is enough to prove (b).
Let A 2 † and .In/1nD1 be a sequence of disjoint open intervals from Œ0; 1� such

that A � S1
nD1 In. If t 2 '�1.A/ then '.t/ 2 In for some n 2 N, and hence,

�
�

1
[

nD1
In

�

.t/ � �.In/.t/ � M.t/ :

Thus,
Z

'�1.A/

�.A/ d� �
Z

'�1.A/

M d� � ��
�

'�1.A/
�

:

Then (i) implies that
lim

�.A/!0
�
�

'�1.A/
� D 0 ;

which proves (b).
Next we consider the vector measure

m.A/ D
�

�.A/; �
�

'�1.A/
�

;

Z

'�1.A/

M d�
�

:

The measure m is atomless since it is absolutely continuous with respect to�. Thus,
by Lyapunov’s theorem, there is a partition Œ0; 1� D eF 1;1 t eF 1;2 into measurable sets
with m.eF 1;1/ D m.eF 1;2/. By a suitable small perturbation of these sets, we get a
partition Œ0; 1� D F1;1 t F1;2 with F1;1; F1;2 2 E such that

�.F1;1/ D �.F1;2/ ;

�

1� 1

2

��.E/

2
� �

�

'�1.F1;i /
� �

�

1C 1

2

��.E/

2

and
�

1 � 1

2

�1

2

Z

E

M d� �
Z

'�1.F1;i /

M d� �
�

1C 1

2

�1

2

Z

E

M d�

for i D 1; 2.
We denote P1 D Q1

jD1.1� 1
2j / and P2 D Q1

jD1.1C 1
2j /. By partitioning the sets

F1;1 and F1;2 into subsets from E in a suitable manner and continuing the process of
partitioning to infinity, we obtain a tree .Fn;i /1nD0 2

n

iD1 with Fn;i 2 E such that for all
n D 0; 1; : : : and i D 1; : : : ; 2n

P1
�.E/

2n
<

nC1
Y

jD1

�

1 � 1

2j

��.E/

2n
� �

�

'�1.Fn;i /
� �

nC1
Y

jD1

�

1C 1

2j

��.E/

2n
< P2

�.E/

2n



168 Chapter 7 Strict singularity versus narrowness

and analogously,

P1
1

2n

Z

E

M d� <
Z

'�1.Fm;i /

M d� < P2
1

2n

Z

E

M d� :

We define Gn;i D '�1.Fm;i / for n D 0; 1; : : : and i D 1; : : : ; 2n. Clearly, Gn;i �
E � �0. We use (a) to finish the proof of Lemma 7.70.

Proof of Lemma 7.71. We start with .m; j / D .0; 1/. Using (P5), we choose `0;1 2
N so that

ˇ

ˇ

ˇ

X

n2N`0;1

˛n�n
�

F0;1
�

.t/ � ��F0;1
�

.t/
ˇ

ˇ

ˇ

� �

2
;

for all t 2 �0, where ˛n D ˛n.F0;1/ and N`0;1
D N`0;1

.F0;1/. We set N0;1 D
N`0;1

.F0;1/ and ˇn D ˛n.F0;1/ for n 2 N0;1. Observe that by (7.82), for all t 2 G0;1,
X

n2N0;1

ˇn�n.F0;1/.t/ � �
�

F0;1
�

.t/ �
ˇ

ˇ

ˇ

X

n2N`0;1

˛n�n
�

F0;1
�

.t/ � ��F0;1
�

.t/
ˇ

ˇ

ˇ

� � � �

2
D �

2
:

Suppose that for all .m; j / with 2m C j < 2m0 C j0, sets Nm;j and numbers
.ˇn/n2Nm;j

are constructed. Now we will construct Nm0;j0
and ˇn for n 2 Nm0;j0

.
Using (P5), we choose `m0;j0

2 N so that
ˇ

ˇ

ˇ

X

n2N`m0;j0

˛n�n
�

Fm0;j0

�

.t/ � ��Fm0;j0

�

.t/
ˇ

ˇ

ˇ

� �

2

for all t 2 �0, where ˛n D ˛n.Fm0;j0
/ and N`m0;j0

D N`m0;j0
.Fm0;j0

/, and the sets
Nm0;j0

D N`m0;j0
.Fm0;j0

/ satisfy the additional properties:

(P7) minNm0;j0
> maxNm;j for each pair .m; j / such that 2m C j < 2m0 C j0;

(P8) min eNm0;j0
> min¹` W eFm0;j0

2 E`º.

(Property (P7) guarantees disjointness, and property (P8) will be used later.)
Then, setting ˇn D ˛n.Fm0;j0

/ for n 2 Nm0;j0
, we obtain by (7.82)

X

n2Nm0;j0

ˇn�n
�

Fm0;j0

�

.t/

� �
�

Fm0;j0

�

.t/ �
ˇ

ˇ

ˇ

X

n2N`m0;j0

˛n�n
�

Fm0;j0

�

.t/ � ��Fm0;j0

�

.t/
ˇ

ˇ

ˇ

� � � �

2
D �

2
:

It remains to notice that the condition
P

n2Nm;j
ˇn D 1 follows from the corre-

sponding condition for ˛n.Fm;j /.
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Proof of Proposition 7.72. For the proof we need two following statements.

Lemma 7.76 (Stein, Johnson, Maurey, Schechtman, Tzafriri, [49]). Let X be an r.i.
function space on Œ0; 1�, whose Boyd indices satisfy 0 < ˇX � ˛X < 1, and let
.En/

1
nD1 be a sequence of conditional expectation operators with respect to an in-

creasing sequence of sub-� -algebras of the Lebesgue � -algebra on Œ0; 1�. Then there
exists a constant K1 so that

�

�

�

�

1
X

nD1
.Enxn/

2
�1=2�

�

�

� K1

�

�

�

�

1
X

nD1
x2n

�1=2�
�

�

for any sequence .xn/1nD1 in X .

Lemma 7.77 (Johnson, Maurey, Schechtman, Tzafriri, [49]). LetX be an r.i. function
space on Œ0; 1� with 0 < ˇX � ˛X < 1. Then there exists a constant K2 > 0 so that

K�1
2

�

�

�

X

n;i

an;ihn;i

�

�

�

�
�

�

�

�

X

n;i

a2n;ih
2
n;i

�1=2�
�

�

� K2

�

�

�

X

n;i

an;ihn;i

�

�

�

for any sequence .an;i / of scalars.

We remark that Lemma 7.77 for the case when X D Lp is exactly Lemma 7.65
applied to the unconditional sequence .an;ihn;i /, and for the general case it is an easy
consequence of the above-mentioned Maurey statement [80, p. 50] for a q-concave
Banach lattice X for some q < 1.

To prove Proposition 7.72, we will use Lemma 7.77 and Lemma 7.76 for the condi-
tional expectation operators with respect to the finite � -algebra generated by the sets
.Gn;i /

2n

iD1 and the functions xn D P2n

iD1 jan;i jS.kn;i /1Gn;i
, n D 0; 1; : : :.

Let ¹a0;0º [ .am;j /1mD0 2
m

jD1 be any sequence of scalars. To avoid huge notation,
we assume that a0;0 D 0, however one can see from the proof below that all the
inequalities are true for the general case.

Since .kn;i / is a block basis of some enumeration of the Haar system, we have that

S2
�

1
X

nD0

2n
X

iD1
an;ikn;i

�

D
1
X

nD0

2n
X

iD1
a2n;iS

2.kn;i / :

Another simple observation is that Lemma 7.77 asserts that

K�1
2 kxk � kS.x/k � K2kxk (7.99)
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for every x 2 X . Thus, we get
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by (7.99)� K�1
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�
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�
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:

By (ii) and (iii) we have that
Z

Gn;i

S
�

kn;i
�

d� � 1

C 22n
for n D 0; 1; : : : and i D 1; : : : ; 2n :

Thus, we can continue to estimate (7.100)
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�1=2�
�

�

:

Now let .Hn;i /1nD0 2
n

iD1 be a sequence of measurable subsets of Œ0; 1� such that
Hn;i D HnC1;2i�1 t HnC1;2i and �.Hn;i / D C�12�n for n D 0; 1; : : : and i D
1; : : : ; 2n. Since �.Gn;i / � �.Hn;i / for all indices n; i , we have
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;

which together with (7.101) and (i) prove that .kn;i / is equivalent to .hn;i /.
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Thus, proofs of all statements are finished. Theorem 7.62 and therefore, Theo-
rem 7.55 are proved.

7.4 An application to almost isometric copies of L1

The well-known James theorem [79, Proposition 2.e.3] says that if a Banach space E
is isomorphic to `1 then for each " > 0 there exists a subspace E0 � E which
is .1 C "/-isomorphic to `1. The same is not true for L1: for each � > 1 there
exists a Banach space E isomorphic to L1 which contains no subspace �-isomorphic
to L1 [78]. However, as an application of Theorem 7.46, we can prove that if a
subspace of L1 is isomorphic to L1 then it contains an almost isometric copy of L1.

Theorem 7.78 (Rosenthal [128]). LetX be a subspace of L1 isomorphic toL1. Then
for each " > 0 there exists a subspace Y of X which is .1C "/-isomorphic to L1.

Theorem 7.78 is a consequence of the following more general result which will also
be used below.

Theorem 7.79. Let S 2 L.L1/ be an into isomorphism. Then for each " > 0 there
exist A;B 2 †C, atomless sub-� -algebras †1 � †.A/ and †2 � †.B/, and an
isomorphism J W L1.A;†1/ ! L1.B;†2/ such that

(a) eS D S jL1.A;†1/ is an into isomorphism with keSkkeS�1k < 1C ";

(b) keS � Jk < ".
Proof of Theorem 7.79. Fix " > 0. By Theorem 7.46, S D Spe C Sn, where Spe
is a pseudo-embedding and Sn is narrow. Since S is not narrow, Spe ¤ 0. By
Theorem 7.39, there exists A0 2 †C so that S0 D SpejL1.A0/ is an into isomorphism
with kS0kkS�1

0 k < 1C ", and a d.p.o. U0 W L1.A0/ ! L1 with kS0 � U0k < "=2.
Since the operator S1 D SnjL1.A/ is narrow, by Theorem 2.21, there exists a Haar-
type system .gn/ in L1.A0/ so that kS1jEk � ı, where E D Œgn� and ı 2 .0; "=2/ is
so small that

1 � kS0k C ı

kS�1
0 k�1 � ı < 1C " : (7.103)

Let eA D supp g1 � A0. Observe that E D L1.eA;†1/ where †1 is the sub-� -
algebra of †.eA/ generated by the sequence .gn/. Since U D U0jE W L1.eA;†1/ !
L1 is still a d.p.o., we can apply Proposition 7.36 to find A 2 †C

1 , B 2 †C and a
sub-� -algebra †2 of †.B/ such that J D U jL1.A;†1/ W L1.A;†1/ ! L1.B;†2/ is
an isomorphism (this implies that †2 is atomless).

If x 2 L1.A;†1/ � E then

kSxk � kSpexk C kSnxk D kS0xk C kS1xk � �kS0k C ı
�kxk
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and
kSxk � kS0xk � kS1xk � �kS�1

0 k�1 � ı�kxk :
Hence foreS D S jL1.A;†1/ by (7.103) we obtain

keSkkeS�1k � kS0k C ı

kS�1
0 k�1 � ı < 1C " :

It remains to observe that

keS � Jk � �

�

eS � S0
ˇ

ˇ

L1.A;†1/

�

�C �

�S0
ˇ

ˇ

L1.A;†1/
� J��

� �

�S jE � SpejE
�

�C kS0 � U0k � kS1jEk C "

2
� ı C "

2
< " :

Another consequence of Theorem 7.79 is the following result of Rosenthal [128,
Theorem 2.1], which will be used in Section 8.5.

Theorem 7.80. Let X be a Banach space and suppose that T 2 L.L1; X/ fixes a
copy of L1. Then there exists A0 2 †C and an atomless sub-� -algebra †0 of †.A0/
such that the restriction T jL1.A0;†0/ is an into isomorphism.

Proof. Let Y be a subspace of L1 isomorphic to L1 such that T jY is an into iso-
morphism, and let S W L1 ! Y be an isomorphism. Let ı > 0 be such that
kTyk � ıkyk for each y 2 Y . For " D ı kS�1k�1kT k�1=2 we choose by The-
orem 7.79 A;B 2 †C, an atomless sub-� -algebra †1 of †.A/, an atomless sub-� -
algebra †2 of †.B/ and an isomorphism J W L1.A;†1/ ! L1.B;†2/ such that (a)
and (b) hold. Then for any x 2 L1.B;†2/ we have

kT xk � kTSJ�1xk � kT kkJJ�1x � SJ�1xk
� ıkSJ�1xk � kT kkJ �eSkkJ�1xk
� �

ıkS�1k�1 � kT k"�kJk�1kxk D ı

2kS�1kkJk kxk :

Thus, the thesis of the theorem is valid for A0 D B and †0 D †2.

It is unknown whether Theorem 7.80 is true for the spaces Lp .

Open problem 7.81. Suppose 1 < p < 1, p ¤ 2. Let X be a Banach space and
suppose that T 2 L.Lp ; X/ fixes a copy of Lp . Does there exist A0 2 †C and an
atomless sub-� -algebra †0 of †.A0/ such that the restriction T jLp.A0;†0/ is an into
isomorphism? What if X D Lp?
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7.5 An application to complemented subspaces of Lp

Here we show that “well” co-complemented subspaces of Lp are isomorphic to Lp.

Proposition 7.82 (Plichko and Popov [110]). Let 1 � p � 2 and let Lp D X ˚ Y

be a decomposition into subspaces with Y nonisomorphic to Lp. Then X is a rich
subspace.

Proof. We show that the projection Q of Lp onto Y with kerQ D X is narrow.
Since Y is not isomorphic to Lp , by [80, Proposition 2.d.5] for 1 < p < 1, Y
contains no isomorphic copy of Lp (the same for p D 1 follows from [37]), and
thus,Q is a non-Enflo operator. Then we consider the following cases to show that Q
is narrow.

(a) p D 1. The assertion follows from Theorem 7.30.

(b) 1 < p < 2. The assertion follows from Theorem 7.55.

(c) p D 2. In this case the proposition is obvious.

We do not know whether Proposition 7.82 is true for 2 < p < 1. The stan-
dard duality argument does not work, since if Lp D X ˚ Y is a decomposition into
subspaces with X rich, then is does not follow that Y ? is rich in Lq [118] (where
Y ? D ¹f 2 Lq W 8y 2 Y; hf; yi D 0º). Indeed, by Corollary 4.16, there are two
decompositions Lp D E0 ˚ E1 D E0 ˚ E2 with E1 rich and E2 not rich. If Y ?
was always rich, then since E1 is rich, E?

0 would also be rich, and so would be E2,
which is false. However, this does not provide a counterexample to Proposition 7.82
for 2 < p < 1, because all the spaces E0; E1; E2 are isomorphic to Lp.

We have the following consequence of Corollary 6.12 and Proposition 7.82. Let kp
be the best constant for which Corollary 6.12 is true.

Corollary 7.83. Let 1 � p < 1 and let P W Lp ! X be a projection onto a
subspace X so that

� kI � P k < kp, if 1 � p � 2;

� kI � P k < kq , where q D p=.p � 1/, if 2 < p < 1.

Then X is isomorphic to Lp.

Proof. The proof in the case 1 � p � 2 is immediate. Assume 2 < p < 1.
Then Lq D X? ˚ .ker P /?. Moreover, .I � P /� is the projection of Lq onto
.ker P /? along X?. Suppose on the contrary that X is not isomorphic to Lp. Since
the conjugate operator to an isomorphism is an isomorphism, X? is not isomorphic
to Lq . By Proposition 7.82, .ker P /? is rich, and by Corollary 6.12, kI � P k D
k.I � P /�k � kq , which is a contradiction.
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To the best of our knowledge, the following closely related Alspach’s problem
(see [7]) is still unsolved.

Let 1 � p < 1, p ¤ 2. Does there exist a constant �p > 1 such that every
�p-complemented subspace of Lp is isomorphic to Lp?

(Recall that every 1-complemented subspace of Lp is isometric to an Lp-space.)

7.6 Narrow operators defined on rich subspaces,
and the Daugavet property for rich subspaces of L1

In this section we define the notion of a narrow operator on a rich subspace X of a
Köthe–Banach space. We then show that any rich subspace X of L1.�/ with a finite
atomless measure � has the Daugavet property with respect to narrow operators on X
and L1-strictly singular operators. The results are of a very similar nature, but for
C Œ0; 1�, the results are presented in Section 11.3.

The results of this section were obtained by V. Kadets and Popov in [57].

Definition 7.84. Let E be a Köthe–Banach space on a finite atomless measure space
.�;†;�/, X a rich subspace of E and Y , a Banach space. An operator T 2 L.X; Y /

is called narrow on X if for eachA 2 † and each " > 0 there exist a mean zero sign r
on A and x 2 X such that kx � rk < " and kT xk < ".

We remark that for general spaces the restriction of a narrow operator to a rich
subspace X need not be narrow on X .

Example 7.85. Suppose a Köthe–Banach space E is represented as a direct sum of
rich subspaces E D X ˚ Y (for example, this is the case if E is an r.i. space with an
unconditional basis, see Corollary 5.3). Then the projection P of E onto X parallel
to Y is a narrow operator, and the restriction P jX , being the identity of X , is not
narrow on X .

We do not know whether the restriction of a narrow operator on L1 to a rich sub-
space X of L1 is always narrow on X , however we do have the following result.

Theorem 7.86. Let X be a rich subspace of L1.�/. Then every L1-strictly singular
operator T 2 L.X/ is narrow on X .

For the proof we need some lemmas.

Lemma 7.87. Let X be a rich subspace of L1.�/, A 2 †C and " 2 .0; 1=2/. Then
there are xn;k 2 X and An;k 2 †C, n 2 N, k D 1; : : : ; 2n�1 such that

(i) A1;1 D A; An;k D AnC1;2k�1 t AnC1;2k ; �.An;k/ D �.A/

2n�1 ;

(ii) kxn;k � hn;kk < "

8n
; where hn;k D 1AnC1;2k�1

� 1AnC1;2k
.
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Proof of Lemma 7.87. Since the set A1;1 is given, it is sufficient to show how to con-
struct the sets AnC1;2k�1, AnC1;2k and the function xn;k , once a set An;k is known.
By Definition 1.7 there exist x 2 X and a mean zero sign y 2 L1.�/ on the set An;k
such that kx � yk < "=8n. Let xn;k D x, and

AnC1;2k�1 D ¹t 2 An;k W y.t/ D 1º; AnC1;2k D ®

t 2 An;k W y.t/ D �1¯ :
Then conditions (i) and (ii) hold.

Lemma 7.88. Let X be a rich subspace of L1.�/, A 2 †C and 	 2 .0; 1=2/. Then
there exists an atomless sub-� -algebra †1 of †.A/, a subspace Y of X isomorphic
to L1 and complemented in L1.�/, and a projection P from L1.�/ onto Y such that
for every y 2 L01.A;†1; �/defD¹x 2 L1.A;†1; �/ W RA x d� D 0º we have

kPy � yk � 	kyk : (7.104)

Proof of Lemma 7.88. Let " D 	=100, and An;k ; xn;k and hn;k be as in Lemma 7.87.
Let†1 be the least � -algebra containing allAn;k . ThenL1.A;†1; �/ is isometrically
isomorphic to L1 (a natural isometry is obtained by extending the equality Jhn;k D
�.A/ � Qh2n�1Ck , where . Qhi / is the Haar system in L1). Thus the system .hn;k W
n 2 N; k D 1; : : : ; 2n�1/ is a basis of the subspace Z D L01.A;†1; �/, which is a
subspace of codimension one in L1.A;†1; �/, and hence, is isomorphic to L1. By
the Krein–Milman–Rutman theorem on the stability of basic sequences ([52, p. 64],
[79, p. 5]), the system .xn;k/ in its natural order is a basis of its closed linear span Y .
Moreover, the operator T 2 L.Z; Y /, which extends the equalities T hn;k D xn;k , is
an isomorphism and

max
®kT k; kT �1k¯ � 1C "; kz � T zk � "kzk (7.105)

for all z 2 Z.
Thus, Y is a subspace of X isomorphic to L1 and complemented in L1.
Now we will construct a projection P . Denote by V1 W L1.�/ ! L1.A/ the

restriction operator V1x D x�1A for each x 2 L1.�/, by V2 W L1.A/ ! L1.A;†1; �/

the conditional expectation operator with respect to †, by V3 W L1.A;†1; �/ ! Z

the projection, defined by

V3x D x � 1

�.A/

Z

A

x d�; x 2 L1.A;†1; �/ :

By [80, p. 122], kV2k D 1. It is also not hard to show that kV1k D 1 and kV3k D 2.
Therefore, for the projection V D V3 ı V2 ı V1 from L1 onto Z we have kV k � 2.
Let U D T ı V 2 L.L1; Y /, W D U jY 2 L.Y / and IY 2 L.Y / be the identity
operator on Y . By (7.105) we get for every y 2 Y

ky � T �1yk D kT .T �1y/ � T �1yk � " kT �1yk � 2" kyk;
kT �1y � Vyk D kV .T �1y � y/k � 4" kyk;
kVy � T Vyk � " kVyk � 2" kyk:
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Hence,

k.IY �W /yk D ky � Uyk D ky � T Vyk �
� ky � T �1yk C kT �1y � Vyk C kVy � T Vyk � 8" kyk :

Thus, kIY �W k � 8", and therefore the operator W is invertible with kW �1k �
1C 16".

Set P D W �1U . Observe that P W L1 ! Y and P jY D IY , that is, P is a
projection onto Y of norm kP k < 3. It remains to prove (7.104). Let z 2 Z. Then

kPz � zk � kPz � P.T z/k C kT z � zk � �kP k C 1
�

" kzk < 	kzk :

Proof of Theorem 7.86. Assume for contradiction, that T 2 L.X/ is L1-strictly sin-
gular and not narrow on X . Then there are A 2 †C and " > 0 such that for any
x 2 X and any mean zero sign y 2 L1.�/ on A, the inequality kx � yk � " implies
that kT xk > ". For A and 	 D ", we construct a projection P and a � -algebra †1
satisfying properties of Lemma 7.88. Then the operator QT D T ı P jL1.A;†1;�/ acts
from L1.A;†1; �/ to X . Given a mean zero sign y 2 L01.A;†1; �/, by (7.104), we
obtain that kPy � yk < " kyk < ", and hence, k QT yk D kT .Py/k > ". Thus, the
operator QT is not narrow on X .

By Theorem 7.45, there exists B 2 †C
1 such that QT jL1.B;†1.B/;�/ is an isomor-

phic embedding. On the other hand, since QT jL1.B;†1.B/;� D TP jL1.B;†1.B/;�/, we
have that P jL1.B;†1.B/;�/ is an isomorphism from L1.B;†1.B/;�/ onto
PL1.B;†1.B/;�/ � X , that is, PL1.B;†1.B/;�/ is isomorphic to L1 and T
is bounded from below on PL1.B;†1.B/;�/. In other words, T fixes a copy of L1,
which is a contradiction.

The following lemma which will be needed for the proof of the Daugavet property
for rich subspaces of L1.�/, is an analog of Lemma 1.11.

Lemma 7.89. LetE be a Köthe–Banach space, Y a Banach space,X a rich subspace
and T 2 L.X; Y / a narrow operator on X . Then for every A 2 †, " > 0 and n 2 N
there exists x 2 X and a decomposition A D A0 t A00 with A0; A00 2 † of measure
�.A0/ D .1�2�n/�.A/ and �.A00/ D 2�n �.A/ such that for h D 1A0 �.2n�1/ 1A00

we have kx � hk < " and kT xk < ".
We omit the proof of Lemma 7.89, which is very similar to the proof of Lemma1.11.

Theorem 7.90. Every rich subspace X of L1 has the Daugavet property with respect
to the class of narrow operators on X .

Proof. Let X be a rich subspace of L1, T 2 L.X/ a narrow operator on X , and
" > 0. Let x 2 SX with kT xk > kT k � ". Fix n 2 N so that k1B � T xk < " for any
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B 2 †C such that �.B/ � 2�n. Choose a simple function

x0 D
m
X

kD1
ak1Ak

2 SL1

with disjoint .Ak/ so that kx�x0k < ". By Lemma 7.89, for every Ak , there exists a
decompositionAk D A0

k
tA00

k
with�.A0

k
/ D .1�2�n/�.Ak/, �.A00

k
/ D 2�n �.Ak/,

and functions xk 2 X , hk D 1A0
k

� .2n� 1/1A00
k

, for which kxk �hkk < "�.Ak/ and

kT xkk < "�.Ak/. Then for z D Pm
kD1 akxk , h D Pm

kD1 akhk we obtain

kT zk �
m
X

kD1
jakj "�.Ak/ D " kx0k D " ; (7.106)

kz � hk �
m
X

kD1
jak j kxk � hkk < " ; (7.107)

kx0 C hk �
�

�

�

m
X

kD1
ak2

n1A00
k

�

�

�

D
m
X

kD1
jakj�.Ak/ D kx0k D 1 : (7.108)

Observe that the support B D Sm
kD1A00

k
of the function x0Ch is of measure �.B/ �

2�n, and thus, k1B � T xk < ", by the choice of n. Hence,

k.x0 C h/C T xk � k.x0 C h/C 1Œ0;1�nB/ � T xk � k1B � T xk
D kx0 C hk C �

�1Œ0;1�nB � T x�� � �

�1B � T x��
� kx0 C hk C kT xk � 2

�

�1B � T x�� � kx0 C hk C kT xk � 2"
� 1C kT k � 3" : (7.109)

By (7.107) and (7.108), we obtain

kx C zk � kx � x0k C kx0 C hk C kz � hk � 1C 2" :

By (7.106) and (7.109), we obtain

.1C 2"/kI C T k � k.I C T /.x C z/k D kx C z C T x C T zk
� kx0 C hC T xk � kx0 � xk � kz � rk � kT zk
� 1C kT k � 6":

Since " > 0 is arbitrary, the theorem is proved.

Corollary 7.91. Let Y be a Banach space that embeds into L1. There exists an
equivalent norm jjj � jjj on the space X D L1 ˚ Y so that .X; jjj � jjj/ has the Daugavet
property with respect to L1-strictly singular operators.
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Proof. By Corollary 4.16, there exists a decomposition of the space L1 into a direct
sum of subspacesL1 D V ˚W , both isomorphic toL1, one of which (say,W ) is rich.
Let V1 be a subspace of V isomorphic to Y . Then V1 ˚ W is a rich subspace of L1
(because it contains W ), isomorphic to X . By Theorem 7.90, the space V1 ˚W has
the Daugavet property with respect to narrow operators onX , and, in particular, toL1-
strictly singular operators (see Theorem 7.86). Hence, X is isomorphic to a Banach
space having the Daugavet property with respect to L1-strictly singular operators.



Chapter 8

Weak embeddings of L1

There are several weakenings of the notion of an isomorphic embedding of Banach
spaces, which still preserve some properties of isomorphic embeddings. Here we
consider three of them: sign-embeddings, semi-embeddings and Gı -embeddings. All
of these notions have close connections with narrow operators.

This chapter contains an analysis of the relationships between them due to Mykhay-
lyuk and Popov [101] (2006), and related important results due to Ghoussoub and
Rosenthal [44] (1984), Rosenthal [126] (1981) and Talagrand [138] (1990).

8.1 Definitions

Sign-embeddings

The following notion was introduced by Rosenthal in [126] (1981), see also [127].

Definition 8.1. Let X be a Banach space. An injective operator T 2 L.L1; X/ is
called a sign-embedding if there exists ı > 0 so that for every sign x 2 L1,

kT xk � ıkxk : (8.1)

Recall, that in Chapter 7 we considered a similar notion of operators satisfying (8.1)
but without the assumption of injectivity. We called that notion a generalized sign-
embedding (see Definition 7.61). Below we construct an example of a projection
of L1 which is a generalized sign-embedding and with kernel isomorphic to L1 (Ex-
ample 8.14). Thus the injectivity assumption is essential in Definition 8.1.

Clearly, the notions of sign-embeddings and narrow operators are mutually exclu-
sive, but the operator T 2 L.L1/ defined by T x D x � 1Œ0;1=2� for each x 2 L1, is an
example of an operator which is neither a sign-embedding nor narrow.

A natural question concerning Definition 8.1 is whether one could equivalently
relax the requirement that (8.1) holds only for mean zero signs instead of all signs,
similarly as it can be done in the definition of a narrow operator (Proposition 1.9).

We show that the answer is negative (Example 8.11). However, if an operator
T 2 L.L1; X/ (not necessarily injective) satisfies (8.1) for each mean zero sign then
there exists a subspace E1 of L1, isometric to L1, so that the restriction T jE1

is a
sign-embedding (see Proposition 8.6).
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Semi-embeddings

The following weak version of the notion of an embedding was introduced by Lotz,
Peck and Porta [84] (1979), and was investigated by several mathematicians, e.g.
Bourgain, Drewnowski, Fonf, Ghoussoub, Maurey, Rosenthal, etc.

Definition 8.2. Let X and Y be Banach spaces. An injective operator T 2 L.X; Y /

is called a semi-embedding if TBX is closed.

One of the main results of Bourgain and Rosenthal [20] (1983) states that, if a
separable Banach space semi-embeds in a Banach space with the Radon–Nikodým
property (RNP, in short) then it itself has the RNP. In particular, L1 does not semi-
embed in a Banach space with the RNP. In fact, forL1 we have the following stronger
result which follows directly from the definitions: L1 does not semi-embed in a Ba-
nach space with the Krein–Milman property (KMP, in short) (recall that a Banach
space X has the KMP if every nonempty closed bounded convex subset of X is the
closed convex hull of its extremal points). This result is stronger because the RNP
implies the KMP by a classical theorem of Lindenstrauss.

Bourgain and Rosenthal in [20] showed that the restriction of a semi-embedding to
a subspace of the domain space need not be a semi-embedding. This motivated the
definition of a weaker type of embedding, which is however inherited by restrictions
to a subspace.

Gı-embeddings

The following notion was introduced by Bourgain and Rosenthal in [20] (1983).

Definition 8.3. An injective operator T 2 L.X; Y / is called a Gı -embedding if TK
is a Gı -set for each closed bounded K 	 X .

Ghoussoub and Rosenthal studied Gı -embeddings in [44] and proved in particular
that a Gı -embedding T 2 L.L1; X/ cannot be narrow, which is the strongest result
in the direction that a Gı -embedding cannot be a “small” operator, see Theorem 8.16
and Section 8.4.

Properties

Fonf showed in [42] that for a Banach spaceX the following assertions are equivalent:

(i) X contains no subspace isomorphic to a conjugate space.

(ii) Each semi-embedding from X to a Banach space Y is an into isomorphism.

(iii) Each Gı -embedding from X to a Banach space Y is an into isomorphism.
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Bourgain and Rosenthal [20] showed that every semi-embedding is a Gı -embed-
ding. Apart from this, there are no relationships between the three notions of embed-
dings. Below we show examples of the following embeddings of L1:

� a Gı -embedding which is not a semi-embedding (Example 8.12);

� a semi-embedding which is not a sign-embedding (Example 8.13);

� a sign-embedding which is not a Gı -embedding (Example 8.15).

8.2 Embeddability of L1

We say thatL1 semi-embeds (resp., sign-embeds, orGı -embeds) in a Banach spaceX
provided there exists a semi-embedding (resp., sign-embedding, or Gı -embedding)
T 2 L.L1; X/.

Rosenthal [127] proved the following characterization of non-sign-embeddability
of L1.

Theorem 8.4. For any Banach space X the following two assertions are equivalent:

(i) L1 does not sign-embed in X .

(ii) Every operator T 2 L.L1; X/ is narrow.

Proof. Note that (ii) trivially implies (i).
To prove the converse implication, suppose that T 2 L.L1; X/ is not narrow.

By Theorem 7.64, T is not somewhat narrow, that is, there exists A 2 †C so that T
satisfies (8.1) for every sign onA. This is almost a sign-embedding that we are looking
for, however T does not have to be injective. By a standard argument, which we
show below as a lemma, for easy reference, there exists an atomless sub-� -algebra
F of †, so that T restricted to L1.F / is one-to-one. Since there exists an isometry
V W L1 ! L1.F / so that Vx is a sign, whenever x is a sign, the operator T V is the
desired sign-embedding from L1 into X .

Lemma 8.5. Let X be any Banach space and T 2 L.L1; X/. Then there exists an
atomless sub-� -algebra F of †, so that T restricted to L1.F / is one-to-one.

Proof. By induction on n, we will construct measurable sets En � Œ0; 1�, and finite
subsets Fn of the unit ball of X� so that for all n 2 N

(i) En D E2n [ E2nC1 and E2n \E2nC1 D ;;

(ii) �.E2n/ D �.E2nC1/ D 1
2
�.En/;

(iii) if h0 D 1Œ0;1�, hn D 1E2n
� 1E2nC1

and Yn D span¹hj ºnjD0, then for every
x 2 T Yn

max¹jf .x/j W f 2 Fnº � 1

2
kxk;
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(iv) f .T hn/ D 0 for all f 2 Fn�1;

(v) Fn�1 	 Fn.

To start the construction, let E1 D Œ0; 1�, h0 D 1Œ0;1�, f be an element of the unit
ball of X� so that f .T h0/ D kT h0k and F0 D ¹f º.

If ¹hj ºn�1
jD0, En and Fn�1 have been constructed then, by the Lyapunov convexity

theorem, there exists a measurable set E D E2n so that E 	 En, �.E/ D 1
2
�.En/

and
R

E f d� D 1
2

R

En
f d� for all f 2 T �Fn�1. Let E2nC1 D En n E2n. This

defines hn, and by the choice of En, f .T hn/ D 0 for all f 2 Fn�1. We choose
fn 62 Fn�1 so that (iii) holds, and put Fn D Fn�1 [ ¹fnº, so the inductive step of the
construction is completed.

Let F be the sub-� -algebra generated by the sets ¹Enº1
nD1. It follows that ¹hnº1

nD0
is a basis for L1.F / and .T hn/1nD0 is a basic sequence in X , so T

ˇ

ˇ

L1.F /
is one-to-

one.

Using a very similar idea we also obtain.

Proposition 8.6. Suppose T 2 L.L1; X/ satisfies (8.1) for some ı > 0 and each
mean zero sign x. Then there exists a subspace E1 of L1, isometric to L1, so that the
restriction T jE1

is a sign-embedding.

Proof. Consider the map S W L1Œ0; 1� ! L1Œ0; 1� given by

Sx.t/ D
´

�x.1 � 2t/ if 0 � t � 1
2

,

x.2t � 1/ if 1
2
< t < 1.

Then for all x 2 L1Œ0; 1�, kSxk1 D kxk1,
R

Œ0;1� Sx d� D 0, and Sx is a sign if x
is a sign. Thus, for all signs x, we have kTSxk1 � ıkxk1. By Lemma 8.5, there
exists an atomless sub-� -algebra F of †, so that TS restricted to L1.F / is one-to-
one. Since S is an isometry, E1 D S�1.L1.F // is isometric to L1, and T

ˇ

ˇ

E1
is a

sign-embedding.

Rosenthal [126] showed that, if L1 Gı -embeds in X then L1 sign-embeds in X
(see Corollary 8.18 below). We do not know whether there any relations for other
types of embeddabilities.

Open problem 8.7.

(a) Suppose that L1 sign-embeds in X . Does L1 Gı -embed in X?

(b) Suppose that L1 Gı -embeds in X . Does L1 sign-embed in X?

(c) Suppose that L1 sign-embeds in X . Does L1 semi-embed in X?
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Each of the notions of weak embeddings naturally leads to the question whether it
is in fact weaker than the isomorphic embedding. That is, assuming that L1 semi-
(Gı , or sign)-embeds in X , does it imply that L1 embeds isomorphically in X?

For semi-embeddings and Gı -embeddings this problem was posed by Bourgain
and Rosenthal in [20] and for sign-embeddings by Rosenthal in [127]. Since, as men-
tioned above, Gı - and semi-embeddings of L1 are weaker than sign-embeddings, a
negative answer to the problem concerning sign-embeddings will imply the same an-
swer to the problem concerningGı -embeddings and semi-embeddings. Thus, we will
concentrate on the following problem posed by Rosenthal.

Problem 8.8. Suppose L1 sign-embeds in X . Does L1 embed isomorphically in X?

It follows from Talagrand’s work on the three-space problem for L1 [138], that
the answer to Rosenthal’s problem is negative, see Corollary 8.25 below. Thus sign-
embeddability, semi-embeddability and Gı -embeddability of L1 are all distinct from
isomorphic embeddability of L1. However, Ghoussoub and Rosenthal [44] showed
that they do coincide for embeddings into a large class of Banach spaces, including
separable dual spaces, see Corollary 8.23 below.

Rosenthal [126] showed that sign-embeddings satisfy the following three-space
property.

Theorem 8.9. IfL1 sign-embeds inX and Y is a subspace ofX thenL1 sign-embeds
either in Y or in X=Y .

Proof. Let T W L1 ! X be a sign-embedding, and let 
 W X ! X=Y be the quotient
map. Choose ı > 0 so that kT xk � ıkxk for every sign x 2 L1. Assume that S D

T W L1 ! X=Y is not a sign-embedding. In other words, S is somewhat narrow.
By Theorem 7.64, T is narrow. By Theorem 2.21, there exists an L1-normalized
Haar-type system .gn/ on Œ0; 1� so that kSgnk < 2�n�2ı for each n 2 N. Hence,
by the definition of a quotient map, for each n 2 N there exists yn 2 Y so that
kTgn � ynk < 2�n�2ı. Let †1 be the sub-� -algebra of † generated by .gn/. Define
an operator T1 2 L.L1.†1/; Y / by setting T1gn D yn for all n 2 N and extending
by linearity and continuity to the entire domain space. It is a standard exercise to
show that T1 is well defined and bounded. Observe that for every x D P1

nD1 angn 2
L1.†1/ we have

k.T � T1/xk D
�

�

�

1
X

nD1
an.Tgn � yn/

�

�

�

� 2kxk
1
X

nD1
kTgn � ynk < ı

2
kxk

(we use here that janj � 2kxk for each n 2 N [79, p. 7]). Therefore, kT1�T k � ı=2.
Hence, for every sign x 2 L1.†1/

kT1xk � kT xk � kT1 � T kkxk � ıkxk � ı

2
kxk D ı

2
kxk :
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Thus, T1 is a sign-embedding. Finally, if J is the isometry of L1 onto L1.†/ that
sends the usual L1-normalized Haar system on Œ0; 1� to .gn/, then T1J is a sign-
embedding of L1 to Y .

Talagrand [138] proved that the isomorphic embeddings do not have the three-space
property (see Theorem 8.24). We do not know whether the notions of semi- or Gı -
embeddings have the three-space property like sign-embeddings.

Open problem 8.10.

(a) Assume that L1 semi-embeds in X , and Y is a subspace of X . Does L1 semi-
embed either in Y or in X=Y ?

(b) Assume that L1 Gı -embeds in X , and Y is a subspace of X . Does L1 Gı -embed
either in Y or in X=Y ?

There is one common property of semi, Gı and sign-embeddings: Theorems 7.2
and 8.4 imply that every sign-embedding and everyGı -embedding (hence, each semi-
embedding) T W L1 ! X to any Banach space X fixes a copy of `1 [20].

8.3 Examples

First, we answer negatively the question whether we could require that (8.1) holds
only for mean zero signs in the definition of a sign-embedding of L1.

Example 8.11. There exists an injective operator T 2 L.L1/ such that (8.1) holds
for some ı > 0 and every mean zero sign x 2 L1 but which is not a sign-embedding.

Proof. Let Œ0; 1� D F1
nD1An with �.An/ > 0. Let .˛n/1nD1 be a bounded sequence

of scalars. For each n � 1, define Tn 2 L.L1.An// by setting for each x 2 L1

Tnx D ˛n

�.An/

�

Z

An

x d�
�

1An
C
�

x � 1

�.An/

�

Z

An

x d�
�

1An

�

:

Note that kTnk � j˛njC2. Define an operator T 2 L.L1/ by putting for each x 2 L1

T x D
1
X

nD1
Tn
�

x � 1An

�

:

Thus, we have that kT k � supn j˛nj C 2. If ˛n ¤ 0 for some n, then Tn and hence T
is injective.

We claim that if infn j˛nj D 0 and supn j˛nj < 1
5

then T satisfies the conditions of
Example 8.11.

Indeed, for each n we have T 1An
D Tn1An

D ˛n1An
. Thus, if infn j˛nj D 0

then T is not a sign-embedding.
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Next, suppose that �.An/ D 3
4n and supn j˛nj D ˛ < 1

5
. We claim that then (8.1)

holds for some ı > 0 and every mean zero sign x 2 L1.
To see this, fix any mean zero sign x 2 L1 and set B D supp x, Bn D B \ An,

xn D x � 1Bn
and

�n D 1

�.An/

Z

An

x d�

for each n. Observe that

kxk D �.B/ D
1
X

nD1
�.Bn/ and kxnk D �.Bn/:

Put M D ¹n W j�nj � 5
6
º and show that

X

n2M
�.Bn/ � 1

5
�.B/ : (8.2)

Supposing the contrary, we obtain

X

n…M
�.Bn/ >

4

5
�.B/: (8.3)

If we put n0 D min.N nM/ then
X

n…M
�.Bn/ �

X

n�n0

�.Bn/ �
X

n�n0

�.An/

D �.An0
/
�

1C 1

4
C 1

16
C : : :

�

D 4

3
�.An0

/:

(8.4)

Combining (8.4) and (8.3), we get

�.An0
/ � 3

4

X

n…M
�.Bn/ >

3

5
�.B/: (8.5)

Since j�n0
j > 5

6
, we have that

ˇ

ˇ

ˇ

Z

An0

x d�
ˇ

ˇ

ˇ

>
5

6
�.An0

/ >
1

2
�.B/ : (8.6)

Since x is a mean zero sign, we have that

ˇ

ˇ

ˇ

Z

A

x d�
ˇ

ˇ

ˇ

� 1

2
�.B/

for each measurable A � B , that contradicts (8.6). Thus, (8.2) is proved.
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Suppose t 2 Bn. Then

.T x/.t/ D .T xn/.t/ D .Tnxn/.t/ D ˛n�n C xn.t/ � �n D xn.t/ � �n.1 � ˛n/ :
If n 2 M and t 2 Bn then

j.T x/.t/j � jxn.t/j � j�nj � j1� ˛nj � jxn.t/j � j�nj � .1C j˛nj/
� 1� 5

6
.1C ˛/ D 1

6
� 5˛

6
D 1 � 5˛

6
:

Hence
Z

Bn

jT xj d� � 1 � 5˛
6

�.Bn/ ;

and by (8.2)

kT xk �
X

n2M

Z

Bn

jT xj d� � 1 � 5˛
6

X

n2M
�.Bn/

� 1� 5˛
30

�.B/ D 1� 5˛
30

kxk:

Thus, (8.1) holds for ı D 1�5˛
30

and every mean zero sign x 2 L1.

Example 8.12. There is aGı -embedding T 2 L.L1/which is not a semi-embedding.

Proof. Let .An/1nD1 be any sequence of disjoint elements of †C. For each n � 1, we

set en D 1An

�.An/
. Let X be the closed linear span of ¹enºn in L1, and Y be the natural

complement to X in L1, i.e.

Y D ®

x 2 L1 W .8n � 1/

Z

An

x d� D 0
¯

:

Let .dn/n�1 be a sequence of positive reals with dn & 0. For .ak/k2N in `1 and
y 2 Y we define the following:

T
�

1
X

kD1
akek C y

�

D
�

1
X

kD1
ak

�

e1 C
1
X

kD2
ak�1dk�1ek C y :

Since .en/1nD1 is isometrically equivalent to the unit vector basis of `1 and by the
definition of Y , T is a well-defined operator on L1.

We show that T has the desired properties.
Since e1 … TL1 and Ten D e1 C dnenC1 ! e1 as n ! 1, we get that T is not a

semi-embedding.
To prove that T is a Gı -embedding, consider the Banach space E D `1 ˚1 L1.

Define the operator S 2 L.E/ by S.een; y/ D .dneen; y/, where .een/1nD1 is the unit
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vector basis of `1 and y 2 L1, and extend to E by linearity and continuity. It is
routine to check that S is a semi-embedding. In particular, S is a Gı -embedding.

Define U 2 L.L1/ by

U
�

1
X

kD1
akek C y

�

D
1
X

kD1
akC1ek C y ;

where y 2 Y . Denote S1 D U ı T . Then

S1

�

1
X

kD1
akek C y

�

D
1
X

kD1
akdkek C y ;

where y 2 Y . It is an easy observation that E is isomorphic to L1 and operators S
and S1 are isomorphically equivalent (i.e. S1 D J�1 ı S ı J for some isomorphism
J W L1 ! E). Hence, S1 is a Gı -embedding.

Let K be any closed bounded subset of L1. We will show that M D TK is a Gı
set in L1, and thus that T is a Gı -embedding.

Since S1 is aGı -embedding, we can writeM1 D S1K D T1
nD1Gn, whereGn are

open sets in L1 for all n 2 N. Fix any n 2 N and any

z D
1
X

kD1
�kek C y 2 M :

Since z 2 TL1, we have �1 D P1
kD1 d�1

k
�kC1. Let k > n so that

ˇ

ˇ

ˇ

�1 �
k
X

iD1
d�1
i �iC1

ˇ

ˇ

ˇ

<
1

n
:

By continuity of the coordinate functionals in `1, there exists a neighborhood V .n/z

of z open in L1 such that for each v D P1
kD1 �kek C y 2 V .n/z ,

ˇ

ˇ

ˇ

�1 �
k
X

iD1
d�1
i �iC1

ˇ

ˇ

ˇ

<
1

n
:

Let
Vn D

�

[

z2M
V .n/z

�

\ U�1.Gn/ :

Since M1 D UM � Gn, we obtain that M � U�1.Gn/ and hence, M � Vn.
We will show thatM D T1

nD1 Vn. Indeed, the inclusion M � T1
nD1 Vn is already

shown. To prove the converse, let

z0 D
1
X

kD1
�kek C y 2

1
\

nD1
Vn :
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Then Uz0 2 Gn, for all n 2 N. Therefore, z0 2 T1
nD1Gn D M1. Thus,

x0 D
1
X

kD1
d�1
k ekC1 C y 2 K :

Fix any n 2 N. Since z0 2 Vn, there is z 2 M such that z0 2 V
.n/
z . Then there

exists kn > n so that
ˇ

ˇ

ˇ

�1 �
kn
X

iD1
d�1
i �iC1

ˇ

ˇ

ˇ

<
1

n
:

Passing to the limit as n ! 1, we obtain �1 D P1
iD1 d�1

i �iC1, i.e. z0 D T x0.
Hence,M is a Gı set in L1. Thus, T is a Gı -embedding.

Example 8.13. There is a semi-embedding T 2 L.L1/ that is not a sign-embedding.

Proof. Decompose Œ0; 1� D F1
kD1Ak , where Ak 2 †C, and for each x 2 L1 put

T x D
1
X

kD1

1

k

�

1Ak
� x
�

:

T is not a sign-embedding, since kT 1Ak
k D k�1 k1Ak

k.
It is an easy technical exercise to prove that T is a semi-embedding. Indeed, the

injectivity of T is obvious. Let xn 2 BL1
be elements with limn!1 T xn D y, i.e.

y D lim
n!1

1
X

kD1

1

k

�

1Ak
� xn

�

:

For each k 2 N, let Pk be the projection Pkx D 1Ak
� x. Then

Pky D lim
n!1

1

k
Pkxn; i.e. lim

n!1Pkxn D k Pky :

Let x D P1
kD1 k .1Ak

� y/. We claim that
P1
kD1 k k1Ak

� yk � 1. Indeed, if not,
then there existsm so that

Pm
kD1 k k1Ak

�yk > 1, and since limn!1 T xn D y, there
exists n with

Pm
kD1 k k1Ak

� T xnk > 1. But

1Ak
� T xn D 1

k
1Ak

� xn

and 1
X

kD1
k k1Ak

� T xnk D
1
X

kD1
k1Ak

� xnk D kxnk � 1 ;

which is a contradiction.
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Example 8.14. There exists a projection Q 2 L.L1/ with the following properties:

(i) kQxk � ıkxk for some ı > 0 and each sign x 2 L1.

(ii) Both the range and the kernel of Q are isomorphic to L1.

Proof. We define an operator J W L1Œ0; 1=2� ! L1Œ1=2; 1� by setting for each x 2
L1Œ0; 1=2�

.Jx/.t/ D 2 x.1 � t /; t 2 Œ0; 1� :
Then for each x 2 L1 we set

Qx D x � 1Œ1=2;1� � J �x � 1Œ0;1=2/
�

:

Evidently, Q is a projection of L1 onto L1Œ1=2; 1�. Since L1Œ0; 1=2� is a comple-
ment to L1Œ1=2; 1� which is isomorphic to L1, we obtain that kerQ, being another
complement to L1Œ1=2; 1�, is also isomorphic to L1.

To prove (i), we consider any sign x 2 L1, say x2 D 1C for some C 2 †. Then
we set

y D x � 1Œ0;1=2/; z D x � 1Œ1=2;1� ;

A D ®

t 2 Œ1=2; 1� W .Jy/.t/ D 0
¯

; B D ®

t 2 Œ1=2; 1� W z.t/ D 0
¯

:

Note that z takes values ˙1 on Œ1=2; 1� nB and 0 on B and Jy takes values ˙2 on
Œ1=2; 1� n A and 0 on A. Hence,

kQxk D kz � Jyk D
Z

Œ1=2;1�n.A\B/
jz � Jyj d� � �

�

Œ1=2; 1� n .A \ B/�

D 1

2
� �.A \ B/ � max

®1

2
� �.A/; 1

2
� �.B/¯:

Denote C1 D C \ Œ0; 1=2/ and C2 D C \ Œ1=2; 1�. Since �.C1/ D 1
2

� �.A/ and
�.C2/ D 1

2
� �.B/, we obtain

kQxk � max
®

�.C1/; �.C2/
¯ � �.C /

2
D kxk

2
:

Example 8.15. There exists a sign-embedding T 2 L.L1/which is not aGı -embed-
ding (and hence not a semi-embedding).

Proof. Let Q be a projection of L1 from the previous example and L1 D X ˚ Y be
the corresponding decomposition with X D Q.L1/ and Y D kerQ. Let S 2 L.Y /

be any injective compact operator and set

T D QC S � .I �Q/ :
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We claim that T satisfies the desired properties. Indeed, if x 2 L1 is a sign then

kT xk D kQx C S � .I �Q/xk � kQk�1�
�Q � �Qx C S � .I �Q/x���

D kQk�1 kQxk � kQk�1 ı kxk:
Now we show that T is injective. Suppose T x D 0. Then Qx D 0 and S � .I �

Q/x D 0, because

Q.L1/ \ S � .I �Q/.L1/ � X \ Y D ¹0º :
Since Qx D 0, we have that x 2 Y and 0 D S � .I � Q/x D Sx. By injectivity

of S , we obtain x D 0.
It remains to show that T is not a Gı -embedding. Since S is compact and hence

narrow, it could not be a Gı -embedding (see Corollary 8.16 below). Thus there exists
a closed bounded subset K � Y so that SK is not a Gı set. But TK D SK and
thus T is not a Gı -embedding.

8.4 Gı-embeddings of L1 are not narrow

This section is devoted to the proof of the following theorem.

Theorem 8.16. Let Y be a Banach space. Then any Gı -embedding S 2 L.L1; Y / is
not narrow.

This is a consequence of the following more general result of Ghoussoub and
Rosenthal [44].

Theorem 8.17. Let S be aGı -embedding of a Banach spaceX into a Banach space Y.
Then for any T 2 L.L1; X/ the operator T is narrow if and only if ST 2 L.L1; Y /

is narrow.

Indeed, Theorem 8.16 is Theorem 8.17 applied to X D L1 and T the identity
operator on L1.

Theorem 8.16 combined with Theorem 8.4, immediately gives the following result.

Corollary 8.18. If L1 Gı -embeds in a Banach space X then L1 sign-embeds in X .

To prove Theorem 8.17, we need several lemmas and definitions.

Trees and martingales

Let X be a Banach space. A sequence .xn;k/1 2n

nD1;kD1 in X is called a tree if 2xn;k D
xnC1;2k�1CxnC1;2k , for n D 0; 1; : : : and k D 1; : : : ; 2n. Note that if .En;k/

1 2n

nD1;kD1
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is a tree of sets in the sense of Definition 1.3 then xn;k D 1En;k

�.1En;k
/

is a tree in any

Köthe–Banach space on Œ0; 1�.
Let .F˛/ be an increasing net of sub-� -algebras of †. A net .f˛/ in L1.X/ with

the same index set is called a martingale with respect to .F˛/ if for every ˛ � ˇ,
MFfˇ D f˛. Taking ˛ D ˇ in the definition, we obtain that f˛ is F˛-measurable
for each ˛. SinceMF is a contractive projection, kf˛kLp.X/ � kfˇkLp.X/ for every
˛ � ˇ and p � 1.

Let Fn for n D 0; 1; : : :, be the algebra generated by the dyadic intervals .I kn /
2n

kD1.
An X-valued martingale .fn/1nD0 with respect to .Fn/1nD0 is called a dyadic martin-
gale. There is a close connection between dyadic martingales and trees. Indeed, for
each tree .xn;k/1 2n

nD0;kD1 in X the sequence fn D P2n

kD1 xn;k1Ik
n

, n D 0; 1; : : : is a
dyadic martingale. Conversely, if .fn/1nD0 is an X-valued dyadic martingale then the
sequence xn;k D 2n

R

Ik
n
fn d�, n D 0; 1; : : :, k D 1; : : : ; 2n, is a tree in X .

Lemma 8.19. Let X;Y be Banach spaces, S 2 L.X; Y /, .�;†;�/ a finite measure
space, and K 	 X a closed bounded separable convex set. Suppose that S.K/ is a
Gı -set and S jK is an injective map. If .fn/ is a K-valued martingale with respect
to a sequence .†n/ of sub-� -algebras of † such that .Sfn/ converges a.e. to some
S.K/-valued function g 2 L1.Y /, then .fn/ converges a.e. to S�1g.

Proof. Let f D S�1g. Since K is a Polish space and S jK is injective and continu-
ous, it follows from the selection theorem [26, Theorem 8.5.3] that f is measurable.
Since K is bounded, so is f , and hence, f 2 L1.X/. Fix any n 2 N. Passing to
a limit as m ! 1 in the equality M†nfm D fn which holds for every m � n, we
obtain M†nf D fn. By the Doob martingale convergence theorem, fn ! f a.e.
on �.

An L1-valued dyadic martingale .fn/1nD0 is called a standard dyadic martingale if
there exists a tree of sets .En;k/1 2n

nD1;kD1 in the sense of Definition 1.3 such that

fn.t/ D 2n
2n
X

kD1
1En;k

1Ik
n
.t/; t 2 Œ0; 1� ; (8.7)

that is, the corresponding tree is en;k D 1En;k

k1En;k
k .

Let P D ¹x 2 SL1
W x � 0º be the positive face of L1.

Lemma 8.20. Let X be a Banach space and T 2 L.L1; X/ be a narrow operator.
Let G be a Gı -set in X such that TP � G. Then there exists a standard dyadic
martingale .fn/1nD0 such that .Tfn/1nD0 converges a.e. to a function g 2 L1.X/ with
values in G.
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Proof. Let U1 � U2 � : : : be open sets in X so that G D T1
nD1 Un. We construct

recursively a tree of sets .En;k/1 2n

nD1;kD1 with E0;1 D Œ0; 1�, and a sequence of open

balls .Bn;k/
1 2n

nD1;kD1 in X such that for every n D 0; 1; : : : and k D 1; : : : ; 2n

(a) Bn;k is centered at the point T .
1En;k

k1En;k
k/ D 2nT 1En;k

and has radius 0 < rn �
1=n and 0 < rn < rn�1 < : : :.

(b) Bn;k � U2nCk and BnC1;2k�1 [ BnC1;2k � Bn;k .

At the first step we choose an open ball B0;1 � U1 centered at T 1Œ0;1� with radius
0 < r0 � 1=2. Since T is narrow, we can partition E0;1 D E1;1 t E1;2 so that
�.E0;1/ D �.E1;1/ D 1=2 and kT xk < r0=2, where x D 1E1;1

� 1E1;2
. Then for

j D 1; 2

�

�2T 11;j � T 1Œ0;1�
�

� D �

�2T 11;j � T .11;1 C 11;2/
�

� D kT xk < r0=2 :
Hence we can find 0 < r1 < r0 and r1 � 1=8, so that the balls B1;1 and B1;2 defined
by (a) satisfy (b). We continue the construction inductively to obtain the desired
sequences.

Let .fn/1nD0 be the standard dyadic martingale with respect to the constructed
above tree .En;k/

1 2n

nD1;kD1 defined by (8.7). Given any t 2 Œ0; 1� and n 2 N, let
kn 2 ¹1; : : : ; 2nº be such that t 2 En;kn

. Since rn tends to zero, by (b) there exists
a unique point g.t/ 2 T1

nD1Bn;kn
	 G. Since fn.t/ D 2n1En;kn

, we have that
.Tfn/.t/ 2 Bn;kn

for each n 2 N. Thus, limn!1.Tfn/.t/ D g.t/. Since it is a limit
of a sequence of simple functions, g 2 L1.X/.

Lemma 8.21. Let .fn/ be a standard dyadic martingale, X a Banach space, and
T 2 L.L1; X/ a generalized sign-embedding. Then at no point does .Tfn/ converge.

Proof. Let ı > 0 be such that kT xk � ıkxk for each sign x. Let .En;k/ be the tree
of sets such that (8.7) holds. Fix any t 2 Œ0; 1�. For each n 2 N, let kn 2 ¹1; : : : ; 2nº
be the number such that t 2 En;kn

. Then .Tfn/.t/ D 2nT 1En;kn
and .TfnC1/.t/ D

2nC1T 1EnC1;knC1
. Choose 	 2 ¹�1; 1º so that

1En;kn
D 1EnC1;knC1

C 1EnC1;knC1C�
:

Then
�

�.Tfn/.t/ � .TfnC1/.t/
�

� D 2n
�

�T
�

1En;kn
� 21EnC1;knC1

�

�

�

D 2n
�

�T
�

1EnC1;knC1C�
� 1EnC1;knC1

�

�

� � 2n
ı

2nC1 D ı

2
:

Thus, the sequence .fn.t// is divergent.
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Proof of Theorem 8.17. If T is narrow then so is ST , by Proposition 1.8.
For the other direction, suppose that ST is narrow. Assume on the contrary that T

is not narrow. By Theorem 7.59, T is not somewhat narrow, and thus there exist
A 2 †C and ı > 0 such that kT xk � ıkxk for each sign x with supp x � A.
With no loss of generality we may and do assume that A D Œ0; 1�. Indeed, by the
Carathéodory theorem, there exists a linear isometry J W L1 ! L1.A/ sending signs
to signs. Then the operator T1 D TJ 2 L.L1; X/ satisfies kT1xk � ıkxk for every
sign x, and ST1 D STJ is narrow.

Set G D S.TP /. By Lemma 8.20, there exists a standard dyadic martingale .fn/
with .STfn/ converging a.e. to a function g valued in G. By Lemma 8.19, .Tfn/
converges a.e. which contradicts Lemma 8.21.

A class of Banach spaces X such that L1 sign-embeds in X if and only
if L1 isomorphically embeds in X

Let G be the minimal class of separable Banach spaces such that

(a) L1 2 G;

(b) If Y 2 G and X Gı -embeds in Y , then X 2 G .

By minimality, G D S1
nD1Gn, where Gn is the class of all separable Banach

spaces X such that there are Banach spaces X1; : : : ; Xn and Gı -embeddings Ti 2
L.Xi ; XiC1/ for i D 0; : : : ; n, where X0 D X and XnC1 D L1.

As pointed out by Ghoussoub and Rosenthal in [44], the class G contains all sep-
arable dual spaces. Indeed, by a result of Bourgain and Rosenthal [20], all separable
duals semi-embed in `2 which, in turn, isomorphically embeds in L1. Thus, all sepa-
rable duals semi-embed (and hence, Gı -embed) in L1.

Theorem 8.22. Suppose that a Banach space X 2 G contains no subspace isomor-
phic to L1. Then every operator T 2 L.L1; X/ is narrow.

Proof. Fix any T 2 L.L1; X/. Let X D X0; X1; : : : ; Xn; XnC1 D L1 be Banach
spaces, so that there exist Gı -embeddings Ti 2 L.Xi ; XiC1/ for i D 0; : : : ; n. Con-
sider the operator QT D TnC1Tn : : : T1T W L1 ! L1: Since T is L1-singular, so is
QT . By Theorem 7.30, QT is narrow. Using Theorem 8.17 nC 1 times, we obtain that

operators Tn : : : T1T , Tn�1 : : : T1T , : : : , T1T and T are narrow.

The following immediate consequence of Theorems 8.22 and 8.4 gives a partial
positive answer to Rosenthal’s Problem 8.8.

Corollary 8.23. Suppose X 2 G . If L1 sign-embeds in X then L1 isomorphically
embeds in X .

As noted above, in general, Problem 8.8 has a negative answer, which is given by a
counterexample of Talagrand presented in the next section.
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8.5 Sign-embeddability of L1 does not imply isomorphic
embeddability

Talagrand in [138] solved in the negative the three-space problem for isomorphic em-
beddings in L1. His remarkable example also shows that L1 sign-embeddability is
distinct from the isomorphic embeddability.

Theorem 8.24 (Talagrand [138]). There exists a subspace Z of L1 such that nei-
ther Z nor L1=Z contains an isomorph of L1.

Corollary 8.25. There exists a Banach space X such that L1 sign-embeds in X
but L1 does not embed isomorphically in X .

Proof. Let X be the quotient space L1=Z where Z is the subspace of L1 from The-
orem 8.24. We show that X has the desired properties. By Theorem 8.24, X contains
no subspace isomorphic to L1. By Corollary 2.23, X is not rich, and hence, the quo-
tient map T W L1 ! X is not narrow. By Theorem 7.64, T is not somewhat narrow,
that is, there are ı > 0 and A 2 †C such that kT xk � ıkxk for each sign x with
supp x � A. Let J W L1 ! L1.A/ be a linear isometry sending signs to signs (it
exists by the Carathéodory theorem). Then the operator T1 D TJ 2 L.L1; X/ is a
generalized sign-embedding. By Proposition 8.6, L1 sign-embeds in X .

Outline of the proof of Theorem 8.24

The proof is rather long and it requires several auxiliary results, so we start with an
outline of the whole proof postponing the proofs of intermediate claims and proposi-
tions to the end of the section. In our proof we follow [138].

The main idea of the proof is to apply Rosenthal’s characterization of subspaces X
of L1 for which the quotient map from L1 onto L1=X does not fix a copy of L1.

Corollary 8.26. ([128, Theorem 2.1]) For a subspace X of L1 the following are
equivalent:

(8.26.1) The quotient map L1 ! L1=X does not fix a copy of L1.

(8.26.2) For each ı > 0, each A 2 †C, each atomless sub-� -algebra †0 of †.A/
there exist x 2 L1.A;†0/ and y 2 X such that kxk1 � 1

4
and kx�yk1 � ı.

Corollary 8.26 is a reformulation of Theorem 7.80.
Our goal is to construct a family of functions satisfying (8.26.2) in such a way

that if X is the span of these functions, then, in addition, neither X nor L1=X con-
tain L1. We will achieve this by choosing functions x for which kxk1 and kxk1 are
not of the same order, and which we will control in measure. The idea of employing
convergence in measure in this context goes back to Roberts [120].
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For each m D 0; 1; : : :, we denote by Fm the collection ¹I km W 1 � k � 2mº of
dyadic intervals of length 2�m and by †m the algebra that they generate. For any
x 2 L1, Emx will denote the conditional expectation of x with respect to †m, so for
I 2 Fm, the constant value of Emx on I is 2m

R

I x d�.
We now will describe the families Dn that we want to construct.
Let S2n�1 be the set of all strictly increasing functions � W ¹0; : : : ; 2n � 1º ! N.

Consider a collection B0; : : : ; B2n�1 in † and � 2 S2n�1 with the following proper-
ties:

Bi is †�.i/-measurable; (8.8)

E�.i/.1BiC1
/ D 1

2
1Bi

, for 0 � i < 2n � 1. (8.9)

This latter condition means that BiC1 � Bi , and that for each I 2 F�.i/ with I � Bi ,
we have �.I \ BiC1/ D 1

2
�.I /.

Let

y D 1

2n�.B0/

2n�1
X

iD0
.�1/i2i1Bi

: (8.10)

If we denote B2n D ;, then

y D 1

2n�.B0/

2n�1
X

iD0
ai1Bi nBiC1

; (8.11)

where ai D P

0�l�i.�1/l2l D ..�1/i2iC1 C 1/=3.
We define Dn to be the set of all y 2 L1 given by (8.10) for all possible choices

of B0; : : : ; B2n�1 that satisfy (8.8) and (8.9) with respect to some � 2 S2n�1, and
�.B0/ � 2�n. Observe that

y 2 Dn H) kyk1 � 23n : (8.12)

We also have
y 2 Dn H) kyk1 � 1

3
: (8.13)

Indeed, since �.Bi/ D 2�i�.B0/,

kyk1 D 1

2n�.B0/

2n�1
X

iD0
jai j�.Bi n BiC1/

� 1

2n�.B0/

2n�1
X

iD0

.�1/i2iC1 C 1

3
2�i�1�.B0/

D 1

6n

�

2n�1
X

iD0
.1C .�1/i2�i�1/

�

� 1

3
;

since
P2n�1
iD0 .�1/i2�i�1 � 0.
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First we claim that for every n, the set Dn satisfies a condition similar to (8.26.2).

Proposition 8.27. For each n 2 N, each set A 2 † with �.A/ > 2�n, each atomless
sub-� -algebra †0 of †.A/ and every � with 0 < � < 1

12
, there exist x 2 L1.A;†

0/
and y 2 Dn, such that kxk1 � 1

4
and kx � yk1 � �.

We denote by absconvDn the absolute convex hull of Dn, i.e. the set of elements
P

l2L clyl , where L is a finite set, yl 2 Dn and
P

l2L jcl j � 1.
Our principal tool is the following result about the control in measure of elements

of the sets absconvDn.

Theorem 8.28. For any " > 0, there exists n > 0 such that �.¹jyj � "º/ � " for
every y 2 absconvDn.

Our task is to construct small perturbations of the functions inDn in such a way that
their span will be isomorphic to `1. To do this, we construct recursively a sequence
of numbers q.l/ 2 N and a sequence of disjoint measurable sets .Bl /l satisfying the
following conditions:

0 < �.Bl/ � 2�3q.l�1/�2l�2; (8.14)

�.¹jxj � 2�2l º/ � 2�l�1 min
i�l

�.Bi /; 8x 2 absconvDq.l/: (8.15)

We start the construction with B1 D Œ0; 2�4�.
At each stage of the construction, using Theorem 8.28, we choose q.l/ so that (8.15)

holds. Then we choose BlC1 satisfying (8.14).
Now we fix a one-to-one map ' W N � N ! N, and define A.n; k/ D B'.n;k/.
Let .xn;k /k�1 be a sequence in Cn

defDDq.n/, and

yn;k D xn;k C 2�n 1

�.A.n; k//
1A.n;k/ : (8.16)

The next proposition asserts that .yn;k/k�1 is the sequence of small perturbations
that we are looking for.

Proposition 8.29. For each n 2 N and for each sequence .ak/ of numbers with all
but finitely many equal to zero, we have

kyn;kk1 � 1C 2�n � 2; (8.17)

kyn;k � xn;kk1 � 2�n; (8.18)

2�n�2
1
X

kD1
jakj �

�

�

�

1
X

kD1
akyn;k

�

�

�

1
� 2

1
X

kD1
jakj : (8.19)

We will use our main tool, Theorem 8.28, to show that the following result is im-
portant for our further construction.
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Proposition 8.30. For any sequence un 2 2nC2
eCn, where eC n is the norm closure of

convCn, the series
P

n�1 un converges in measure, and if its sum belongs to L1 then

1
X

nD1
kunk1 �

�

�

�

1
X

nD1
un

�

�

�

1
C 6 : (8.20)

Next, for each n 2 N, we define Hn to be the closed linear span of the sequence
.yn;k/k�1. By (8.19), for each n 2 N, the spaceHn is isomorphic to `1. Moreover we
obtain that the span of the spaces Hn is isomorphic to their `1-sum. More precisely,
we have the following.

Proposition 8.31. For each sequence hn 2 Hn that is eventually zero, we have

1

15

1
X

nD1
khnk1 �

�

�

�

1
X

nD1
hn

�

�

�

1
�

1
X

nD1
khnk1 :

Now we are ready to define the space X which is the objective of our construction .

X
defD span

�

1
[

nD1
Hn

�

:

By Propositions 8.29 and 8.31, the space X is isomorphic to an `1-sum of spaces
isomorphic to `1, and thus does not contain L1. It follows from the construction and
Proposition 8.27 and Corollary 8.26, that the quotient map T from L1 onto L1=X
does not fix a copy of L1. It remains to be shown that L1=X does not contain a copy
of L1.

For this we will use the following result in the spirit of [44].

Proposition 8.32. Let T be an operator from a Banach space Y onto a Banach
space Z. For z 2 Z with kzk < 1, let Uz D T �1.¹zº/ \ BY . Suppose that there
exists a constant K > 0 so that for every sequence .yn/1nD1 2 Uz , there exists a point
'..yn/

1
nD1/ 2 Y with the following properties:

'
�

.xn/
1
nD1

� D '
�

.yn/
1
nD1

�

if xn D yn for n large enough, (8.21)
�

�'
�

.yn/
1
nD1

�

�

� � K; (8.22)

T
�

'
�

.yn/
1
nD1

�� D z; (8.23)

'
��yn C y0

n

2

�

n�1
�

D 1

2

h

'
�

.yn/
1
nD1

�C '
�

.y0
n/

1
nD1

�

i

; 8yn; y0
n 2 Uz : (8.24)

If, in addition, there exists an isomorphism V from L1 into Z, then there exists S 2
L.L1; Y / so that kSk � K and V D T ı S , and, in particular, T fixes a copy of L1.
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To finish the proof of Theorem 8.24, we denote by L0 the space of all measur-
able functions on Œ0; 1� considered with the topology of convergence in measure.
Let Mn D 2neC n, the absolute convex hull of 2nCn D 2nDq.n/, and define the set
G 	 L0 as follows:

G
defD¹x1 C

1
X

nD1
˛nyn W x1 2 L1; kx1k1 � 1; yn 2 Mn;

1
X

nD1
j˛nj � 1º:

We observe that by Proposition 8.30, the series
P1
nD1 ˛nyn converges in measure and

that G is bounded in L0. Let N be the Minkowski functional of the set G given by
N.z/ D inf¹a > 0 W z 2 aGº, if this set is nonempty, and N.z/ D 1 otherwise. We
set E D ¹z 2 L0 W N.z/ < 1º, and provide E with norm N . Since G is bounded
in L0, E is a Banach space, and the canonical map j from L1 to E is one-to-one.
Since the unit ball of L1 is closed in L0, j is a semi-embedding. Moreover E has the
following properties.

Proposition 8.33.

(a) E does not contain L1.

(b) Let W be the closure of j.X/ in E. Then W is isomorphic to `1.

(c) L1=X is isomorphic to E=W .

Thus to prove that L1=X does not contain a copy of L1, it is enough to prove that
E=W does not contain a copy of L1. This will follow from Proposition 8.32.

Indeed, by Proposition 8.33(b), W is isomorphic to `1, which is a dual space.
Denote by 
 the weak� topology on W induced by an isomorphism with `1, and
fix an ultrafilter U on N. Let Z D E=W and V be the quotient map from E

onto Z. For a sequence .yn/1nD1 in Uz D ¹y 2 E W kyk � 1; V .y/ D zº, we
set '..yn/1nD1/ D yC limn2U.yn�y/, where y is any point of V �1.z/ and the limit
is taken in the 
 topology in W . It is clear that (8.21)–(8.24) are satisfied. Since, by
Proposition 8.33(a), E does not contain a copy of L1, Proposition 8.32 implies that Z
cannot contain a copy of L1, which ends the proof of Theorem 8.24.

Proofs

We now present the proofs of all results used in the proof of Theorem 8.24.

Proof of Proposition 8.27

This proof is a standard technical exercise. We need the following lemma.

Lemma 8.34. For all " > 0, k 2 N, A 2 †, B 2 †k with �.A4B/ < ", and all
A0 	 A so that �.A0 \ I / D 1

2
�.A \ I / for all I 2 Fk , there exist m > k and

B 0 2 †m, so that B 0 	 B , �.A04B 0/ < 4" and Ek.1B 0/ D 1
2

1B .
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We first prove the proposition using the lemma, and then we prove the lemma.
Let n;A;†0 and � be as in the assumptions of the proposition. Let 0 < " <

�.A/ � 2�n. By induction over i , 0 � i � 2n � 1, we will construct numbers �.i/
and sets Ai 2 †0, Bi 2 †�.i/ so that (8.8) and (8.9) hold and

A0 D A; AiC1 	 Ai ; �.AiC1/ D 1

2
�.Ai /; �.Ai4Bi/ � 4i":

We start the induction with �.0/ 2 N and B0 2 †�.0/ so that �.A4B0/ � ".
When Ai ; Bi ; �.i/ have been constructed, since †0 is atomless, by Lyapunov’s con-
vexity theorem, there exists AiC1 2 †0 so that AiC1 	 Ai and

Z

AiC1

1I d� D �.AiC1 \ I / D 1

2
�.Ai \ I /;

for all I 2 F�.i/. In particular, �.AiC1/ D 1
2
�.Ai /. By Lemma 8.34, there exist

�.i C 1/ > �.i/ and BiC1 2 †�.iC1/ so that �.AiC14BiC1/ � 4�.Ai4Bi/ and
E�.i/.1BiC1

/ D 1
2

1Bi
. This completes the construction.

The function

x D 1

2n�.B0/

2n�1
X

iD0
.�1/i2i1Ai

is †0-measurable and is supported on A0 D A. Let

y D 1

2n�.B0/

2n�1
X

iD0
.�1/i2i1Bi

:

Since �.B0/ � �.A/� " � 2�n we have y 2 Dn. Moreover

kx � yk1 D 1

2n�.B0/

2n�1
X

iD0
2ik1Bi

� 1Ai
k1 � 1

2n�.B0/

2n�1
X

iD0
2i4i" � 82nC1

2n�.B0/
" :

Since n is fixed, kx � yk1 can be made smaller than �. Since � < 1
12 , by (8.13), we

also get that kxk1 � 1
3

� � � 1
4

.

Proof of Lemma 8.34. Let A1 D A0 \ B . Since A0 n A1 D A0 n B 	 A n B , we get
�.A04A1/ D �.A0 n A1/ � ".

Let A2 2 †, A1 	 A2 	 B , with A2 \ A D A1, be such that for all I 2 Fk ,
I 	 B , we have A \ A2 \ I D A1 \ I D A0 \ I and �.A2 \ I / D 1

2
�.I /. Then

�.A24A1/ D �.A2 n A1/ � �.B n A/ � ".
There exists m > k and B1 2 †m so that �.B14A2/ � 2�k".
For every I 2 Fk , I 	 B , we have j�.B1 \ I / � 2�k�1j D j�.B1 \ I / �

�.A2 \ I /j � �.B14A2/ � 2�k". Moreover, there exists B 0 2 †m, B 0 	 B ,
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such that for all I 2 Fk , I 	 B , we have �.B 0 \ I / D 2�k D 1
2
�.B 0 \ I / and

�..B 0 \ I /4.B1 \ I // � 2�k". Hence �.B 04B1/ � ".
Combining all of the above, we get

�.A04B 0/ � �.A04A1/C �.A14A2/C �.A24B1/C �.B14B 0/ � 4":

Proof of Theorem 8.28

The idea of this proof is to first replace sets Dn with sets Fn 	 L1, whose convex
hulls contain Dn but which consist of elements of a simpler form than those of Dn,
and then to prove the result for these larger sets.

Given t 2 Œ0; 1� and m 2 N, we denote by I.t;m/ the unique dyadic interval from
Fm containing t . Given � 2 S2n�1, i.e. an increasing sequence of natural numbers
�.1/ < �.2/ < : : : < �.2n � 1/, we set

x.t; �/ D 1

2n

2n�1
X

iD0
.�1/i2�.i/1I.t;�.i// ; (8.25)

Fn D ¹x.t; �/ 2 L1 W t 2 Œ0; 1�; � 2 S2n�1º :
Since �.I.t; �.i/// D 2��.i/, we have kx.t; �/k1 � 1.

For each t 2 Œ0; 1� and � 2 S2n�1 we set C D I.t; �.2n � 1//. Since E�.i/1C D
2�.i/��.2n�1/1I.t;�.i// , we have

x.t; �/ D 1

2n

2n�1
X

iD0

.�1/i
�.C /

2�.i/E�.i/1C .t/ : (8.26)

First we prove that the sets Fn are large enough.

Lemma 8.35. For every n D 1; 2; : : :, the convex hull of Fn contains Dn.

Proof. Let y 2 Dn be given by (8.10). Then (8.9) implies that for every 0 � i �
2n � 1 we have

�.B2n�1/�1E�.i/1B2n�1
D 22n�1�.B0/�11B2n�1

D 2i�.B0/
�11Bi

;

and hence

y D 1

2n

2n�1
X

iD0

.�1/i
�.B2n�1/

E�.i/1B2n�1
: (8.27)

By (8.8), B2n�1 D F

l2L Cl , where L is finite and Cl 2 F�.2n�1/. Thus,
by (8.27),

y D 1

cardL

� 1

2n

2n�1
X

iD0

.�1/i
�.Cl /

E�.i/1Cl

�

:

By (8.26), y belongs to the convex hull of Fn.
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Now we need more notation. For each n 2 N, 0 � j; k < n, t 2 Œ0; 1� and
� 2 S2n�1, we set

xj .t; �/ D 2�.2j /1I.t;�.2j // � 2�.2jC1/1I.t;�.2jC1// :

and

x.t; �; k/ D 1

2n

k�1
X

jD0
xj .t; �/ D 1

2n

2k�1
X

iD0
.�1/i2�.i/1I.t;�.i// :

Thus, x.t; �; n/ D x.t; �/ and kx.t; �; k/k1 � k=n, for all values of the parame-
ters.

Lemma 8.36. Let L be a finite set and n; r 2 N. For each l 2 L, let tl 2 Œ0; 1�

�l 2 S2n�1, kl 2 ¹1; : : : ; nº and ˛l 2 R with
P

l2L j˛l j � 1. Consider x D
P

l2L ˛lx.tl ; �l ; kl /. Assume that kxk � 2�r and n � 3.r C 1/23rC7. Then there
exist A 2 † with �.A/ � 2�2r , and numbers ml 2 ¹1; : : : ; klº such that

1

n

X

l2L
˛lml � 1

n

X

l2L
˛lkl � 2�r�1; (8.28)

x0.t/ D x.t/; for all t 2 Œ0; 1� n A; where x0 D
X

l2L
˛lx.tl ; �l ;ml / : (8.29)

Proof. The main ingredient of the proof is the following estimate.
Given y with kyk1 � 1, m 2 ¹0; 1; : : :º, ˛; ˇ 2 R with ˛ > ˇ, we set

A.y;m; ˛; ˇ/ D
®

t W .9� 2 Sm/.8i 2 ¹0; : : : ;m � 1º/�.E�.2i/y/.t/ � ˛
�

&
�

.E�.2iC1/y/.t/ � ˇ
�¯

Then

�
�

A.y;m; ˛; ˇ/
� �

�1 � ˛
1� ˇ

�m

: (8.30)

This follows from Doob’s inequality [103, p. 27] applied to the martingale .En.1�
y//n (or it can be proved directly by induction on m).

Now consider y D sign x. We have kyk1 � 1 and

2�r � kxk1 D
Z

Œ0;1�

xy d� D 1

2n

X

l2L
˛l

kl �1
X

jD0

Z

Œ0;1�

yxj .tl ; �l / d� : (8.31)

Let m D 3.r C 1/2rC3, and for each l 2 L, let ml be the largest integer � kl so
that

card
®

i 2 ¹0; : : : ; kl º W
Z

Œ0;1�

yxi .tl ; �l / d� � 2�r�1¯ � 2rC3m :
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Let L0 D ¹l 2 L W ml < klº. Then for every l 2 L0 we have

card
®

i 2 ¹0; : : : ; klº W
Z

Œ0;1�

yxi .tl ; �l / d� � 2�r�1¯ D 2rC3m : (8.32)

Since
R

Œ0;1� y2
m1I.t;m/ d� D .Emy/.t/, we have that

Z

Œ0;1�

yxj .tl ; �l / d� D .E�l.2j /y/.tl / � .E�l .2jC1/y/.tl / :

Hence, if
R

Œ0;1� yxj .tl ; �l / d� � 2�r�1, then there exists s 2 Z with �2rC2 � s <

2rC2 such that

.E�l.2j /y/.tl / � .s C 1/ 2�r�2; .E�l.2jC1/y/.tl / � s 2�r�2 : (8.33)

By (8.32), for every l 2 L0 there exists s 2 Z with �2rC2 � s < 2rC2 such
that (8.33) holds for, at least, m indices j � ml � 1. Hence,

I
�

tl ; �l .2ml � 1/� � As
defDA�y;m; .s C 1/ 2�r�2; s 2�r�2�

By (8.30),

�.As/ �
�1 � .s C 1/ 2�r�2

1 � s 2�r�3
�m � �

1 � 2�r�3�m � e�m2�r�3 � 2�3r�3 :

Thus, for A D S

�2rC2�s<2rC2 As we have �.A/ � 2�2r . Note that if j � 2ml ,
then I.t; �l .j // � A, which implies (8.29).

Since for each l 2 L
ˇ

ˇ

ˇ

Z

Œ0;1�

yxj .tl ; �l / d�
ˇ

ˇ

ˇ

� kyk1kxj .tl ; �l /k1 � 2 ;

we have
ˇ

ˇ

ˇ

Z

Œ0;1�

yx.t; �l ;ml / d�
ˇ

ˇ

ˇ

� 1

2n

�

2rC4mC n2�r�1� � 2rC3m
n

C 2�r�2 � 2�r�1 :

This implies that
P

l2L ˛l
R

Œ0;1� yxj .t; �l / d� � 2�r�1. On the other hand, by (8.31),
we get

2�r�1 �
X

l2L
˛l

Z

Œ0;1�

y
�

x.tl ; �l ; kl / � x.tl ; �l ;ml /
�

d�

�
X

l2L
j˛l j

�

�x.tl ; �l ; kl / � x.tl ; �l ;ml /
�

�

1

(8.34)

Finally, since kx.tl ; �l ; kl /�x.tl ; �l ;ml /k1 � .kl�ml /=n, (8.34) implies (8.28).
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Lemma 8.37. For every " > 0 there exists n 2 N, such that �.¹jxj � "º/ � " for
each x 2 convFn.

Proof. Let r; n 2 N, so that 22�r=2 < " and n > 3 .r C 1/ 23rC7. An arbitrary
element of convFn has the following form:

x D
X

l2L
˛lx.tl ; �l ; kl /;

where L is a finite set, and for each l 2 L, tl 2 Œ0; 1�, �l 2 Sn, and .˛l/l2L 	 R
satisfy

P

l2L j˛l j � 1.
Recursively on � D 0; 1; : : :, we construct natural numbers .k�

l
/l2L with 0 � k�

l
�

n and sets A� 2 †0 with the following properties:

1

n

X

l2L
j˛l jk�l � 1

n

X

l2L
j˛l jk��1

l � 2�r�1 ; (8.35)

�.A�/ � 2�2r and x.�/.t/ D x.t/ for all t 2 Œ0; 1� n A0
� , where A0

� D S

i<� Ai and
x.�/ D P

l2L ˛lx.tl ; �l ; k�l /.
To start the construction, let k0

l
D n for all l 2 L and A0 D ;. The induction step

is done by applying Lemma 8.36. The construction stops at the first value of � for
which kx.�/k � 2�r . Thus, �.¹jx.�/j � 2�r=2º/ � 2�r=2. By (8.35), we have

0 � 1

n

X

l2L
j˛l jk�l � 1 � �2�r�1 ;

and thus, � � 2rC1. Hence, �.A0
�/ � �2�2r � 2�rC1. Since x and x.�/ coincide

outside A0
� , we obtain

�
�¹jxj � "º� � �

�¹jxj � 2�r=2º� � 2�r=2 C 2�rC1 � 22�r=2 < " :

By Lemma 8.35, Theorem 8.28 follows from Lemma 8.37.

Proof of Proposition 8.29

Observe that (8.17) and (8.18) easily follow from (8.16). The upper estimate in (8.19)
follows immediately from (8.17), so we just need to prove the lower estimate in (8.19).
We do this in the following lemma.

Lemma 8.38. Let .an;k/
1
n;kD1 be a sequence of reals with

P1
nD1 2�nP1

kD1 jan;k j <
1. Then the series

P1
nD1.

P1
kD1 an;kyn;k/ converges in measure. Denoting for

simplicity its sum by
P1
n;kD1 an;kyn;k , we have

1
X

n;kD1
2�njan;k j � 4

�

�

�

1
X

n;kD1
an;kyn;k

�

�

�

1
: (8.36)



204 Chapter 8 Weak embeddings of L1

Proof of Lemma 8.38. For n 2 N, let bn D P1
kD1 jan;k j. Thus

P1
nD1 2�nbn < 1.

Let hn D P1
kD1 an;kxn;k . Then, for all n 2 N, hn 2 bneC n, where eC n is the

norm closure of convCn. By (8.15), the series
P1
nD1.

P1
kD1 an;kyn;k/ converges in

measure. By (8.12), we have that khnk1 � bn2
3q.n/ and hence, by (8.14), for all

l > n,
Z

Bl

jhnj d� � bn2
3q.n/�.Bl/ � bn2

�2l�2 � bn2
�l�n�2 : (8.37)

Let An D ¹jhnj � bn2
�2nº. By (8.15), �.An/ � 2�n�1 mini�n �.Bi /. Let

A0
l

D S

n�l An. Since �.An/ � 2�n�1�.Bl /, for all n � l , we have that �.A0
l
/ �

2�l�.Bl/ � �.Bl/=2. Let B 0
l

D Bl n A0
l
. Then, for all l � n, we have

Z

B 0
l

jhnj d� � bn2
�2n�.B 0

l/ � bn2
�l�n�2 : (8.38)

By (8.37) and (8.38), for all l; n 2 N, we obtain
R

B 0
l
jhnj d� � bn2

�l�n�2. Thus, for

each l 2 N,
Z

B 0
l

ˇ

ˇ

ˇ

1
X

n;kD1
an;kxn;k

ˇ

ˇ

ˇ

d� �
Z

B 0
l

ˇ

ˇ

ˇ

1
X

nD1
hn

ˇ

ˇ

ˇ

d� � 2�l�2
1
X

nD1
2�nbn : (8.39)

Given any r; s 2 N, let l D '.r; s/. We have Bl \ A.n; k/ D ;, unless n D r and
k D s. So, since �.B 0

l
/ � �.Bl /=2, we have

Z

B 0
l

ˇ

ˇ

ˇ

1
X

n;kD1
2�n an;k

�.A.n; k//
1A.n;k/

ˇ

ˇ

ˇ

d� �
Z

B 0
l

ˇ

ˇ

ˇ

2�r ar;s

�.Bl /
1Bl

ˇ

ˇ

ˇ

d� � 2�r�1jar;sj :

This, together with (8.39), implies that

Z

B 0
l

ˇ

ˇ

ˇ

1
X

n;kD1
an;kyn;k

ˇ

ˇ

ˇ

d� � 2�r�1jar;sj � 2�l�2
1
X

nD1
2�nbn :

Summing up this inequality over all r; s 2 N and using disjointness of B 0
l
, we obtain

�

�

�

1
X

n;kD1
an;kyn;k

�

�

�

1
� 1

2

1
X

r;sD1
2�r jar;sj � 1

4

1
X

nD1
2�nbn D 1

4

1
X

n;kD1
2�njan;k j :

Proof of Proposition 8.30

From (8.12) we have that kunk1 � 23q.n/CnC2. Let An D ¹junj � 2�nC2º.
Then (8.15) and (8.14) imply that

�.An/ � 2�n�1�.Bn/ � 2�3q.n�1/�3n�3 :
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Define A0
n D S

i>n Ai . Then �.A0
n/ � 2�3q.n�1/�3n�2 . Thus, for every i � n,

Z

A0
n

jui j d�23q.i/CiC2�.A0
n/ � 2�2n : (8.40)

Let Ln D An n A0
n. For each i > n, since jui j � 2�iC2 on Li , we have

R

Ln
jui j d� � 2�iC2�.Ln/ � 2�iC2. Thus,

Z

Ln

ˇ

ˇ

ˇ

X

i¤n
ui

ˇ

ˇ

ˇ

d� � n2�n C 2�n�2 � 2�n

and hence,
Z

Ln

junj d� �
Z

Ln

ˇ

ˇ

ˇ

1
X

iD1
ui

ˇ

ˇ

ˇ

d�C 2�n :

Since the sets Ln are disjoint, summing over n gives

1
X

nD1

Z

Ln

junj d� �
�

�

�

1
X

iD1
ui

�

�

�

1
C 1 : (8.41)

Since jun.t/j � 2�nC2, for t 2 Œ0; 1� n An, by (8.40) we have

kunk1 �
Z

Ln

junj d�C 2�nC2 C 2�2n :

By (8.41), this implies (8.20).

Proof of Proposition 8.31

To prove Proposition 8.31, it is enough to consider the case when each element hn
is a finite sum

P1
kD1 an;kyn;k . We have to prove that if kP1

nD1 hnk1 � 1 then
P1
nD1 khnk1 � 15. It follows from Proposition 8.29 that

P1
nD1

P1
kD1 2�n

jan;k j � 4. Since kyn;k � xn;kk1 D 2�n, we have kP1
nD1 unk1 � 5, where

un D P1
kD1 an;kxn;k for all n � 1. Since

P1
kD1 jan;kj � 2nC2, the element un

belongs to the closure of 2nC2 convCn. It remains to be seen that

1
X

nD1
khnk1 �

1
X

nD1
kunk1 C

1
X

n;kD1
2�njan;kj �

1
X

nD1
kunk1 C 4 ;

using Proposition 8.30.
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Proof of Proposition 8.32

Let V W L1 ! Z be an into isomorphism. Without loss of generality we assume that
kV k < 1. For m 2 N and I 2 Fm, let vI D V.2m1I / and choose any uI 2 UvI

.
Define

uI;n D
²

uI ; if n � m;

2m�nP
Fm3J�I uJ ; if n > m:

Obviously, uI;n 2 UvI
. If I1 and I2 are the two distinct elements of FmC1 contained

in I , for every n > m we have

uI;n D 1

2

�

uI1;n C uI2;n

�

: (8.42)

Let zI D '..uI;n/n�1/. By (8.22), kzI k � K. By (8.21), (8.24) and (8.42),
zI D 1

2
.zI1

C zI2
/. By (8.23), T zI D vI . Thus, there exists S 2 L.L1; Y / such that

S.2m1I / D zI for each m 2 N and I 2 Fm. Moreover, kSk � K and V D T ı S .
Since V is an into isomorphism, T is an isomorphism from S.L1/ onto its image, and
thus, T fixes a copy of L1.

Proof of Proposition 8.33(a)

By our construction, kj.x/k � 2�n for each n 2 N and x 2 Dq.n/. Hence, by
Proposition 8.27 and Corollary 8.26, j does not fix a copy of L1. Suppose that there
is an into isomorphism J from L1 to E. Without loss of generality we assume that
kJk < 1. Let ı > 0 be such that for every x 2 L1

kJxk � ıkxk1 : (8.43)

We will show that j fixes a copy of L1, which will complete the proof by contradic-
tion.

Let Xn be the Banach space
S

�2R �Mn endowed with the norm given by the
Minkowski functional k � kn of Mn. Let eX D .

P1
nD1Xn/`1

and Y D .L1 ˚ eX/`1
.

Consider the operator T 2 L.Y;E/ given by T .x; .yn// D x C P1
nD1 yn. Observe

that T is surjective and kT k � 1.
Fix any z 2 E with kzkE < 1, and let Uz D T �1.¹zº/ \ BY .
Consider any sequence .uk/k D .xk ; .yn;k /

1
nD1/k 2 Uz . By definition of Uz , for

each k 2 N, we have

z D T uk D xk C
1
X

nD1
yn;k : (8.44)

Let U be any ultrafilter on N. Since Mn is closed convex and bounded in L1, it is
�.L1; L1/-compact, and there exists the �.L1; L1/-limit yn D limk2U yn;k .

Let x D z �P1
nD1 yn. We claim that kxk1 � 1.
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Indeed, by Mazur’s theorem, for any m 2 N, there exists a finitely nonzero se-
quence .˛k/k of nonnegative numbers with

P1
kD1 ˛k D 1 such that, for all n � m,

kyn �P1
kD1 ˛kyn;kk1 � 2�m. By (8.44) we get

x D z �
1
X

nD1
yn D

1
X

kD1
˛k
�

xk C
1
X

nD1
yn;k

� �
1
X

nD1
yn ;

and thus

x�
1
X

kD1
˛kxk D �

m
X

nD1

�

yn�
1
X

kD1
˛kyn;k

�

�
1
X

nDmC1
ynC

1
X

nDmC1

1
X

kD1
˛kyn;k : (8.45)

Since Uz 	 BY , for all k 2 N, we have kxkk1 � kukkY � 1. Therefore, (8.45)
shows that x belongs to the closure in measure of BL1

, and hence kxk1 � 1.
Observe that if we define '..uk/1kD1/ D .x; .yn/

1
nD1/ 2 Y for each .uk/1kD1 2

Uz , then (8.21)–(8.24) hold with K D 1. Thus, by Proposition 8.32, there exists
S 2 L.L1; Y / such that J D T ı S .

The remaining part of the proof follows from the following lemma.

Lemma 8.39. For any m 2 N, let Ym be the subspace of Y consisting of all u D
.x; .yn/

1
nD1/ such that yn D 0 for all n � m. For every S 2 L.L1; Y / and every " >

0, there exist m 2 N, A 2 †C and S 0 2 L.L1; Ym/ such that k.S � S 0/jL1.A/k � ".

Indeed, if " D ı=.2kT k/, where ı > 0 is from (8.43), we get that for every x 2
L1.A/, kT ı Sx � T ı S 0xk � ıkxk=2. Since T ı Sx D Jx, by (8.43), we get that
for every x 2 L1, kT ı S 0xk � ı

2
kxk1. Note that T .Ym/ � L1 and T W Ym ! L1 is

bounded. Considering T ı S 0 as valued in L1, we have for each x 2 L1.A/

kj ı T ı S 0xk � ı

2
kxk1 � ı

2kT ı S 0kkT ı S 0xk1 ;

and thus, j fixes T ı S 0.L1.A//, which ends the proof of Proposition 8.33(a).

Proof of Lemma 8.39. For any n 2 N, let Pn be the canonical projection from Y

onto Xn (we identify Xn with the obvious subspace of Y ) and Sn D Pn ı S . By the
definition of the norm of Y , for each x 2 L1 we have

1
X

nD1
kSnxkn � kSxkY : (8.46)

Define  n;k D 2k
P

I2Fk
kSn1I kn1I , for each n; k 2 N. Then by (8.46), a.e.

1
X

nD1
 n;k D 2k

X

I2Fk

1
X

nD1

�

�Sn1I
�

�

n
1I �

X

I2Fk

�

�S
� 1I
k1Ik

�

�

�

Y
1I � kSk : (8.47)
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Recall that a sequence .gk/ in L1 is called a submartingale with respect to .†k/
(the latter is an increasing sequence of sub-� -algebras of †) if EkC1xkC1 � xk
for each k 2 N, see e.g. [18, Definition 10.3.1], and observe that . n;k/1kD1 is
a submartingale for each n 2 N. Indeed, for each I 2 Fk with I D I 0 t I 00,
I 0; I 00 2 FkC1 we have
Z

I

 n;k d� D
Z

I

2kkSn1I kn d� D kSn1I kn � kSn1I 0kn C kSn1I 00kn

D
Z

I 0

2kC1kSn1I 0kn d�C
Z

I 00

2kC1kSn1I 00kn d� D
Z

I

 n;kC1 d�:

By (8.47), �k
defDP1

nD1 n;k 2 L1, and .�k/ is a submartingale as well, with
 n;k � �k , for each n; k, and supk Ek n;k � supk Ek�k � kSk < 1, a.e. for
each n 2 N. By [18, Theorem 10.3.3], for every n 2 N, there exists an a.e. limit
 n D limk  n;k , and moreover, the a.e. limit  D limk

P1
nD1  n;k D P1

nD1 n
satisfies  � kSk.

For each n; k 2 N and I 2 Fn we have

kSn1I kn D
Z

I

 n;k d� �
Z

Œ0;1�

1I n d� :

Thus, by the density of simple functions, for every x 2 L1, we get kSnxkn �
R

Œ0;1� jxj n d�. Hence, for each m 2 N and x 2 L1 we have

1
X

nDm
kSnxkn �

Z

Œ0;1�

jxj
�

1
X

nDm
 n

�

d� :

Since
P1
nD1 n � kSk, for every " > 0 there exists m 2 N such that �.A/ > 0

where A D ¹P1
nDm n � "º. Thus, if S 0 is the composition of S with the canonical

projection from Y onto Ym, for any x 2 L1.A/, we have

kSx � S 0xk1 �
1
X

nDm
kSnxkn �

Z

Œ0;1�

jxj " d� � "kxk1 :

Proof of Proposition 8.33(b)

Let un;k D j.2nyn;k/. By the definition of k � kE , we have kun;kkE � 2, since

2nyn;k D 1

�.A.n; k//
1A.n;k/ C 2nxn;k : (8.48)

Let an;k be a finitely nonzero sequence of numbers with kP1
n;kD1 an;kun;kkE � 1.

By the definition of the norm of E, there are x 2 L1 with kxk1 < 2, yn 2 Mn, and
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˛n 2 R with
P1
nD1 j˛nj � 2 such that

1
X

n;kD1
an;kun;k D x C

1
X

nD1
˛nyn

Without loss of generality we assume that yn 2 2n convCn, and hence

˛nyn D
1
X

kD1
2nbn;kxn;k

for some numbers bn;k with
P1
kD1 jbn;k j � ˛n for each n 2 N. Thus

P1
n;kD1

jbn;k j � 2. Using (8.48), we obtain that there exists x0 2 L1 with kx0k1 � 4 such
that 1

X

n;kD1
2nan;kyn;k D x0 C

1
X

n;kD1
2nbn;kyn;k ;

or equivalently,
P1
n;kD1 2n

�

an;k � bn;k
�

yn;k D �x0:
Since kx0k1 � 4, Proposition 8.29 implies that

P1
n;kD1 jan;k � bn;k j < 16 and

so,
P1
n;kD1 jan;k j < 18. Thus, the closed linear span of .un;k/n;k�1, which is the

closure of j.X/, is isomorphic to `1.

Proof of Proposition 8.33(c)

Let 
X W L1 ! L1=X and 
W W E ! E=W be the quotient maps. Since 
W ıj jX D
0, there is a continuous linear operator T W L1=X ! E=W such that T ı
X D 
W ıj .
Since j.L1/ is dense in E, the image T .L1=X/ is dense in E=W and hence, it is left
to show that T is an into isomorphism.

Consider any u 2 L1 with kT ı 
Xuk < 1. Then k
W ı juk < 1, and so, there
exists v 2 X such that kj.u/ � j.v/kE < 1. Thus

u � v D x C
1
X

nD1
˛nyn;

where x 2 BL1
, ˛n 2 R with

P1
nD1 j˛nj � 1 and yn 2 Mn. By Proposition 8.31,

P1
nD1 j˛njkynk < 1, and hence we can write

u � v D x0 C
N
X

nD1
˛nyn;

where kx0k � 2. Then we have that yn 2 2n convCn for each n D 1; : : : ; N .
By (8.48), 2nxn;k 2 BL1

CX , and thus, 2n convCn � BL1
CX . Since

P1
nD1 j˛nj �

1, we have that
PN
nD1 ˛nyn 2 BL1

C X . Thus, there exists v0 2 X such that ku �
v � v0k1 � 3. This shows that k
Xuk � 3, finishing the proof that T is an into
isomorphism.



Chapter 9

Spaces X for which every operator T 2 L.Lp; X/

is narrow

The classical Pitt theorem [109] (see also [79, p. 76]) asserts that, for any 1 � p <

r < 1, every operator T 2 L.`r ; p̀/ is compact, and every operator T 2 L.`r ; c0/

is compact. In this chapter we are interested in analogs of Pitt’s theorem for narrow
operators. That is, we want to identify classes of spaces X , so that every operator
T 2 L.Lp; X/ is narrow. In Section 9.1 we recall some characterizations of spaces
so that every operator T 2 L.L1; X/ is narrow, which are presented elsewhere in
this book, and we show a characterization due to V. Kadets and Popov [56] in terms
of ranges of vector measures. In Section 9.2 we show that every T 2 L.E; c0.�//

is narrow, where E belongs to a large class of spaces including Lp for all p, 0 <
p < 1. Section 9.3 gives the closest analog of Pitt’s theorem, namely it gives the
characterization of parameters p; r so that every operator T 2 L.Lp ; Lr / is narrow.
Section 9.4 addresses the same question for operators T 2 L.Lp; `r /. This is the most
involved section in this chapter. It combines a geometric argument and a probabilistic
method which uses the martingale structure of the partial sums of the Haar system,
stopping times and the central limit theorem (although the notions of martingales
and stopping times are not explicitly mentioned). These ideas were first used in this
context by V. Kadets and Schechtman in [59], and later also by V. Kadets, Kalton
and Werner in [53] (cf. Section 11.1). In the last section we use methods developed
in Section 9.4 to study `2-strictly singular operators on Lp . We partially answer
a question of Plichko and Popov [110] (cf. Chapter 7) by proving that every `2-
strictly singular operator from Lp to a spaceX with an unconditional basis, is narrow.
Another, incomparable, partial answer to this problem is presented in Section 10.9.
Results of Sections 9.4 and 9.5 come from [102].

9.1 A characterization using the ranges of vector measures

In this section we study spaces X so that every operator from L1 to X is narrow.
We already saw a characterization of such spaces: Rosenthal’s Theorem 8.4 says

that these spaces are exactly the spaces X so that L1 does not sign-embed in X .
Later V. Kadets, Kalton and Werner [53] proved that if X has an unconditional basis
then every operator T 2 L.L1; X/ is narrow, and that this implies that L1 cannot be
sign-embedded in a Banach space with an unconditional basis, which was announced
earlier by Rosenthal without published proof, see Section 11.1 (Theorem 11.11).

The class of spaces with the property that every operator from L1 to X is narrow
includes spaces X which have the RNP. Indeed, we saw that every representable op-
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erator is narrow (Proposition 2.4) and it is well known that if X has the RNP then
every operator T 2 L.L1; X/ is representable [29, p. 63]. Also it follows from Theo-
rem 8.22 that every operator from L1 to a separable dual space is narrow, and even the
larger class G is identified so that every operator T 2 L.L1; X/ is narrow for every
X 2 G (see the discussion before Theorem 8.22).

The goal of this section is to give a characterization of Banach spaces X for which
every operator T 2 L.L1; X/ is narrow in terms of ranges of vector measures.

First we recall some definitions. Let .�;†/ be a measurable space, that is, a set �
and a � -algebra † of subsets of �. Let X be a Banach space. A map m W † !
X is called a � -additive (= countably additive) vector measure if m.

F1
nD1An/ D

P1
nD1 m.An/ for each sequence of disjoint sets An 2 †. Given a � -additive vector

measure m W † ! X , the variation of m is the positive scalar � -additive measure
jmj W † ! Œ0;1� defined by

jmj.A/ D sup
°

n
X

kD1
km.Ak/k W n 2 N; Ak 2 †; A D

n
G

kD1
Ak

±

for each A 2 †. A vector measure m W † ! X is said to have bounded variation if
m.�/ < 1 (in this case m.A/ < 1 for each A 2 †). Otherwise, the measure is said
to have unbounded variation. For example, m.A/ D 1A, A 2 † is a � -additive vector
measure taking values in Lp.�/where .�;†;�/ is a measure space and 1 � p < 1,
and is not � -additive if we consider its values in L1.�/. Notice that this measure has
bounded variation if p D 1, and unbounded variation if 1 < p < 1. For finite
dimensional X , any X-valued � -additive measure has bounded variation. We refer to
Diestel and Uhl’s book [29] (1977) for more information on vector measures.

The classical Lyapunov theorem [86] asserts that if X is finite dimensional then the
range of any X-valued measure � -additive vector measure is convex. The converse is
also true [29, p. 265]: if the range of anyX-valued measure � -additive vector measure
of bounded variation is convex then X is finite dimensional. Here is a simple proof:
let dimX D 1 and T 2 L.L1; X/ be any injective operator, then m.A/ D T 1A is
an X-valued � -additive vector measure of bounded variation with nonconvex range.
Indeed, putting x D m.Œ0; 1�/, we obtain that x=2 does not belong to the range of m,
because otherwise m.A/ D x=2 would imply that m.Œ0; 1� nA/ D m.Œ0; 1�/� m.A/,
and hence, T .1A�1.Œ0;1�nA// D x=2�x=2 D 0. This contradicts the injectivity of T .

It is natural to ask for which infinite dimensional spaces X , every X-valued � -
additive vector measure of bounded variation has a convex range closure. The above
example shows that this will not hold if there exists an injective operator from L1
to X . It turns out that the characterization of such spaces can be formulated in terms
of narrow operators. The following result was obtained simultaneously and indepen-
dently by V. Kadets and Popov.

Theorem 9.1 ([56]). A Banach space X has the property that every X-valued � -
additive vector measure of bounded variation has convex range closure if and only if
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every operator T 2 L.L1; X/ is narrow (which, by Theorem 8.4 is equivalent to the
condition that L1 does not sign-embed in X).

For the proof we will need the following lemma.

Lemma 9.2. Let m be an X-valued � -additive vector measure of bounded variation.
If for every A 2 † and every " > 0 there exists B 2 †.A/ such that

�

�m.B/ � 1

2
m.A/

�

� < " ;

then the range m.†/ of the measure m has convex closure.

Proof of Lemma 9.2. Using induction on n, we prove the following statement: for any
n 2 N, k D 1; : : : ; 2n, A 2 † and " > 0 there exists B 2 †.A/ such that

�

�m.B/ � k

2n
m.A/

�

� < " :

The induction base is given by the assumptions of the lemma. Suppose that the
statement is true for a given n � 1. Fix k � 2nC1, A 2 † and " > 0. Let B1 2 †.A/
be such that

�

�m.B1/ � 1

2
m.A/

�

� <
2n�1"
k

:

We consider the following two cases:
(1) Assume that 1 � k � 2n. We choose B 2 †.B1/ so that

�

�m.B/ � k

2n
m.B1/

�

� <
"

2
:

Then,
�

�m.B/ � k

2nC1m.A/
�

� � �

�m.B/ � k

2n
m.B1/

�

�C �

�

k

2n
m.B1/ � k

2nC1m.A/
�

�

<
"

2
C k

2n
� 2
n�1"
k

D ":

(2) Assume that 2n < k � 2nC1. We choose B2 2 †.B1/ so that

�

�m.B2/� k � 2n
2n

m.B1/
�

� <
"

2
;

and let B D .A n B1/ [ B2. Then,

�

�m.B/ � k

2nC1m.A/
�

� D �

�m.A/ � m.B1/C m.B2/� 1

2
m.A/ � k � 2n

2nC1 m.A/
�

�

� �

�

1

2
m.A/ � m.B1/

�

�C �

�m.B2/ � k � 2n
2n

m.B1/
�

�

C k � 2n
2n

�

�m.B1/ � 1

2
m.A/

�

�

<
2n�1"
k

�

1C k � 2n
2n

�C "

2
D ":
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Thus, the statement is proved by induction. Since the set of all dyadic numbers
k=2n is dense in Œ0; 1�, we obtain that for any t 2 Œ0; 1�, A 2 † and " > 0 there exists
B 2 †.A/ such that

km.B/ � tm.A/k < " : (9.1)

Fix any A;B 2 †, t 2 Œ0; 1� and " > 0. Using (9.1), we choose A1 � AnB so that
km.A1/� tm.AnB/k < "=2, and B1 � B nA so that km.B1/� .1� t /m.B nA/k <
"=2. Then for C D A1 [ B1 [ .A \ B/ we get

km.C / � tm.A/ � .1 � t /m.B/k
D km.A1/Cm.B1/Cm.A \ B/�tm.A n B/�.1� t /m.B n A/�m.A \ B/k
� km.A1/ � tm.A n B/k C km.B1/�.1 � t /m.B n A/k < "

2
C "

2
D ":

Proof of Theorem 9.1. ). Suppose T 2 L.L1; X/. Then m.A/ D T 1A is an X-
valued � -additive measure of bounded variation. Fix an arbitrary A 2 † and consider
the restriction of m to †.A/. Since every X-valued � -additive vector measure of
bounded variation has convex range closure, the element

1

2
T 1A D 1

2

�

m.A/C m.;/�

can be approximated by values of m, so for each " > 0 there exists A" 2 †.A/ with

�

�

�

1

2
T 1A � T 1A"

�

�

�

<
"

2
:

We have
�

�T .1AnA"
� 1A"

/
�

� D �

�T .1A � 21A"
/
�

� < " :

Thus T is narrow.
(. Assume m is a � -additive X-valued measure of bounded variation. We define

an operator T W L1.Œ0; 1�;†; jmj/ ! X by setting T 1A D m.A/ for any A 2 †.
Then for any simple function x D Pm

kD1 ak1Ak
, where Œ0; 1� D Fm

kD1 Ak we have
that

kT xk D �

�

m
X

kD1
akm.Ak/

�

� �
m
X

kD1
jakj � jmj.Ak/ D kxk :

Thus the operator T can be extended by linearity and continuity to the whole space
L1.Œ0; 1�;†; jmj/.

Since every operator from L1 to X is narrow, for an arbitrary finite atomless mea-
sure space .�;†;�/, every operator from L1.�/ to X is also narrow. Indeed, if
A 2 †C, then we can construct a sub-� -algebra †1 � †.A/ and a measure-pres-
erving map (see Carathéodory’s theorem 1.16), up to the multiple of �.A/, from Œ0; 1�

onto A, such that the range of † is †1. Hence, the restriction of every operator
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S 2 L.L1.�/;X/ to the subspace L1.A;†1; �j†1
/ is a narrow operator. Thus, there

exists x 2 L1.�/ such that x2 D 1A,
R

� x d� D 0 and kSxk < ".
Thus, T is a narrow operator. Choose y 2 L1.Œ0; 1�;†; jmj/ so that y2 D 1A,

R

� yd jmj D 0 and kTyk < ". Then for B D ¹t 2 A W y.t/ D 1º we obtain

�

�m.B/ � 1

2
m.A/

�

� D �

�m.B/ � 1

2
m.B/ � 1

2
m.A n B/��

D 1

2

�

�m.B/ � m.A n B/�� D 1

2
kT xk < ":

By Lemma 9.2, m has convex range closure.

9.2 Every operator from E to c0.�/ is narrow

The following theorem is valid for the case of the real scalar field.

Theorem 9.3. Let E be a Köthe F-space over the reals on a finite atomless mea-
sure space .�;†;�/ for which there exists a reflexive Köthe–Banach space E1 on
.�;†;�/ with continuous inclusion embedding E1 � E. Let � be an arbitrary set.
Then every operator T 2 L.E; c0.�// is narrow.

For the proof, we need the following simple observation concerning linear operators
on vector spaces.

Lemma 9.4. Let S W X ! Y be a linear operator acting between linear spaces. If
a linear subspace Y0 � Y has finite codimension in Y then X0 D T �1Y0 has finite
codimension in X .

Proof of Lemma 9.4. Let m be the codimension of Y0 in Y , and x1; : : : ; xmC1 be any
vectors in X . Since dimY=Y0 D m, there are scalars .ai /

mC1
iD1 with

PmC1
kD1 jakj >

0 such that
PmC1
kD1 akT xk 2 Y0. But since

PmC1
kD1 akxk 2 Y0, we conclude that

dimX=X0 � m by arbitrariness of x1; : : : ; xmC1 2 X .

Proof of Theorem 9.3. Fix any " > 0 and set

K D
°

x 2 BL1.�/ W
Z

�

x d� D 0 & kT xk � "
±

:

Observe that K is a nonempty convex and closed subset of E. Moreover, K is
bounded in E1, and by continuity of the embedding E1 � E we obtain that K is
closed inE1. Thus, by the Banach–Alaoglu theorem,K is a nonempty convex weakly
compact subset of E1. By the Krein–Milman theorem, there exists an extreme point
x0 2 K. We prove that jx0.t/j D 1 for almost all t 2 �. Suppose on the contrary,
that there exists ı > 0 and B 2 †C such that jx0.t/j � 1 � ı for all t 2 B . Let
T x0 D P

�2� a�e� where .a� /�2� are scalars with lim�2� a� D 0, and .e� /�2� is
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the unit vector basis of c0.�/ with the biorthogonal functionals .e�
� /�2� . Choose a fi-

nite set �0 	 � so that ja� j < "=2 for each � 2 � n �0. By Lemma 9.4, the subspace
T �1.Œe� ��2�n�0

/ has finite codimension in E. Since the intersection of two finite
codimensional subspaces is a finite codimensional subspace as well, the subspace

X D T �1�Œe� ��2�n�0

�

\
°

x 2 E W
Z

�

x d� D 0
±

has finite codimension in E. By Lemma 2.9, L1.B/ \ X ¤ ¹0º. We choose any
x 2 L1.B/ \ X , x ¤ 0, such that kxk1 � ı and kT xk � "=2. Now it is easy to
verify that both .x0 C x/ 2 K and .x0 � x/ 2 K. Indeed, since x 2 X and x0 2 K,
we have that

R

�.x0 ˙ x/ d� D 0. Since jx0.t/j < 1 � ı for all t 2 A, x 2 L1.A/
and kxk1 � ı, we obtain that .x0 ˙ x/ 2 BL1.�/. Observe that then

ˇ

ˇe�
� .T x0 ˙ x/

ˇ

ˇ

´

D ja� j � "; if � 2 �0
� ja� j C je�

� .T x/j � "
2

C "
2

D "; if � 2 � n �0.

Thus, kT .x0 ˙ x/k � " and hence, .x0 ˙ x/ 2 K. This contradicts the fact that x0 is
an extreme point of K.

Remark 9.5. Observe that we proved that both in the real and the complex case for
every " > 0 there exists x 2 E such that jxj D 1�,

R

� x d� D 0 and kT xk < ". In
general, such an x is called a complex sign.

By Theorem 3.5 we obtain the following consequence.

Corollary 9.6. Let E be a strictly nonconvex Köthe F-space over the reals on a finite
atomless measure space .�;†;�/ for which there exists a reflexive Köthe–Banach
space E1 on .�;†;�/ with continuous inclusion embedding E1 � E. Let � be an
arbitrary set. Then L.E; c0.�// D ¹0º.

Note that for E D Lp with 0 < p < 1, Kalton proved much more, that for
any topological vector space X every `2-strictly singular operator T 2 L.Lp; X/ is
zero [65]. Hence, if X contains no isomorph of `2 then L.Lp; X/ D ¹0º.

9.3 An analog of the Pitt compactness theorem
for Lp-spaces

The following result of V. Kadets and Popov [57], is an analog of Pitt’s compactness
theorem for narrow operators on the Lebesgue spaces Lp.

Theorem 9.7. If 1 � p < 2 and p < r < 1 then every operator T 2 L.Lp; Lr / is
narrow.
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We remark that Theorem 9.7 is false for any other values of p and r . If p � 2

then the composition Jr ı Ip;2 of the identity embedding Ip;2 W Lp ! L2 and the
isomorphic embedding Jr W L2 ! Lr is evidently not narrow. And if 1 � p < 2 and
1 � r � p then the identity embedding of Lp into Lr is not narrow.

Before the proof, we recall that a Banach space X is said to have infratype q > 1 if
there exists a constant C > 0 such that for each n 2 N and x1; : : : ; xn 2 X ,

min

kD˙1

�

�

�

n
X

kD1
	kxk

�

�

�

� C
�

n
X

kD1
kxkkq

�1=q
:

Maurey and Pisier [95] showed that for every q > 1, Lq has infratype min¹q; 2º
(for 1 � q � 2, cf. also Lemma 7.63(b)). Thus, Theorem 9.7 follows from the next
more general result.

Theorem 9.8. Let 1 � p < 2 and X be a Banach space with infratype q > p. Then
every operator from Lp to X is narrow.

Proof. Assume T 2 L.Lp; X/, A 2 †, n 2 N. We decompose A into n subsets of
equal measure A1; : : : ; An.

Then

min

kD˙1

�

�

�

n
X

kD1
	kT 1Ak

�

�

�

� C
�

n
X

kD1
kT 1Ak

kq
�1=q

� CkT k
�

n
X

kD1
k1Ak

kq�1=q � CkT k
�

n
X

kD1

��.A/

n

�q=p�1=q

� CkT k��.A/�1=p
�

n1�q=p�1=q ! 0 as n ! 1 :

This implies that for every " > 0 there exist n and sign numbers 	1; : : : ; 	n so that for

x D
n
X

kD1
	k1Ak

we have kT xk < ". By Proposition 1.9, this implies that T is narrow.

9.4 When is every operator from Lp to `r narrow?

The main theorem of this section is Theorem 9.9 which characterizes all values of the
parameters 1 � p; q < 1 for which every operator T 2 L.Lp; `r / is narrow. We
finish the section with a few corollaries that provide additional examples of spaces X
so that every operator from Lp, for p > 2, to X is narrow. We also prove that
despite the existence of a nonnarrow operator from Lp to `2 if p > 2, there is no
sign-embedding from Lp, p > 2, to `2.
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Let 2 � p < 1, Ip;2 W Lp ! L2 be the identity embedding, and S W L2 ! `2 be
an isomorphism. Then, obviously, the composition S ıIp;2 W Lp ! L2 is not narrow.
The following theorem asserts that for all other values of the parameters p; r every
operator T 2 L.Lp; `r/ is narrow.

Theorem 9.9. Let 1 � p; r < 1, and assume that either r ¤ 2 or r D 2 and p < 2.
Then every operator T 2 L.Lp; `r / is narrow.

In our proof we consider separately the following cases:

(i) 1 � p < 2 and p < r ;

(ii) 1 � r < 2;

(iii) p � 2 and r > 2.

Case (i) follows easily from Theorem 9.7; case (ii) is a simple observation
from [110], and case (iii) is a deep result from [102].

Proof of Theorem 9.9 in case (ii). Let 1 � r < 2, T 2 L.Lp; `r/, A 2 †C and
" > 0. Consider a Rademacher system .rn/ in Lp.A/. By Khintchine’s inequality,
Œrn� is isomorphic to `2, and by Pitt’s theorem, the restriction T jŒrn� is compact. Since
.rn/ tends weakly to 0, we have that limn!1 T rn D 0. Thus there exists n 2 N with
kT rnk < ". It remains to observe that r2n D 1A and

R

Œ0;1� rn d� D 0.

The proof of Theorem 9.9 in case (iii) is much more involved. The idea is to
first prove that a generic operator T 2 L.Lp; `r / can be replaced with the operator
S 2 L.Lp ; `r/ which sends the normalized Haar system inLp to the unit vector basis
of `r (Proposition 9.10). We then prove that, when r � p, the operator S is narrow by
constructing a sign which S sends to a vector of small norm. The construction of this
sign is probabilistic in nature and uses the martingale structure of the partial sums of
the Haar system, stopping times and the central limit theorem (although the notions of
martingales and stopping times are not explicitly mentioned). Similar ideas were first
used in this context by V. Kadets and Schechtman in [59], and later also by V. Kadets,
Kalton and Werner in [53] (cf. Section 11.1). Our proof follows [102].

For the rest of the section we use the following notation:

� .hn/
1
nD1 – the L1-normalized Haar system;

� .hn/ and .h�
n/ – the Lp- and Lq-normalized Haar functions, respectively, where

1=p C 1=q D 1.

Proposition 9.10. Suppose 1 � p < 1, X is a Banach space with an unconditional
basis .xn/, T 2 L.Lp; X/ satisfies kT xk � 2ı for each mean zero sign x 2 Lp on
Œ0; 1� and some ı > 0. Then there exists an operator S 2 L.Lp; X/, a normalized
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block basis .un/ of .xn/ and real numbers .an/ such that

(a) Shn D anun for each n 2 N with a1 D 0;

(b) kSxk � ı, for each mean zero sign x 2 Lp on Œ0; 1�;

(c) There exists a linear isometry V of Lp into Lp, which signs sends to signs, so that
kSxk � kT Vxk C 2 ı for every x 2 Lp with kxk D 1.

If, moreover, kT xk � 2ıkxk for every sign x, then janj � ı for each n � 2.

Proof. Let .Pn/1nD1 be the basis projections in X with respect to the basis .xn/ and
P0 D 0. First we construct an operator eS which has all the desired properties of S ,
with the small difference that eS is defined on the closed linear span of a sequence
which is isometrically equivalent to the Haar system. For this purpose, we construct
a sequence of integers 0 D s1 < s2 < : : :, a tree .Am;k/

1
mD0

2m

kD1 of measurable sets
Am;k � Œ0; 1� and an operator eS 2 L.Lp.†1/;X/, where †1 is the sub-� -algebra
of † generated by the Am;k with the following properties:

(P1) A0;1 D Œ0; 1�;

(P2) Am;k D AmC1;2k�1 t AmC1;2k ; �
�

Am;k
� D 2�m for all m;k;

(P3) keSxk � ı for each mean zero sign x 2 Lp.†1/ on Œ0; 1�;

(P4) if h0
1 D 1 and h0

2mCk D 2m=p
�

1AmC1;2k�1
� 1AmC1;2k

�

for all m;k, then we
have eSh0

1 D 0 and eSh0
n D .Psn � Psn�1

/T h0
n for n D 2; 3; : : :.

We will use the following convention: once the sets AmC1;2k�1 and AmC1;2k are
defined for given m;k, we consider h0

2mCk to be defined by the equality from (P4).
To construct a family with the above properties, we set A1;1 D Œ0; 1=2/ and A1;2 D
Œ1=2; 1�. Then choose s2 > 1 so that

.C2/
�

�T h0
2 � �

Ps2 � Ps1
�

T h0
2

�

� D �

�T h0
2 � Ps2T h0

2

�

� � ı

2
:

Since the operator Ps2T is finite rank and hence narrow, there exists a mean zero
sign x1;1 on the set A1;1 such that kPs2T x1;1k � ı

8�21=p . Then set A2;1 D x�1
1;1.1/ D

¹t 2 Œ0; 1� W x1;1.t/ D 1
¯

, A2;2 D x�1
1;1.1/ and observe that h0

3 D 21=px1;1 and
kPs2T h0

3k � ı=8. Now we choose s3 > s2 so that kT h0
3 � Ps3T h

0
3k � ı=8. Then

we have

.C3/
�

�T h0
3 � �

Ps3 � Ps2
�

T h0
3

�

� � ı

4
:

Since Ps3T is narrow, there is a mean zero sign x1;2 on A1;2 such that kPs3T x1;2k
� ı

16�21=p . Put A2;3 D x�1
1;2.1/ and A2;4 D x�1

1;2.�1/. Observe that h0
4 D 21=px1;2

and kPs3T h0
4k � ı=16. Choose s4 > s3 so that kT h0

4 � Ps4T h0
4k � ı=16. Then

.C4/
�

�T h0
4 � �

Ps4 � Ps3
�

T h0
4

�

� � ı

8
:
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Further we analogously find a mean zero sign x2;1 onA2;1 such that kPs4T x2;1k �
ı

32�22=p . Then putting A3;1 D x�1
2;1.1/, A3;2 D x2;1.�1/, we obtain h0

5 D 22=px2;1
and kPs4T h0

5k � ı=32. Now choose s5 > s4 so that kT h0
5 � Ps5T h

0
5k � ı=32, and

obtain

.C5/
�

�T h0
5 � �

Ps5 � Ps4
�

T h0
5

�

� � ı

16
:

Continuing the procedure, we construct a sequence of integers 0 D s1 < s2 < : : :, a
tree .Am;k/1mD0

2m

kD1 of measurable sets An;k � Œ0; 1� which satisfies conditions (P1)
and (P2), for which we have

.Cn/
�

�

�

T h0
n � �

Psn � Psn�1

�

T h0
n

�

�

�

� ı

2n�1 :

Note that property (P4) defines the operator eS on the system .h0
n/. We show that

eS could be extended by linearity and continuity on Lp.†1/. Let x D PN
nD1 ˇnh0

n 2
Lp.†1/ with kxk D 1. Note that jˇnj � 2, because the Haar system is a monotone
basis in Lp. Then by .Cn/, we obtain

�

�

eSx
�

� D
�

�

�

N
X

nD2
ˇn.Psn � Psn�1

/T h0
n

�

�

�

(9.2)

�
�

�

�

N
X

nD2
ˇnT h

0
n

�

�

�

C
�

�

�

N
X

nD2
ˇn
�

T h0
n � .Psn � Psn�1

/T h0
n

�

�

�

�

� kT xk C max
n�2 jˇnj

N
X

nD2

�

�T h0
n � .Psn � Psn�1

/T h0
n

�

�

� kT k C 2

N
X

nD2

ı

2n�1 < kT k C 2ı :

This proves that eS is well defined and bounded. Moreover, (9.2) implies that for
each x 2 Lp.†1/ one has

�

�

eSx
�

� � �kT k C 2ı
�kxk : (9.3)

It remains to verify that eS satisfies (P3). Let x D P1
nD1 ˇnh0

n 2 Lp.†1/ be a
mean zero sign on Œ0; 1�. Using the inequality

jˇnj D
ˇ

ˇ

ˇ

Z

Œ0;1�

h0�
n x d�

ˇ

ˇ

ˇ

�
Z

Œ0;1�

jh0�
n j d� D kh0�

n k1 � kh0�
n kq D 1 ;



220 Chapter 9 Spaces X for which every operator T 2 L.Lp; X/ is narrow

we obtain

�

�

eSx
�

� D
�

�

�

1
X

nD2
ˇn.Psn � Psn�1

/T h0
n

�

�

�

�
�

�

�

1
X

nD2
ˇnT h

0
n

�

�

�

�
�

�

�

1
X

nD2
ˇn
�

T h0
n � .Psn � Psn�1

/T h0
n

�

�

�

�

� kT xk �
1
X

nD2

�

�T h0
n � .Psn � Psn�1

/T h0
n

�

�

� 2ı �
1
X

nD2

ı

2n�1 D 2ı � ı D ı :

Thus, the desired properties of eS are proved.
Now we are ready to define S , .an/ and .un/. Let V W Lp ! Lp.†1/ be the linear

isometry extending the equality V hn D h0
n for all possible values of indices (V exists

because of (P1) and (P2)). Set S D eS ı V . Then, by (9.3), kSk � keSk � kT k C 2ı.
Set an D keSh0

nk for all n 2 N, and un D keSh0
nk�1

eSh0
n if eSh0

n ¤ 0, and un D
kysnk�1yn if eSh0

n D 0. By (P3) and (P4), S satisfies (1) and (2) (one has a1 D 0

because Sh0
1 D Sh1 D eSV h1 D eSV h0

1 D 0). Property (3) follows from (9.3).
If, moreover, kT xk � 2ıkxk for every sign x, then kT h0

nk � 2ı for all n � 2, and
by .Cn/ we have

janj D keShnk D �

�.Psn � Psn�1
/T h0

n

�

�

� kT h0
nk � kT h0

n � .Psn � Psn�1
/T h0

nk � 2ı � ı

2n�1 � ı :

Proof of Theorem 9.9 in case (iii). Step 1: 2 < p � r . Suppose that an operator T 2
L.Lp ; `r / is not narrow. Without loss of generality we may assume that kT xkr � 2ı

for each mean zero sign x 2 Lp on Œ0; 1� and some ı > 0. By Proposition 9.10
for X D `r and xn D en, the unit vector basis of `r , there exists an operator
S 2 L.Lp; `r / with kSk � kT k C 2ı, which satisfies conditions (1)–(3) of Propo-
sition 9.10. Since every normalized block basis of .en/ is isometrically equivalent to
.en/ itself (see [79, Proposition 2.a.1]), we may and do assume that un D en.

LetC > 0 andN 2 N. We denote I km D supp h2mCk D Œk�1
2m ; k

2m /. We will define
several objects depending on N and C , and in order not to complicate the notation,
we omit the indices N and C . We start with the function

f D Cp
N

2NC1
X

nD2
hn:
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Since S has a special form and p � r , we obtain that

kSf kr D
�

�

�

Cp
N

2N C1
X

nD2
Shn

�

�

�

r
D Cp

N

�

2NC1
X

nD2

�

�Shn
�

�

r

r

�1=r

� Cp
N

kSk
�

N
X

mD1

2m
X

kD1

�

�h2mCk
�

�

r

p

�1=r

D Cp
N
.kT k C 2ı/

�

N
X

mD1
2m.1� r

p
/
�1=r

� C.kT k C 2ı/N
1
r

� 1
2 :

(9.4)

Since r > 2, for N large enough, kSf kr is as small as we want. Our goal is
to select a subset J � ¹2; : : : ; 2NC1º so that the element g D Cp

N

P

n2J hn is very

close to a sign. This will prove that S fails (2) of Proposition 9.10, since by the special
form of S , kSgkr � kSf kr which was very small.

To achieve this goal we use a technique similar to a stopping time for a martingale.
A similar method was used in [59] and [53].

Set

A D
°

! 2 Œ0; 1� W max
1�j�2N C1

ˇ

ˇ

ˇ

Cp
N

j
X

iD1
hi .!/

ˇ

ˇ

ˇ

> 1
±

;

and


.!/ D
´

min
°

j � 2NC1 W
ˇ

ˇ

ˇ

Cp
N

Pj
iD1 hi.!/

ˇ

ˇ

ˇ

> 1
±

; if ! 2 A;
2N C k; if ! 62 A and ! 2 I kN :

Observe that if 
.!/ D 2m C k then ! 2 I km. Indeed, this is clear if ! 62 A. If
! 2 A, then

ˇ

ˇ

ˇ

Cp
N

2mCk�1
X

iD1
hi.!/

ˇ

ˇ

ˇ

� 1;

so h2mCk.!/ ¤ 0 and thus ! 2 I km.
Further, if there exists ! 2 I km with 
.!/ � 2m C k then for every � 2 I km we have


.�/ � 2m C k. Indeed, since ! 2 I km, for every i < 2m C k and every � 2 I km we
have hi .!/ D hi .�/. Thus,

ˇ

ˇ

ˇ

Cp
N

2mCk�1
X

iD1
hi.�/

ˇ

ˇ

ˇ

D
ˇ

ˇ

ˇ

Cp
N

2mCk�1
X

iD1
hi .!/

ˇ

ˇ

ˇ

� 1 :

Thus, 
.�/ � 2m C k.
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Define a set J :

J D
°

j D 2m C k � 2NC1 W 9! 2 I km with 
.!/ � j
±

D
°

j D 2m C k � 2NC1 W 8� 2 I km with 
.�/ � j
±

:

Let g W Œ0; 1� ! R be defined as:

g.!/ D Cp
N

X

j��.!/
hj .!/ :

Since h2mCk.!/ D 0 for every ! … Ikm, we have

g.!/ D Cp
N

X

¹jD2mCk��.!/W!2Ik
mº
hj .!/ D Cp

N

X

j2J
hj .!/ :

Thus, by the form of S and (9.4),

kSgkr D
�

�

�

Cp
N

X

j2J
Shj

�

�

�

r
D Cp

N

�

X

j2J
kShj krr

�1=r

� Cp
N

�

N
X

mD1

2m
X

kD1
kSh2mCkkrr

�1=r D kSf kr

� C.kT k C 2ı/N
1
r

� 1
2 :

(9.5)

By the definitions of 
.!/ and g.!/, for every ! 2 A one has

1 < jg.!/j < 1C Cp
N
;

and for every ! 2 Œ0; 1� nA, g.!/ ¤ 0, if N is odd, being a sum of an odd number of
˙1 and zeros.

Define
eg.!/ D sgn.g.!//:

We have

kg �egkp �
�

�

�

Cp
N

1A C 1Œ0;1�nA
�

�

�

p
:

Note that by the Central Limit Theorem, for large N we have

�.Œ0; 1� n A/ D �
°

! W
ˇ

ˇ

ˇ

1p
N

N
X

mD1

2m
X

kD1
h2mCk.!/

ˇ

ˇ

ˇ

� 1

C

±

� 1p
2


Z

1
C

� 1
C

e� !2

2 d! � 1

2C
:
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Thus, for large N ,
�

�1Œ0;1�nA
�

�

p
�
� 1

2C

�1=p
:

Hence,

kg �egkp � Cp
N

C
� 1

2C

�1=p
:

Thus, by (9.5),

kSegkr � kSgkr C kSkkg �egkp
� C.kT k C 2ı/N

1
r

� 1
2 C .kT k C 2ı/

� Cp
N

C
� 1

2C

�1=p�

:

Since r > 2, for every ı > 0, there exists C > 0 and N odd and large enough so that

kSegkr < ı :
It remains to observe that eg is a mean zero sign on Œ0; 1�. Indeed, the support of

eg is equal to Œ0; 1�, since N is odd. Observe that for every ! 2 Œ0; 1� and every
2m C k � 2NC1 ,

h2mCk.!/ D �h2m�kC1.1 � !/ :
Thus, g.!/ D �g.1 � !/ for every ! 2 Œ0; 1�, and

�
�®

! 2 Œ0; 1� W g.!/ > 0¯� D �
�®

! 2 Œ0; 1� W g.!/ < 0¯�:
Thus,eg is a mean zero sign on Œ0; 1�, and (2) of Proposition 9.10 fails.

Proof of Theorem 9.9 in case (iii). Step 2: r < p. Let 2 < r < p < 1 and suppose
that there exists a nonnarrow operator T 2 L.Lp; lr /. Therefore, as in Step 1, there
exists an operator S 2 L.Lp ; `r / with kSk � kT k C 2ı, which satisfies conditions
(1)–(3) of Proposition 9.10.

For every � 2 N we set

N� D
°

j D 2m C k � 2 W kShj kr � � � 2�m=r± and A� D
[

2mCk2N�

I km :

Denote by K� the set of all 2m C k 2 N� such that the interval I km is maximal
in A D ¹I in W 2n C i 2 N�º in the sense that it is not contained in some other
interval from this system. Observe that every interval from A is contained in a unique
maximal interval, and that distinct maximal intervals are disjoint. Hence,

A� D
G

2mCk2K�

I km; �.A�/ D
X

2mCk2K�

1

2m
:
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Let x� D P

j2K�
hj 2 Lp . Then kx�kp � 1 and hence

�kT k C 2ı
�r � kSx�krr D

X

j2K�

kShj krr � �r �
X

2mCk2K�

1

2m
D �r � �.A�/:

Thus, �.A�/ � ..3kT k C 2ı/=�/r and lim�!1�.A�/ D 0.
Let B� D Œ0; 1� n A� and B D S1

�D1B� D F1
�D1B� n B��1, where B0 D ;.

Then B has measure 1.
We claim that for every �, the operator S is narrow when restricted to any of the

sets B� n B��1. Indeed, note that on B� for .m; k/ such that I km \ B� ¤ ; we have

kSh2mCkkr � � � 2�n=r D �kh2mCkkr ; (9.6)

that is, S is bounded on the Haar system from Lr to `r . We claim that, moreover,
S
ˇ

ˇ

Lr.B�/
is a bounded operator for each fixed � 2 N.

To see this, let x D P1
nD1 ˇnh

.r/
n 2 Lr.B�/ where h.r/

2mCk D 2�m=rh2mCk is
the Lr -normalized Haar system. Let .	n;k/ be a sequence of signs, guaranteed by
Lemma 7.63(2), so that

�

1
X

nD2
jˇnjr

�1=r D
�

1
X

nD2
kˇnh.r/n krr

�1=r �
�

�

�

1
X

nD2
	nˇnh

.r/
n

�

�

�

r
: (9.7)

Taking into account that Sh1 D 0, by (9.6) and (9.7),

kSxkr D
�

1
X

nD2
jˇnjrkSh.r/n krr

�1=r � �
�

1
X

nD2
jˇnjr

�1=r � �
�

�

�

1
X

nD2
	nˇnh

.r/
n

�

�

�

r

� �
�

�

�

ˇ1h
.r/
1

1
X

nD2
	nˇnh

.r/
n

�

�

�

r
C �jˇ1j � �.Kr C 1/kxkr ;

where Kr is the unconditional constant of the Haar system in Lr . Thus S
ˇ

ˇ

Lr.B�/
is

bounded, and hence, by Step 1, it is narrow as an operator from Lr.B�/ to `r . There-
fore, since signs belong to bothLr andLp, the operators S

ˇ

ˇ

Lp.B�/
and S

ˇ

ˇ

Lp.B�nB��1/

are also narrow.
Since the union of the sets B� n B��1 has measure 1, this yields that S is narrow,

which contradicts our choice of S .
Thus, Step 2 is completed, and case (iii) of Theorem 9.9 is proved.

Case (iii) of Theorem 9.9 can be extended to the following statement.

Corollary 9.11. Let 2 < p; r < 1 and X be such that for every n 2 N, every
operator T W Lp ! `nr .X/ is narrow. Then every operator T W Lp ! `r.X/ is
narrow.



Section 9.5 `2-strictly singular operators on Lp 225

Corollary 9.12. Let 2 < p; r < 1 and X be one of the spaces c0, `s , with 1 � s <

1, s ¤ 2. Then every operator T W Lp ! `r.X/ is narrow.

Proof. This follows from Corollary 9.11 and Theorems 9.9 and 9.3, since for all n 2
N, r > 2, and X equal to one of the spaces c0, `s , with 1 � s < 1, s ¤ 2, we
have that `nr .X/ is isomorphic to X and thus every operator T W Lp ! `r.X/ is
narrow.

By induction, we can further extend the statement of Corollary 9.12.

Corollary 9.13. Let n 2 N, 2 < p; r1; r2; : : : ; rn < 1 and X be one of the
spaces c0, `s , with 1 � s < 1, s ¤ 2. Then all operators in L.Lp ; `rn

.`rn�1
.: : :

.`r1
.X// : : :/// are narrow.

Our final result is that, in spite of the existence of a nonnarrow operator from Lp to
`2 if p > 2, all these operators must be small in the following sense.

Proposition 9.14. Let 2 < p < 1. Then there is no sign-embedding T 2 L.Lp ; `2/.

Proof. Suppose on the contrary, that T 2 L.Lp; `2/ and kT xk � 2ıkxk for some
ı > 0 and each sign x 2 Lp. Then by Proposition 9.10, there exists a bounded oper-
ator S W Lp ! l2 which satisfies conditions (1)–(3) of Proposition 9.10. Moreover,
jan;k j � ı for each n D 0; 1; : : : and k D 1; : : : ; 2n.

Let xn D P2n

kD1 2�n=phn;k . Note that xn is a mean zero sign on Œ0; 1�. Then

Sxn D P2n

kD1 2
� n

p an;ken;k . Now we have

kSxnk � 2� n
p ı2

n
2 D ı2n.

1
2

� 1
p
/ :

Thus, limn!1 kSxnk D 1 which contradicts the boundedness of S .

9.5 `2-strictly singular operators on Lp

In this section we apply methods developed in the previous section to partially answer
Open problem 2.7, cf. also Open problem 7.1(b). Another, incomparable, partial
answer to this problem is presented in Section 10.9.

Theorem 9.15. For every p with 1 < p < 1, and every Banach space X with an
unconditional basis, every `2-strictly singular operator T W Lp ! X is narrow.

The idea of the proof is very similar to the idea of Step 1 of the proof of case (iii) of
Theorem 9.9. Suppose that T W Lp ! X is `2-strictly singular and not narrow. As in
Step 1 of the proof of case (iii) of Theorem 9.9, we use Proposition 9.10 to conclude
that there exists an operator S of the particularly simple form which cannot be narrow,
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quantified using a specific ı > 0. The `2-strict singularity of T and condition (3) of
Proposition 9.10 guarantee that there exists a function x of the form

x D
N
X

mD1
bmrm D

N
X

mD1

2m
X

kD1
bmh2mCk ;

where .rn/ is the Rademacher system, so that kSxkX < ı. Similarly as in the
proof of Theorem 9.9, we construct a subset J � ¹2; : : : 2NC1º so that the func-
tion g D P

2mCk2J bmh2mCk is very close to a sign and kSgkX � kSf kX < ı,
which gives us the desired contradiction. The only essential difference between the
present proof and that of Theorem 9.9 is that in Theorem 9.9, kSf k was small due
to the structure of the range space, and in the present proof it is due to the `2-strict
singularity assumption.

Proof of Theorem 9.15. Let X be a Banach space with an unconditional basis, 1 <
p < 1, and T W Lp ! X be an `2-strictly singular operator. Suppose that an
operator T is not narrow. As in the proof of Theorem 9.9, Step 1, we may assume
without loss of generality that kT xkX � 2ı for each mean zero sign x 2 Lp on
Œ0; 1� and some ı > 0. Therefore, there exists an operator S 2 L.Lp; X/ with
kSk � kT k C 2ı, which satisfies conditions (1)–(3) of Proposition 9.10.

Since T is `2-strictly singular, for every N 2 N, C > 0 and a sequence "N # 0,
there exists

f D
N
X

mD1
bmrm ;

so that

kf kp D 1;

N
X

nD1
b2n D 1 and kTf kX < ı

2C
(9.8)

and
max
n�N jbnj � "N : (9.9)

Indeed, to ensure that (9.9) holds, let M 2 N with
p
M > 2=", and for k D

1; : : : ;M , let

fk D
mkC1
X

nDmkC1
b.k/n rn;

be such that .mk/k is an increasing sequence and (9.8) holds for each k. Then

f D 1p
M

M
X

kD1
fk

satisfies (9.8) and (9.9).
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As in the proof of Theorem 9.9, Step 1, we set

A D
°

! 2 Œ0; 1� W max
1�2mCk�2N C1

ˇ

ˇ

ˇ

C

2mCk
X

2nCiD2
bnh2nCi .!/

ˇ

ˇ

ˇ

> 1
±

;


.!/ D
´

min
°

2m C k � 2NC1 W
ˇ

ˇ

ˇ

C
P2mCk
2nCiD2 bnh2nCi .!/

ˇ

ˇ

ˇ

> 1
±

; if ! 2 A;
2N C k; if ! 62 A and ! 2 I kN ;
J D

°

j D 2m C k � 2NC1 W 9! 2 I km with 
.!/ � j
±

and
g.!/ D C

X

2mCk��.!/
bmh2mCk.!/ D C

X

2mCk2J
bmh2mCk.!/ :

Thus, by (9.9) and (c) of Proposition 9.10,

kS.Cg/kX � kT .Cg/kX C C"N ı

� kT .Cf /kX C C"N ı

<
ı

2
C C"N ı:

Note that since "N # 0, by the Central Limit Theorem with the Lindeberg condition
(see, e.g. [17, Theorem 27.2]), f converges to a Gaussian random variable when
N ! 1, so

�.Œ0; 1� n A/ � �
°

! W ˇˇ
N
X

nD1

2n
X

iD1
bnh2nCi.!/

ˇ

ˇ � 1

C

±

� 1p
2


Z

1
C

� 1
C

e� !2

2 d! � 1

2C
:

Let Œ0; 1� n A D A1 t A2, where �.A1/ D �.A2/, and define

eg.!/ D

8

ˆ

<

ˆ

:

sgn.g.!// if ! 2 A ;
1 if ! 2 A1 ;
�1 if ! 2 A2 :

Theneg is a mean zero sign on Œ0; 1� and for every ! 2 A ,

1 < jg.!/j < 1C C"N :

Thus

kCg � Cegkp � C"N C
� 1

2C

�1=p
;

and

kS.Ceg/kX � kS.Cg/kX C kSkCkg �egkp
�
�ı

2
C C"N ı

�

C .3kT k C 2ı/
�

C"N C
� 1

2C

�1=p�

:
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Hence there exists C > 0 and N large enough so that

kSegkX < ı ;

which contradicts our assumption that T is not narrow.



Chapter 10

Narrow operators on vector lattices

As we know, every operator on an r.i. Banach space E on Œ0; 1� with an unconditional
basis is a sum of two narrow operators (see Section 5.1). On the other hand, the sum
of any two narrow operators on L1 is narrow. This chapter is motivated by the desire
to understand the reason for this discrepancy.

It is known that L1 has “very few operators,” namely all bounded operators on L1
are regular, which is a distinctive property of L1. This inspired O. Maslyuchenko,
Mykhaylyuk and Popov to investigate narrow operators in the setting of vector lattices
and to specifically study the regular narrow operators. This presented some difficulties
since in vector lattices there are no analogs of characteristic functions or mean zero
functions. However, in [93] (2009) O. Maslyuchenko, Mykhaylyuk and Popov found
a correct extension of the notion of narrow operators to the setting of vector lattices
and proved that indeed the sum of two regular narrow operators is narrow in any
Banach lattice with only minor restrictions.

The goal of this chapter is to present this extension of narrowness to operators on
vector lattices and to prove that the set of all narrow regular operators between two
Dedekind complete vector lattices E and F , where E is atomless and F is an ideal
of some order continuous Banach lattice, is a band in the lattice of all regular order
continuous operators from E to F , and moreover that this band is complemented to
the band generated by the lattice homomorphisms from E to F (see Theorems 10.40
and 10.41). This result both strengthens and generalizes Kalton’s and Rosenthal’s
representation theorems for operators on L1 to vector lattices (see Section 1.6 for
details), and it extends Theorem 7.46, which was proved for operators on L1.

The outline of the chapter is as follows: In Section 10.1 we introduce narrow and
order narrow operators (Definitions 10.1 and 10.6) and we show that these two notions
are different for operators from L.L1/, but that they do coincide for operators from
an atomless vector lattice to an order continuous Banach lattice (Proposition 10.9). In
Section 10.2 we examine whether Proposition 2.1 has an analog in vector lattices, i.e.
whether every AM-compact operator is narrow. We discover that this is not the case
for operators from L.L1/, but that it does hold for order-to-norm continuous oper-
ators (Theorem 10.17). Sections 10.3–10.5 build up tools for the proof of our main
theorem. The general idea is similar to the proof of Theorem 1.33 and uses analogs
of equivalences from Theorem 7.45. In Section 10.3 we prove that an operator T is
narrow if and only if its modulus jT j is narrow, strengthening a result of Flores and
Ruiz on domination of narrow operators [39] (see also a survey [38]). Then we intro-
duce a generalization of the Enflo–Starbird function � and of �-narrow operators, and
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we prove two important characterizations of �-narrow operators (Theorems 10.30 and
10.35). In Section 10.5 we present classical theorems that we use. The main result
(Theorems 10.40 and 10.41) is proved in Section 10.7. Section 10.8 is devoted to gen-
eralizations of results from Sections 10.1–10.7 to the setting of lattice-normed spaces
which are a generalization of vector lattices. In Section 10.9 we present a generaliza-
tion of a result of Flores and Ruiz [39] which gives a partial positive answer to Open
problem 2.7, cf. also Open problem 7.1(b), for regular operators. Recall that another,
incomparable, partial answer to this problem was presented in Section 9.5.

Most of the material presented here, was obtained in [93], except for Sections 10.8
and 10.9, which are based on work by Pliev [111] and Flores and Ruiz [39], respec-
tively.

In this chapter we consider real spaces only.

10.1 Two definitions of a narrow operator on vector lattices

We introduce two notions of a narrow operator depending on whether the range space
is a Banach space or a vector lattice.

Narrow operators acting from vector lattices to Banach spaces

Definition 10.1. Let E be an atomless Dedekind complete vector lattice and let X be
a Banach space. A map f W E ! X is called

� narrow, if for every x 2 EC and every " > 0 there exists y 2 E such that jyj D x

and kf .y/k < ";
� strictly narrow, if for every x 2 EC there exists y 2 E such that jyj D x and
f .y/ D 0.

This definition can be applied also to nonlinear maps. Nevertheless, our interest in
nonlinear maps will be reduced to an auxiliary result (Lemma 10.22) used to prove that
AM-compact order-to-norm continuous operators are narrow. Like in the definition
of a narrow operator on a Köthe space, there is no need to restrict to the atomless case
in these definitions, but evidently, a narrow map must send atoms to zero.

Proposition 10.2. Let E be a Köthe–Banach space with an absolutely continuous
norm on a finite atomless measure space .�;†;�/ and X be a Banach space. For an
operator T 2 L.E;X/ Definitions 1.5 and 10.1 of a narrow operator (resp., strictly
narrow operator) are equivalent.

Proof. Clearly, only one implication needs a proof (by Proposition 1.9, the condition
R

� x d� D 0 can be equivalently removed from Definition 1.5). Let T satisfy Defini-
tion 1.5. Fix any x 2 EC and " > 0. By the absolute continuity of the norm, the linear
space of simple functions is dense in E (see Proposition 2.10). Thus, there exists a
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simple function u D Pm
kD1 ak 1Ak

with� D Fm
iD1 Ai , Ak 2 † and ak ¤ 0 for each

k � m, so that kx�uk < "=.2kT k/ (if aj D 0 for some j � m then we can “perturb”
aj ¤ 0 a little so the condition kx � uk < "=.2kT k/ remains true; on the other hand
we can assume that T ¤ 0 because otherwise there is nothing to prove). Using Defi-
nition 1.5, we decompose Ak D A0

k
tA00

k
so that A0

k
; A00
k

2 † and kT .1A0
k

� 1A00
k
/k <

"
2mjak j . Let y D x � Pm

kD1.1A0
k

� 1A00
k
/ and v D Pm

kD1 ak.1A0
k

� 1A00
k
/. Since

jy � vj D jx � uj a.e., we have ky � vk D kx � uk < "=.2kT k/. Observe that
jyj D x and

kTyk � kT vk C kT kky � vk <
m
X

kD1
jakj��T �1A0

k
� 1A00

k

�

�

�C "

2
< " :

The equivalence of the definitions of strictly narrow operators is proved in a similar
way.

We do not know whether the absolute continuity of the norm is essential in Propo-
sition 10.2.

Open problem 10.3. Are Definitions 1.5 and 10.1 equivalent for every Köthe–Ba-
nach space E on a finite atomless measure space, and every Banach space X? What
if E D L1?

As explained in the introduction to this chapter, the main problem that we consider
is the following.

Problem 10.4. Let E;F be Dedekind complete vector lattices with E atomless. Is
the setNr.E;F / of all narrow regular operators a band in the vector latticeLr .E;F /
of all regular linear operators from E to F ?

It is our goal to prove that Problem 10.4 has a positive answer in most natural spaces
(Theorem 10.40 below). However, in general, Problem 10.4 has a negative answer, as
the following result shows.

Theorem 10.5. The setNr .L1/ of all narrow regular operators on L1 is not a band
in the vector lattice Lr .L1/ of all regular linear operators on L1.

Proof. Enumerate by .Jn/1nD1 the set of all intervals from Œ0; 1� with rational end-
points. Note that for any measurable set A � Œ0; 1�, there exists an n 2 N such that
�.Jn n A/ < 1

3
�.Jn/ (we can consider any sequence .Jn/1nD1 with this property in-

stead of the intervals with rational endpoints). For each n 2 N, we define an operator

Tn 2 L.L1/ as follows: Tnx D
�

1
�.Jn/

R

Jn
x d�

�

1. 1
nC1

; 1
n
�.

Obviously, for each n 2 N the sum Sn D Pn
kD1 Tk is a narrow positive operator.

We will show that the pointwise limit (in the sense of the convergence a.e.) operator
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T x D limn!1 Snx D P1
nD1 Tnx; x 2 L1 is not narrow, while T D W1

nD1 Sn
(in fact, one can show also that T D W1

nD1 Tn). These two facts together imply that
Nr .L1/ is not a band.

Let us see that T is not narrow. Indeed, fix any y 2 L1 with jy.t/j D 1 a.e. on
Œ0; 1�. Then, at least, one of the sets A D ¹t 2 Œ0; 1� W y.t/ D 1º or B D Œ0; 1�nA is of
positive measure, say, �.A/ > 0. Choose an integer n so that �.Jn n A/ < 1

3 �.Jn/.
Then

Z

Jn

y d� D
Z

Jn\A
y d�C

Z

JnnA
y d� D �.Jn \ A/� �.Jn n A/

D �.Jn/� 2�.Jn n A/ � �.Jn/ � 2�.Jn/

3
D �.Jn/

3
:

Therefore,

Tny D
� 1

�.Jn/

Z

Jn

y d�
�

1� 1
nC1

; 1
n


 � 1

3
1� 1

nC1
; 1

n




and hence, kTyk � kTnyk � 1=3.
The proof of the equality T D W1

nD1 Sn is a standard technical exercise. Indeed,
observe first that for every n 2 N and x 2 L1 we have Snx D .T x/�1. 1

nC1
;1�. Hence,

Sn � T for each n. Assume that Sn � S for each n and some S 2 Lr.L1/. Then
for each n, each x 2 LC1 and almost all t 2 . 1

nC1 ; 1� we have .T x/.t/ D .Snx/.t/ �
.Sx/.t/. By arbitrariness of n 2 N, we obtain T x � Sx, and by arbitrariness of
x 2 LC1, T � S . Thus, T D W1

nD1 Sn.

Order narrow operators acting between vector lattices

Next we introduce a notion of a narrow operator for the case when the range space is
a vector lattice.

Definition 10.6. Let E;F be vector lattices with E atomless. A linear operator T W
E ! F is called order narrow if for every x 2 EC there exists a net .x˛/ in E such

that jx˛j D x for each ˛, and T x˛
o! 0.

For most cases this notion is equivalent to Definition 10.1, but in general the defi-
nitions are distinct as Example 10.8 below shows.

Proposition 10.7. Let E be an atomless vector lattice and F be a Banach lattice.
Then each narrow linear operator T W E ! F is order narrow.

Proof. If jxnj D x and kT xnk � 2�n then one can show that T xn
o! 0. Indeed, for

zn D P1
kDn jT xkj we have that jT xnj � zn # 0.

However, the converse is not true in general.
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Example 10.8. There exists an order narrow positive operator T 2 L.L1/ that is
not narrow.

Proof. We show that the nonnarrow operator T constructed in the proof of The-
orem 10.5 is order narrow. Fix any x 2 LC1 and n 2 N. Define an operator
Un W L1 ! `n1 by setting Unz D .

R

J1
z � x d�; : : : ;

R

Jn
z � x d�/ for all z 2 L1.

By Theorem 2.15, Un is strictly narrow. So, there exists a sign yn on Œ0; 1� so that
Unyn D 0. Since jynj D 1Œ0;1�, for xn D yn � x we have jxnj D x and Snxn D 0,
where the operator Sn is defined in the proof of Theorem 10.5. Hence,

T xn D .T xn/ � 1� 1
nC1

; 1

 C .T xn/ � 1	

0; 1
nC1




D Snxn C .T xn/ � 1	
0; 1

nC1


 D .T xn/ � 1	
0; 1

nC1


 :

In particular, T xn ! 0 a.e. on Œ0; 1�. Since .T xn/ is order bounded (more precisely,

�1 � T xn.t/ � 1 for almost all t 2 Œ0; 1�), by Proposition 1.18, T xn
o! 0.

Nevertheless, for operators with values in order continuous Banach lattices the two
notions of a narrow operator coincide. Recall that a Banach lattice E is called order
continuous if for each net .x˛/ in E the condition x˛ # 0 implies that kx˛k ! 0.

Note that in this case the condition x˛
o! 0 also implies that kx˛k ! 0.

Proposition 10.9. Let E be an atomless vector lattice and F be an order continuous
Banach lattice. Then a linear operator T W E ! F is order narrow if and only if it is
narrow.

Proof. Let T 2 L.E;F / be order narrow. Given x 2 EC, let .x˛/ be a net in E such

that jx˛j D x for each ˛ and T x˛
o! 0. By the order continuity of Banach lattice F ,

kT x˛k ! 0, and thus T is narrow. By Proposition 10.7, this ends the proof.

A surprising fact about Definition 10.6 is that it does depend on the stated range
space and it may happen that the same operator is order narrow when considered as
an operator into G, but not, when considered as an operator into F for some F which
contains G. Indeed, let .en/ be any orthonormal basis of L2 and let .hn/ be any
normalized sequence of disjoint elements in L2 such that khnkL1

� 2�n. Consider
the into isomorphism T of L2 such that Ten D hn. As an isomorphic embedding,
T W L2 ! L2 cannot be narrow (D order narrow). Nevertheless, T W L2 ! L1 is
compact and hence, narrow. However this cannot happen for regular operators.

Proposition 10.10. Let E;F;G be vector lattices such that E is atomless and F is
an ideal of G. If a linear operator T W E ! F is order narrow then T W E ! G

is order narrow as well. Conversely, if a regular linear operator T W E ! F is such
that T W E ! G is order narrow then so is T W E ! F .
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Proof. The first part is trivial. Let T W E ! F be a regular operator such that
T W E ! G is order narrow. Given any x 2 EC, we choose a net .x˛/ in E so

that jx˛j D x and T x˛
o! 0, that is, jT x˛j � y˛ # 0 for some net .y˛/ in G. By

regularity of T we have that jT x˛j � jT j jx˛j D jT jx and hence jT x˛j � z˛ # 0

where jT jx ^ y˛ D z˛ 2 F . Thus, T x˛
o! 0 in F .

We reformulate our main Problem 10.4 for order narrow operators.

Problem 10.11. Let E;F be Dedekind complete vector lattices with E atomless.
Is the set N o

r .E;F / of all regular order narrow operators from E to F , a band in
Lr .E;F /?

We remark that Theorem 10.5 does not provide a counterexample to this problem
(cf. Example 10.8).

10.2 AM-compact order-to-norm continuous operators are
narrow

By Proposition 2.1, every AM-compact operator T 2 L.E;X/ from a Köthe F-
space E with an absolutely continuous norm on the unit to an F-space X is narrow.
This is not true in general, when E is an atomless Dedekind complete vector lattice
and X is a Banach space.

Example 10.12. There exists a bounded linear functional f W L1 ! R which is
AM-compact but not narrow.

Proof. Denote by B the Boolean algebra of the Borel subsets of Œ0; 1� equal up to a
set of measure zero. Let U be any ultrafilter on B in the sense of [48, p. 72]. Then
the linear functional fU W E ! R defined by

fU.x/ D lim
A2U

1

�.A/

Z

A

x d�

is bounded and AM-compact (a subset of L1 is order bounded if and only if it is
norm bounded, hence, AM-compact operators defined on L1 are exactly compact
operators). However fU is not narrow. Indeed, for every sign x D 1A � 1B we have
fU.x/ D ˙1 depending of whether A 2 U or B 2 U.

The reason why some AM-compact operators on L1 are not narrow is explained
by the following important additional property.

Definition 10.13. LetE be a vector lattice andX be a Banach space. A map f W E !
X is said to be order-to-norm continuous whenever it sends order convergent nets inE
to norm convergent nets in X . The term f is called order-to-norm � -continuous if f
sends order convergent sequences in E to norm convergent sequences in X .
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Observe that the functional fU from Example 10.12 is not order-to-norm contin-
uous. Indeed, consider a nested sequence .An/ of members of U with �.An/ ! 0.
Then 1An

# 0, however f .1An
/ D 1 for each n 2 N.

For more details on order-to-norm continuous operators defined on L1 see Section
11.4.

Proposition 10.14. Let E be a Banach lattice and X be a Banach space. Then every
AM-compact linear operator T W E ! X is bounded.

Proof. Suppose that T is unbounded. Then there exists a sequence .xn/ in E with
kxnk � 2�n and kT xnk ! 1. Since .xn/ is order bounded by x D P1

nD1 jxnj, the
sequence .T xn/ must be relatively compact, which is a contradiction.

The following statement follows directly from the definitions.

Proposition 10.15. LetE be an order continuous Banach lattice and X be a Banach
space. Then every linear bounded operator T 2 L.E;X/ is order-to-norm continu-
ous.

Propositions 10.14 and 10.15 imply the following statement.

Corollary 10.16. Let E be an order continuous Banach lattice and X be a Banach
space. Then each AM-compact linear operator T W E ! X is order-to-norm contin-
uous.

The main result of this section is the following theorem.

Theorem 10.17. Let E be an atomless Dedekind complete vector lattice and X be
a Banach space. Then every AM-compact order-to-norm continuous linear operator
T W E ! X is narrow.

This lattice analog of Proposition 2.1 has an involved proof. First we mention a
partial case of Theorem 10.17 which is of independent interest.

Corollary 10.18. Let .�;†;�/ be an atomless measure space and X be a Banach
space. Then every AM-compact order-to-norm continuous linear operator T from
L1.�/ to X is narrow.

In Section 11.4 we show a different short proof of Corollary 10.18 (Theorem 11.50).
Theorem 10.17 and Corollary 10.16 imply the following statement.

Corollary 10.19. Let E be an atomless order continuous Banach lattice and X be a
Banach space. Then every AM-compact linear operator T W E ! X is narrow.

For the proof of Theorem 10.17 we need a number of lemmas, first of which is well
known [52, p. 14].
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Lemma 10.20 (On rounding off coefficients). Let .xi /niD1 be a finite sequence of
vectors in a finite dimensional normed space X and .�i /niD1 be reals with 0 � �i � 1

for each i . Then there exists a sequence .	i /niD1 of numbers 	i 2 ¹0; 1º such that

�

�

�

n
X

iD1
.�i � 	i / xi

�

�

�

� dimX

2
max
i

kxik :

For the rest of this section, E, X and T will mean the same as in Theorem 10.17.

Lemma 10.21. If x 2 EC, jxnj � x and xn? xm for all integers n ¤ m then
limn kT xnk D 0.

Proof. Without loss of generality, we assume that all xn � 0. Since E is Dedekind
complete, the sequence snDPn

kD1 xk D Wn
kD1 xk order converges to sDW1

kD1 xk .
The order-to-norm continuity of T implies that T sn D Pn

kD1 T xk converges to T s
in X . The series convergence yields that limn kT xnk D 0.

Lemma 10.22. The map f W E ! R given by f .x/ D kT .xC/k�kT .x�/k for each
x 2 E is strictly narrow. (Note that this map is not linear.)

Proof. Fix any x 2 EC. If f .x/ D 0 then there is nothing to prove. Let f .x/ > 0.
Consider the partially ordered set A D ¹y v x W f .x � 2y/ � 0º where y1 � y2 if
and only if y1 v y2. If B � A is a chain then y� D supB 2 A by the order-to-norm
continuity of T and, hence, of f . By the Zorn lemma, there is a maximal element
y0 2 A. Observe that if y v x then .x�2y/C D x�y and .x�2y/� D y. We claim
that f .x�2y0/ D 0. Suppose on the contrary, that ı D f .x�2y0/ D kT .x�y0/k�
kTy0k > 0. Since E is atomless, by Lemma 10.21, there exists a further fragment
0 ¤ y v .x �y0/ with kTyk < ı=3. On the other hand, y0C y D .y0 _ y/ v x and

f
�

x � 2.y0 C y/
� D kT .x � y � y0/k � kT .y0 C y/k

� kT .x � y0/k � kTyk � kTy0k � kTyk > ı

3
;

which contradicts the maximality of y0.

Lemma 10.23. Let x 2 EC and .xn/ be a disjoint tree on x. If kT x2nk D kT x2nC1k
for all n � 1, then limk!1 max2k�i<2kC1 kT xik D 0.

Proof. Set ık D max2k�i<2kC1 kT xik and " D lim supk!1 ık . Suppose on the
contrary that " > 0. For each n 2 N we set

"n D lim sup
k!1

max
2k�i<2kC1

�

�T
�

xi ^ xn
�

�

� :
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Note that if xi ^ xn > 0 and i > n then xi ^ xn D xi . Therefore

"n D lim sup
k!1

max
2k�i<2kC1; xi vxn

�

�T xi
�

� :

Thus, for each k 2 N we have

max
2k�i<2kC1

"i D " : (10.1)

We construct recursively an orthogonal subsequence .xnj
/1jD1 such that kT xnj

k �
"=2, that will give the contradiction with Lemma 10.21. At the first step we choose k1
so that max2k1 �i<2k1C1 kT xik � "=2. By (10.1) we choose i1; 2k1 � i1 < 2k1C1
so that "i1 D ". Since kT x2nk D kT x2nC1k, we choose n1 ¤ i1, 2k1 � n1 < 2

k1C1
so that kT xn1

k � "=2.
At the second step we choose k2 > k1 so that max2k1�i<2k1C1 kT .xi ^ xi1/k �

"=2. By (10.1) we choose i2, 2k2 � i2 < 2k2C1 so that "i2 D ". Then we choose
n2 ¤ i2; 2

k2 � n2 < 2
k2C1 so that kT xn2

k � "=2.
Continuing this procedure, we choose the desired sequence. Indeed, kT xnj

k � "=2

by the construction, and the orthogonality is guaranteed by the condition nj ¤ ij ,
since the elements xnj Cm

are components of xij which are orthogonal to xnj
.

Lemma 10.24. If d D dimX < 1, then T is narrow.

Proof. Fix any x 2 EC and " > 0. Using Lemma 10.22, we construct recursively a
disjoint tree .xn/ on x with kT x2nk D kT x2nC1k for all n � 1. By Lemma 10.23,
there exists k so that d �ık < "where ık D max2k�i<2kC1 kT xik. By Lemma 10.20,
there exist numbers 	i 2 ¹0; 1º for i D 2k ; : : : ; 2kC1 � 1 so that

�

�

�

2kC1�1
X

iD2k

� 1

2
� 	i

�

T xi

�

�

�

� d

2
max

2k�i<2kC1

�

�T xi
�

� D d

2
ık <

"

2
:

Let y D 2
P2kC1�1
iD2k .12 � 	i/xi . Then jyj D x and kTyk < ".

Lemma 10.25. For any set � the Banach space E D `1.�/ has the approximation
property, that is, for every relatively compact subset K of E and every " > 0 there
exists a finite rank operator S 2 L.E/ such that kx � Sxk � " for each x 2 K.

We remark that the approximation property for classical spaces like C.K/ (one can
consider `1.�/ as C.K/ for a suitable compactK) was proved by Grothendieck [46].
The reader can find other proofs of the AP for C.K/, described in [135, p. 718]. We
provide a short sketch presented to us by V. Kadets.
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Sketch of proof of Lemma 10.25. Since the set of values of any element x 2 E be-
longs to the segment Œ�kxk; kxk� (or to the closed disk of the complex plane C of
radius kxk), which is compact, the set of all finite valued elements of E is dense in E.
The main technical observation here is that every finite dimensional subspace F of E
is contained in a finite dimensional subspace G of E which is 1-complemented in E
and isometrically isomorphic to `dimG1 . Thus for every compact setK in E and every
" > 0 there exists a finite dimensional subspace G 1-complemented in E and such
that K � ¹x 2 E W .9g 2 G/.kx � gk � "/º. Then the contractive projection S
from E onto G satisfies the desired property.

Proof of Theorem 10.17. Without loss of generality, we may considerX as a subspace
of some `1.�/ space (we write � in the sense of the obvious isometric embeddings) :

X � X�� � `1
�

BX�

� D `1.�/ D Z :

Fix any x 2 EC n ¹0º and " > 0. Since T is AM-compact, K D ¹Ty W jyj �
xº is relatively compact in X , and hence, in Z. By Lemma 10.25, there exists a
finite rank operator S 2 L.Z/ such that kz � Szk � "=2 for each z 2 K. Then
U D S ı T W E ! Z is an order-to-norm continuous finite dimensional operator.
Choose by Lemma 10.24 an element y 2 E so that jyj D x and kUyk < "=2. Then
kTyk � kUyk C kTy � S .Ty/k < "

2
C "

2
D ".

10.3 T is narrow if and only if jT j is narrow

In this section we prove that the question whether a regular operator is order narrow
can be reduced to the same question for a positive operator. This is an important tool
for our further work.

Theorem 10.26. Let E;F be Dedekind complete vector lattices such that E is atom-
less and F is an ideal of some order continuous Banach lattice. Then, every order
continuous regular operator T W E ! F is order narrow if and only if jT j is.

Proof. First we prove the theorem for F D L1.�/. By Proposition 10.9, instead of
order narrowness we will consider narrowness. Fix any x 2 EC and " > 0. Since
¹Pn

kD1 jT xi j W x D Fn
kD1 xk ; xk 2 EC; n 2 Nº is an increasing net, by (1.4)

and the order continuity of L1.�/ there exists a finite collection .xk/nkD1 	 EC so
that

x D
n
G

kD1
xk and

�

�

�

jT jx �
n
X

kD1
jT xkj

�

�

�

< " : (10.2)
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Now we make a general remark which will be used in the proof of both implica-
tions. Let xk D yk t zk be any decomposition. Note that we have

0 � jT jx �
n
X

kD1

�jTykj C jT zkj � � jT jx �
n
X

kD1
jT xkj : (10.3)

Since jT jyk � jTykj and jT j zk � jT zkj are positive elements of L1.�/, the sum
of their norms equals the norm of their sum. Thus, using (10.2) and (10.3), we obtain

n
X

kD1

�

�

�jT jyk � jTykj ��C �

�jT j zk � jT zkj ��
�

D
�

�

�

jT jx �
n
X

kD1

�jTykj C jT zkj�
�

�

�

�
�

�

�

jT jx �
n
X

kD1
jT xk j

�

�

�

< ":

(10.4)

Suppose now that T is narrow. For each k D 1; : : : ; n, we decompose xk D yktzk
so that yk ; zk 2 EC and kTyk�T zkk < "=n. Let y D Fn

kD1 yk and z D Fn
kD1 zk .

By (10.4) we get

�

�jT jy � jT jz�� �
n
X

kD1

�

�jT jyk � jT jzk
�

�

�
n
X

kD1

�

�jTykj � jT zkj��C
n
X

kD1

�

�

�jT jyk � jTykj��C��jT jzk � jT zk j���

by (10.4)�
n
X

kD1

�

�Tyk � T zk
�

�C " < 2" :

By arbitrariness of x 2 EC and " > 0, this proves that jT j is narrow.
Now suppose that jT j is narrow. Fix any x 2 EC and " > 0 and let .xk/nkD1 	 EC

be a finite collection so that (10.2) holds. For each k D 1; : : : ; n, we decompose
xk D yk t zk so that

�

�jT jyk � jT jzk
�

� <
"

n
(10.5)

and let y D Fn
kD1 yk and z D Fn

kD1 zk .
Since ja � bj C jaC bj D jaj C jbj C jjaj � jbjj for all a; b 2 R, we have that for

each u; v 2 L1.�/
ku � vk D �

�juj � jvj��C kuk C kvk � kuC vk : (10.6)

Since the L1-norm of a sum of positive elements equals the sum of their norms,
using the inequality (which follows from (1.4)) kPn

kD1.jTykj C jT zkj/k � kjT jxk,
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and putting u D Tyk and v D T zk in (10.6), we obtain

kTy � T zk �
n
X

kD1

�

�Tyk � T zk
�

�

D
n
X

kD1

�

�jTykj � jT zkj��C
�

�

�

n
X

kD1

�jTykj C jT zkj�
�

�

�

�
�

�

�

n
X

kD1
jT xkj

�

�

�

�
n
X

kD1

�

�jT jyk � jT j zk
�

�C
n
X

kD1

�

�

�jT jyk � jTykj ��C �

�jT j zk � jT zkj ��
�

C �

�jT jx�� �
�

�

�

n
X

kD1

ˇ

ˇT xk
ˇ

ˇ

�

�

�

:

Finally, using the above estimate, (10.5), (10.4) and the fact that

�

�jT jx�� �
�

�

�

n
X

kD1

ˇ

ˇT xk
ˇ

ˇ

�

�

�

D
�

�

�

jT jx �
n
X

kD1

ˇ

ˇT xk
ˇ

ˇ

�

�

�

� " ;

by (10.2), we obtain that kTy � T zk � "C "C " D 3". Since x D y t z, this proves
that T is narrow.

Now we consider the general case. Since F is an ideal of some order continuous
Banach lattice G, we have by Proposition 10.10 that T W E ! F is order narrow if
and only if T W E ! G is, and likewise, jT j W E ! F is order narrow if and only if
jT j W E ! G is.

We consider T; jT j W E ! G. Fix any x 2 E; x > 0. Let E1 and G1 be the
principal bands in E and G generated by x and jT jx, respectively. Let T1 be the
restriction of T to E1. Evidently, jT1j coincides with the restriction of jT j to E1.
Note that G1 is an order continuous Banach lattice with the weak unit jT jx. Thus,
by [80, Theorem 1.b.14], there exists a probability space .�;†;�/ and an ideal G2
of L1.�/ so that G1 is lattice isomorphic to G2. Let J W G1 ! G2 be a lattice
isomorphism. Let T2 D J ı T1. Obviously, jT2j D J ı jT1j. Since J is a lattice
isomorphism, the order narrowness of T1 is equivalent to that of T2, and the same
for jT1j and jT2j. By Proposition 10.10, T2 W E1 ! G2 is order narrow if and
only if T2 W E1 ! L1.�/ is order narrow, and likewise, jT2j W E1 ! G2 is order
narrow if and only if jT2j W E1 ! L1.�/ is order narrow. Since E1 is an atomless
Dedekind complete vector lattice, we have already proved the theorem for the operator
T2 W E1 ! L1.�/. Thus T2 is order narrow if and only if jT2j is order narrow.

Suppose now that T W E ! G is order narrow. Fix any x 2 E; x > 0. Since T1
(the definition of which depends on x) is order narrow as well, so is T2 and hence

jT2j. Thus, there exists a net .x˛/ in E1 with jx˛j D x and jT2jx˛ o! 0. Therefore,

jT1jx˛ o! 0 and hence jT j ˛ o! 0. By arbitrariness of x, jT j W E ! G is order
narrow. Analogously, if jT j W E ! G is order narrow, so is T W E ! G.
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Proposition 10.9 together with Theorem 10.26 imply the following result.

Corollary 10.27. Let E be an atomless Dedekind complete vector lattice and F be
an order continuous Banach lattice. Then, every order continuous regular operator
T W E ! F is narrow if and only if jT j is narrow.

10.4 The Enflo–Starbird function and �-narrow operators

In this section we introduce a generalization of the Enflo–Starbird function � and
of the notion of �-narrow operators which were studied in Section 7.2 for operators
onL1. These notions will allow us to prove a characterization of positive order narrow
operators, which is an important ingredient of the proofs of our main results.

Let E be a vector lattice and x 2 EC. We denote by …x the system of all finite
sets 
 	 EC such that x D F

u2
 u. For 
 0; 
 00 2 …x we write 
 0 � 
 00 provided
for each u 2 
 0 there is a subset 
 00

u � 
 00 such that u D F

v2
 00
u
v. Surely, …x is a

directed set.
Let E;F be vector lattices with F Dedekind complete, and T W E ! F be a linear

operator. We define the Enflo–Starbird function �T W EC ! FC as follows:

�T .x/ D
^


2…x

_

u2

jT uj : (10.7)

Since F is Dedekind complete, �T is correctly defined.

Definition 10.28. LetE;F be Dedekind complete vector lattices withE atomless. A
linear operator T W E ! F is called �-narrow if �T D 0.

Here 0 denotes the zero function. Obviously, if T is regular then �T .x/ � �jT j.x/
for each x 2 EC, hence if jT j is �-narrow then so is T .

The following result is an analog of Proposition 10.10 for �-narrow operators.

Proposition 10.29. Let E;F;G be vector lattices such that E is atomless and F is
an ideal of G. A linear operator T W E ! F is �-narrow if and only if T W E ! G

is �-narrow.

Proof. Fix any x 2 EC and set �
 D W

u2
 jT uj for each 
 2 …x . By (10.7),
�T .x/ D inf
2…x

�
 . Since F is an ideal of G, we have that inf
2…x
�
 D 0 in F

if and only if inf
2…x
�
 D 0 in G.

Theorem 10.30. Let E;F be Dedekind complete vector lattices such that E is atom-
less and F is an ideal of some order continuous Banach lattice. Then a positive
operator T W E ! F is �-narrow if and only if it is order narrow.
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Proof. By Propositions 10.10 and 10.29, without loss of generality we assume that F
is an order continuous Banach lattice. Moreover, by Proposition 10.9, instead of order
narrowness we will consider narrowness of T .

Suppose first that T � 0 is narrow. We show that T is �-narrow. Fix x 2 EC
and " > 0. It is enough to prove that there is a partition .xi /m1 2 …x of x with
kWm

iD1 T xik < ". First choose n so that 2�nkT xk < "=2. Using the definition of
a narrow operator n times, we find a partition .xi /2

n

1 2 …x of x such that kT xi �
2�nT xk < 2�n�1". Note that

T x

2n
�

2n
_

iD1
T xi � T x

2n
� T x1 �

2n
X

iD1

ˇ

ˇ

ˇ

T x

2n
� T xi

ˇ

ˇ

ˇ

: (10.8)

On the other hand, for i D 1; : : : ; 2n ,

T xi D T x

2n
C
�

T xi � T x

2n

�

� T x

2n
C

2n
X

jD1

ˇ

ˇ

ˇ

T x

2n
� T xj

ˇ

ˇ

ˇ

:

Therefore
2n
_

iD1
T xi � T x

2n
C

2n
X

iD1

ˇ

ˇ

ˇ

T x

2n
� T xi

ˇ

ˇ

ˇ

;

and hence
2n
_

iD1
T xi � T x

2n
�

2n
X

iD1

ˇ

ˇ

ˇ

T x

2n
� T xi

ˇ

ˇ

ˇ

:

Together with (10.8), this implies

�

�

�

2n
_

iD1
T xi � T x

2n

�

�

�

�
2n
X

iD1

�

�

�

T x

2n
� T xi

�

�

�

<
"

2
:

Thus, we obtain

�

�

�

2n
_

iD1
T xi

�

�

�

D
�

�

�

2n
_

iD1
T xi � T x

2n

�

�

�

C
�

�

�

T x

2n

�

�

�

<
"

2
C "

2
D " ;

as claimed.
Suppose now that T � 0 is �-narrow and T ¤ 0. We shall prove that T is nar-

row. As in the proof of Theorem 10.26, we consider the case when F D L1.�/ (the
general case can be reduced to this one exactly like we did it in the proof of Theo-
rem 10.26). Fix any x 2 EC and " > 0. By positivity of T , the net .

W

u2
 T u/
2…x

is decreasing. Thus, we can write

�T .x/ D lim

2…x

_

u2

T u D 0 :
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Since F is order continuous, there exists a 
 D .xi /
2n
1 2 …x with

˛ D
�

�

�

2n
_

iD1
T xi

�

�

�

� "2

2 kT xk :

Let zi D T xi for i D 1; : : : ; 2n. Note that K D P2n
iD1 kzik D kT xk. By

Lemma 7.50, there exists a permutation 
 W ¹1; : : : ; 2nº ! ¹1; : : : ; 2nº such that
kP2n

iD1.�1/iz�.i/k � p
2˛K � ". Let y D P2n

iD1.�1/ix�.i/. Then jyj D x and
kTyk � ", and hence T is narrow.

10.5 Classical theorems

In this section we present classical results which we will need later.

Order dense sublattices

Recall that a sublattice G of a vector lattice E is called order dense in E if for each
0 < x 2 E there exists y 2 G with 0 < y � x. Let E be a vector lattice and
e 2 EC. We denote by Ce , the Boolean algebra of all components x v e and by xje ,
the band projection of an element x 2 E to the band Band¹eº generated by e. By [6,
Theorem 3.13], if x; e 2 EC then xje D W1

nD1.x ^ ne/ 2 Ce .

Lemma 10.31. Let E be a Dedekind complete vector lattice. Then for each e 2
EC the linear subspace G D span Ce is an order dense sublattice of Band¹eº. In
particular, ¹y 2 GC W y � xº " x holds for all x 2 Band¹eºC.

Proof. First we prove the following claim.

Given any 0 < x � e 2 E, there exist a fragment 0 < e0 v e of e and
m 2 N such that e0 � mx.

Let xi D 1
i e � x for i D 1; 2; : : :. Since E is Archimedean, xi # �x and hence

x�
m ¤ 0 for some m 2 N. We show that the order projection given by e0 D ejx�

m
D

W1
nD1.e ^ nx�

m/ is the desired fragment of e. First we prove that e0 ¤ 0. Observe
that x�

m � jxmj � 1
m
e C x � 2e and x�

m ^ 2e � 2 .x�
m ^ e/. Hence,

e0 � e ^ x�
m � 1

2
.x�
m ^ 2e/ � 1

2
.x�
m ^ x�

m/ D 1

2
x�
m > 0 :

Thus, e0 > 0 is established.
Now we prove that e0 � mx. To do this, we show that e ^ nx�

m � mx for each
n 2 N. Indeed,

e ^ nx�
m �mx D �

e �mx� ^ �

nx�
m �mx�

� mxm ^ nx�
m � mxC

m ^ nx�
m D 0 ;

which ends the proof of the claim.
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Now let 0 < y 2 Band¹eº. By [6, Remark after Theorem 3.13], y ^ ne " y and
hence there exists n 2 N such that x D . 1

n
y/ ^ e > 0. Since 0 < x � e, by the

claim, there exists a fragment 0 < e0 v e and an integer m so that 1
m e

0 � x. This
means that n

m
e0 � y ^ ne � y. Thus, G is order dense in Band¹eº. By [6, Theorem

3.1], ¹y 2 GC W y � xº " x holds for all x 2 Band¹eºC.

Monteiro’s theorem on the extension of Boolean homomorphisms

We need to extend a Boolean homomorphism which is estimated from above by a
given suprema-preserving map, from a subalgebra to the entire algebra. The first the-
orem of this kind was obtained by Sikorski [133] but without preserving the upper
estimate. The version we need is a kind of a Hahn–Banach extension theorem which
is due to Monteiro [99]. There are various proofs of slightly different versions of Mon-
teiro’s theorem in the literature (see, e.g. [12, 23, 93]). In our proof we follow [93].

Definition 10.32. Let X;Y be lattices (not necessarily vector spaces). A map ' W
X ! Y is called

� _-preserving if '.x _ y/ D '.x/ _ '.y/ for all x; y 2 E;

� ^-preserving if '.x ^ y/ D '.x/ ^ '.y/ for all x; y 2 E;

� a lattice homomorphism provided it is both _-preserving and ^-preserving.

If, moreover, X and Y are Boolean algebras then in each of the above definitions
we additionally require that '.0X / D 0Y and '.1X / D 1Y (here 0X D minX , 1X D
maxX , 0Y D minY , 1Y D maxY ). In this case we insert the word “Boolean”: a
Boolean _-preserving map; a Boolean ^-preserving map; a Boolean homomorphism.

Theorem 10.33 (Monteiro’s theorem). Let X;Y be Boolean algebras with Y Dede-
kind complete, X0 a Boolean subalgebra of X , and ' W X ! Y be a Boolean _-
preserving map. Then every Boolean homomorphism  0 W X0 ! Y with  0.x/ �
'.x/ for each x 2 X0 can be extended to a Boolean homomorphism  W X ! Y with
 .x/ � '.x/ for each x 2 X .

Proof. First we prove that  0 can be extended by one step, i.e. assume that X is the
minimal Boolean algebra containing X0 t ¹x0º, where x0 … X0. In this case each
x 2 X is of the form x D .y ^ x0/ _ .z n x0/ where y; z 2 X0. Let

…0 D
°


 D .x1; : : : ; xn/ W n 2 N; xk 2 X0; 1X D
n
G

iD1
xi

±

;

and for each 
 2 …0 set yC

 D W

x2
 . 0.x/^'.x ^x0/
�

and y�

 D W

x2
 . 0.x/n
'.x n x0/

�

. We show that yC

 # and y�


 ". Indeed, let 
 0 � 
 , that is, for each x 2 
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there exists a subset 
 0
x � 
 such that x D W

x02
 0
x
x0. Then

yC

 D

_

x2


�

 0
�

_

x02
 0
x

x0� ^ '�
_

x02
 0
x

x0 ^ x0
�

�

D
_

x2


�

_

x02
 0
x

 0.x
0/ ^

_

x02
 0
x

'.x0 ^ x0/
�

�
_

x2


_

x02
 0
x

 0.x
0/ ^ '.x0 ^ x0/ D

_

x02
 0

�

 0.x
0/ ^ '.x0 ^ x0/

� D yC

 0

and analogously, y�

 � y�


 0 . Since '.x^x0/_'.x nx0/ D '..x ^x0/_ .x nx0// D
'.x/ �  0.x/ for each x 2 X0, we obtain that  0.x/ n '.x n x0/ �  0.x/ ^ '.x ^
x0/, and hence y�


 � yC

 0 . Let y�


 " y� and yC

 # yC. Then y� � yC.

Let y0 2 Y be any element with y� � y0 � yC. For each x D .x1^x0/_.x2^x0/
with x1; x2 2 X0 we set

 .x/ D �

 0.x1/ ^ y0
� _ �

 0.x2/ n y0
�

:

We show that  is the desired extension. First note that if x0 � x0 � x00 where
x0; x00 2 X0 then for the partitions 
 0 D ¹x0; x0 cº and 
 00 D ¹x00; x00 cº from … we
have y�


 0 � y0 � yC

 00 . Therefore

y0 � yC

 00 D �

 0.x
00/ ^ '.x00 ^ x0/

� _ �

 0.x
00 c/ ^ '.x00 c ^ x0/

�

D  0.x
00/ ^ '.x00 ^ x0/ �  0.x

00/

and

y0 � y�

 0 D �

 0.x
0/ n '.x0 n x0/

� _ �

 0.x
0 c/ n '.x0 c n x0/

�

�  0.x
0/ n '.x0 n x0/ D  0.x

0/:

Thus,
_

x0�x02X0

 0.x
0/ � y0 �

^

x0�x002X0

 0.x
00/ :

Using the same arguments as in the proof of Sikorski’s theorem on extensions of
homomorphisms [134, Section 33], we see that is a homomorphism, and  .x/ does
not depend on the choice of x1; x2 2 X0 such that x D .x1 ^ x0/ _ .x2 n x0/. In
particular, if x 2 X0 then

 .x/ D  0
�

.x ^ x0/ _ .x n x0/
� D �

 0.x/ ^ y0
� _ �

 0.x/ n y0
� D  0.x/ :

It has yet to be proved that  .x/ � '.x/ for each x 2 X . Fix any x1; x2 2 X0
such that x D .x1 ^ x0/ _ .x2 n x0/. Then  .x/ D . 0.x1/ ^ y0/ _ . 0.x2/ n y0/.
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Consider the partitions 
i D ¹xi ; xci º, i D 1; 2. Since  0.x1/ ^  0.x
c
1/ D 0X , we

obtain that

 0.x1/ ^ y0 �  0.x1/ ^ yC

1

D  0.x1/ ^
�

�

 0.x1/ ^ '.x1 ^ x0/
� _ �

 0.x
c
1/ ^ '.xc1 ^ x0/

�

�

D  0.x1/ ^ '.x1 ^ x0/ � '.x1 ^ x0/:
Analogously,

 0.x2/ n y0 �  0.x2/ n y�

2

D  0.x2/ n
�

�

 0.x2/ n '.x2 n x0/
� _ �

 0.x
c
2/ n '.xc2 ^ x0/

�

�

�  0.x2/ n
�

 0.x2/ n '.x2 n x0/
�

D  0.x2/ ^ '.x2 n x0/ � '.x2 n x0/:
Thus,

 .x/ D
�

 0.x1/ ^ y0
�

_
�

 0.x2/ ^ y0
�

� '.x1 ^ x0/ _ '.x2 n x0/
D '

�

.x1 ^ x0/ _ '.x2 n x0/
� D '.x/:

We now consider the general case. Let H be the set of all extensions h W Xh ! Y

such that Xh � X0 is a subalgebra of X and h is a homomorphism with h � '. We
set h0 � h00 if X 0 � X 00 and h00jX 0 D h0. Since H is partially ordered, by Zorn’s
Lemma, there exists a maximal element  2 H . By the above arguments, concerning
an extension by one step, X D X . Thus,  is the desired extension of  0.

10.6 Pseudonarrow operators are exactly
�-narrow operators

The following characterization is an analog of Theorem 7.45, and connects the notions
of pseudonarrow (recall Definition 1.32) and �-narrow operators.

Since we already know that an operator T is narrow if and only if jT j is (see Theo-
rem 10.26), and since the same is evidently true for pseudonarrow operators, it suffices
to prove the main result of the section for positive operators only.

Theorem 10.34. Let E;F be Dedekind complete vector lattices with E atomless. If
a positive operator T W E ! F is �-narrow then it is pseudonarrow.

Proof. Suppose that T is not pseudonarrow. Let 0 < S � T be a d.p.o. and x 2 EC
be such that Sx > 0. Then for each representation x D Fn

kD1 xk we have

Sx D
n
G

kD1
Sxk D

n
_

kD1
Sxk �

n
_

kD1
T xk ;

which implies that �T .x/ � Sx > 0 and T is not �-narrow.
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The converse assertion will be proved under the additional assumption of order
continuity of T .

Theorem 10.35. Let E;F be Dedekind complete vector lattices with E atomless.
Then a positive order continuous operator T W E ! F is �-narrow if and only if it is
pseudonarrow.

For the proof we need a number of lemmas.

Lemma 10.36. Let E;F be Dedekind complete vector lattices with E atomless, T 2
LC.E;F / be an order continuous operator, e 2 EC, f 2 FC, and  W Ce ! Cf be
a Boolean homomorphism such that  .x/ � T x for each x 2 Ce . Then there exists a
d.p.o. S 2 LC.E;F / such that S � T and Sx D  .x/ for each x 2 Ce .

Proof. For each 
 D .xi /
n
1 2 …e , set L
 D span¹xi W i � nº. Note that 


1
� 


2
in

…e impliesL

1

� L

2
. In particular, .L
 /
2…e

is a net with respect to the inclusion.
Note that the following linear subspace is a sublattice of E

G D
[


2…e

L
 D span Ce :

For each 
 D .xi /
n
1 2 …e , define the linear operator S
 W L
 ! F which extends

the equality S
xi D  .xi / for i D 1; : : : ; n to L
 by linearity. Since  is a Boolean
homomorphism on Ce , we have that if 


1
� 


2
in…e, then S


2

ˇ

ˇ

L�1

D S

2
. Thus, we

can define the following linear operator eS W G ! F by setting eSx D lim
2…e
S
x

for x 2 G. Since 0 � eS � T and T is order continuous, eS is order continuous on G.
Now we are ready to define an operator S 2 LC.E;F /. For x 2 EC set

Sx D sup ¹eSy W y 2 G and 0 � y � xº :
Sx is defined correctly since the set under the supremum is bounded above by T x.
For the same reason we also have that Sx � T x for all x 2 EC.

Obviously, Sx D eSx for each x 2 GC.
We prove additivity of S on EC. Fix any x; y 2 EC. For each z1; z2 2 GC with

z1 � x and z2 � y we have

S.x C y/ � eS.z1 C z2/ D eSz1 CeSz2 :

Passing to the supremum in the right-hand side of this inequality, since 0 � z1 � x

and 0 � z2 � y, we obtain that S.x C y/ � Sx C Sy.
To prove the converse inequality, fix any z 2 GC with z � xCy. Since xje ; yje 2

Band¹eº, by Lemma 10.31, there exist nets x˛ ; y˛ 2 G such that x˛ " xje and
y˛ " yje. Let z˛ D z ^ .x˛ C y˛/. Since z˛ � x˛ C y˛ and all these elements



248 Chapter 10 Narrow operators on vector lattices

belong to the lattice G, by the Riesz decomposition property [6, Theorem 1.9], there
exist nets z 0̨ and z00̨ 2 GC so that z˛ D z 0̨ C z00̨; z 0̨ � x˛ and z00̨ � y˛ . Thus

eSz˛ D eSz 0̨ CeSz00̨ � eSx˛ CeSy˛ � Sxje C Syje � Sx C Sy :

Since z˛
o! z ^ .x C y/ D z and eS is order continuous on G as observed above,

eSz˛
o! eSz and henceeSz � SxCSy. Thus S.xCy/ � SxCSy and the additivity

of S on EC is proved. By the Kantorovich theorem [6, Theorem 1.7], S uniquely
extends to a positive operator from E to F .

It remains to prove that S is a d.p.o. Evidently, eS D S
ˇ

ˇ

G
is a d.p.o. Suppose, for

contradiction, that there exist orthogonal x; y 2 EC with u D Sx ^ Sy > 0.
We claim that there exists a z1 2 GC such that z1 � x and v D Sz1 ^ u > 0. If

not, then for each y 2 GC with y � x we obtain that Sy ^ u D 0. By the definition
of S and distributivity (see [129, p. 52]), we have that u D Sx ^ u D sup¹Sy ^ u W
y 2 G and 0 � y � xº D 0, which is a contradiction. Analogously, there exists a
z2 2 GC such that z2 � y and w D Sz2 ^ v > 0. Thus, Sz1 ^ Sz2 � v ^ Sz2 D
w > 0. This is impossible since S jG is a d.p.o. (obviously, z1^ z2 � x^y D 0).

Definition 10.37. Let X;Y be lattices (not necessarily vector spaces). A map f W
X ! Y is called a lattice antihomomorphism if for each u; v 2 X we have f .u_v/ D
f .u/ ^ f .v/ and f .u ^ v/ D f .u/ _ f .v/.

Lemma 10.38. Let E be a Dedekind complete vector lattice, e 2 EC. Then the
formula 1e.x/ D e � ej.e�x/C defines a lattice homomorphism 1e W EC ! Ce such
that 1e.x/ � x for all x 2 EC, 1e.0/ D 0 and 1e.e/ D e.

Proof. The last two equalities are obvious. Since e D eC � .e � x/C, we have that
ej.e�x/C � .e � x/Cj.e�x/C D .e� x/C � e � x. Thus, x � e� ej.e�x/C D 1e.x/.
Since the maps x ! xC and x ! x C e are lattice homomorphisms and x ! �x is
a lattice antihomomorphism, it remains to show that the map 0 � x ! ejx is a lattice
homomorphism. By distributivity of E, one has

ejx_y D
1
_

nD1

�

e ^ �n.x _ y/�
�

D
1
_

nD1

�

�

e ^ .nx/� _ �e ^ .ny/�
�

D
�

1
_

nD1
e ^ .nx/

�

_
�

1
_

nD1
e ^ .ny/

�

D ejx _ ejy :

Since e ^ .nx/ " ejx , we obtain

ejx^y D lim
n!1 e ^ �n.x ^ y/� D lim

n!1.e ^ nx/ ^ .e ^ ny/
D lim
n!1.e ^ nx/ ^ lim

n!1.e ^ ny/ D ejx ^ ejy :
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Lemma 10.39. Let E;F be vector lattices with F Dedekind complete. Let T W
E ! F be a linear operator and e 2 EC be such that f D �T .e/ > 0. Then
'.x/

defD1f .�T .x// is a Boolean _-preserving map ' W Ce ! Cf such that '.x/ �
jT jx.

Proof. Note that '.0/ D 1f .�T .0// D 1f .0/ D 0 and '.e/ D 1f .�T .e// D
1f .f / D f . Moreover,

'.x/ D 1f
�

�T .x/
� � �T .x/ D

^


2…x

_

u2

jT uj �

^


2…x

_

u2

jT ju

�
^


2…x

jT j
_

u2

u D

^


2…x

jT jx D jT jx:

It remains to be shown that ' is a _-preserving map. First we show that '.x t y/ D
'.x/ _ '.y/. Let x; y v e with x?y. Then

�T .x t y/ D lim

2…xty

^


 0�


_

u2
0

jT uj D lim
…xty 3
�¹x;yº

^


 0�


_

u2
 0

jT uj

D lim

2…x ; �2…y

^


 0�
; � 0��

_

u2
 0[� 0

jT uj

D lim

2…x ; �2…y

^


 0�
; � 0��

�

_

u2
 0

jT uj _
_

v2� 0

jT vj
�

D lim

2…x ; �2…y

��

^


 0�


_

u2
0

jT uj
�

_
�

^

� 0��

_

v2� 0

jT vj
��

D lim

2…x

^


 0�


_

u2
0

jT uj _ lim
�2…y

^

� 0��

_

v2� 0

jT vj

D
^


2…x

_

u2

jT uj _

^

�2…y

_

v2�
jT vj D �T .x/ _ �T .y/:

Therefore, '.x t y/ D 1e
�

�T .x t y/� D 1e
�

�T .x/ _ �T .y/
�

D 1e
�

�T .x/
� _ 1e

�

�T .y/
� D '.x/ _ '.y/:

If x; y v e and x � y then '.y/ D '..y � x/ t x/ D '.y � x/ _ '.x/ � '.x/.
This easily implies that '.x_y/ � '.x/_'.y/ for each x; y. Moreover, '.x_y/ D
'..x � y/ t y/ D '.x � y/ _ '.y/ � '.x/ _ '.y/. Thus, '.x _ y/ D '.x/ _ '.y/
for all x; y v e.

Proof of Theorem 10.35. By Theorem 10.34 we only need to prove that a pseudonar-
row operator is �-narrow. Suppose that T is pseudonarrow and is not �-narrow
and e 2 EC is such that f D �T .e/ > 0. By Lemma 10.39 we construct a
Boolean _-preserving map ' W Ce ! Cf with the corresponding properties. Let
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X D Ce; Y D Cf ; X0 D ¹0; eº;  0 W X0 ! Y be the trivial Boolean homomor-
phism (i.e.  0.0/ D 0 and  0.e/ D f ). Evidently,  0.x/ � '.x/ for each x 2 X0.
By Theorem 10.33, there is a Boolean homomorphism  W Ce ! Cf such that  
extends  0 with  .x/ � '.x/ for all x 2 Ce. By the choice of ', we have that
'.x/ � T x for all x 2 Ce . Thus,  .x/ � T x for all x 2 Ce . By Lemma 10.36, there
exists a d.p.o. S W E ! F such that 0 � S � T and Sx D  .x/ for all x 2 Ce . In
particular, Se D  .e/ D  0.e/ D f > 0 and hence S > 0. This means that T fails
to be pseudonarrow.

10.7 Regular narrow operators form a band in the lattice
of regular operators

Using all the properties and technical tools presented in this chapter we now are able
to prove the main results. First of the results gives a partial answer to Problem 10.11.

Theorem 10.40. Let E;F be Dedekind complete vector lattices such that E is atom-
less and F is an ideal of some order continuous Banach lattice. Then we have the
following:

(i) A regular order continuous operator T W E ! F is order narrow if and only if it
is pseudonarrow.

(ii) The set of all order narrow regular order continuous operators and the set of all
order continuous pseudo-embeddings are mutually complemented bands in the
vector lattice of all regular order continuous linear operators from E to F .

(iii) Each regular order continuous operator T W E ! F is uniquely represented in
the form T D TD C TN , where TD is a sum of an order absolutely summable
family of disjointness-preserving order continuous operators and TN is an order
continuous order narrow operator. Moreover, max¹kTDk; kTN kº � kT k.

Proof. Note that by [80, p. 7], F is Dedekind complete. We prove (i) by the following
scheme

T is order narrow
Theorem 10:26

” jT j is order narrow
Theorem 10:30

” jT j is �-narrow

Theorem 10:35

” jT j is pseudonarrow
by definition

” T is pseudonarrow :

Items (ii) and (iii) follow from (i) by Corollary 1.34.

If E and F are order continuous Banach lattices then the order continuity of T in
Theorem 10.40 can be removed because in this case every regular operator is order
continuous. Thus, by Proposition 10.9, our main result on Banach lattices can be
formulated as follows.
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Theorem 10.41. Let E;F be order continuous Banach lattices with E atomless.
Then we have the following:

(i) A regular operator T W E ! F is narrow if and only if it is pseudonarrow.

(ii) The set Nr .E;F / of all narrow regular operators and the set Lpe.E;F / of
all pseudo-embeddings are mutually complemented bands in the vector lattice
Lr.E;F / of all regular linear operators from E to F .

(iii) Each regular operator T W E ! F is uniquely represented in the form T D TDC
TN , where TD is a sum of an order absolutely summable family of disjointness-
preserving operators and TN is narrow. Moreover, max¹kTDk; kTN kº � kT k.

We do not know whether the assumption of order continuity of the operators in
Theorem 10.40 can be omitted.

Open problem 10.42. Is Theorem 10.40 true for regular operators, which are not
order continuous?

In particular, what happens for E D L1? The following question was posed
in [93] (cf. also Open problem 11.62).

Open problem 10.43. Is the set of all order narrow regular operators T W L1 ! L1
a band in the vector lattice Lr.L1/ of all regular linear operators on L1?

Lattice versions of some problems on the isomorphic structure of Lp

One of the most interesting easy to formulate problems in Banach space theory that
is still unsolved, is to characterize, up to an isomorphism, infinite dimensional com-
plemented subspaces of L1. In particular, is it true that they have to be isomorphic
to either `1 or L1? An attentive consideration of papers devoted to the geometry of
the space L1 of the last 30 years confirms that many authors were really motivated by
this problem in their investigations.

A lattice approach to narrow operators explained why in L1 the sum of two narrow
operators is narrow, and why this is not the case for operators on Lp with 1 < p < 1.
The reason is that there are “few” operators on L1, all of them regular. In contrast,
there are many operators on Lp for 1 < p < 1. In particular, nonregular ones that
make many subspaces complemented by means of nonregular projections. The same
reason explains why the Haar system is unconditional in Lp but not in L1, and many
other properties that distinguish Lp fromL1. This has led the authors of [93] to define
the following notion that makes it possible to generalize the complemented subspaces
problem for L1 to the setting of the spaces Lp, with 1 � p < 1.

Definition 10.44. Let E be a Banach lattice. A subspace F of E is called regularly
complemented if there exists a regular projection from E onto F .
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Open problem 10.45. Let 1 � p < 1, p ¤ 2. Is every regularly complemented
subspace of Lp isomorphic to either `p or Lp?

The following lattice version of Open problem 7.52 was posed in [93].

Open problem 10.46. Let E be an order continuous Banach lattice and T 2 Lr .E/
be a regular operator. Suppose that for each band F � E the restriction T jF is not an
isomorphic embedding. Must T be narrow?

Theorem 7.30 gives an affirmative answer for E D L1.

10.8 Narrow operators on lattice-normed spaces

There is a generalization of narrow operators to the domain space which is a gener-
alization of a vector lattice. New domain space is called a lattice-normed space, and
was introduced by Kantorovich in 1936 and later developed by a number of mathe-
maticians, see Kusraev’s book [74]. In [111] Pliev adopted the notion of a narrow
operator to the setting of operators defined on a lattice-normed space and valued in a
Banach space, and to order narrow operators acting between lattice-normed spaces.
All results in this section are from [111], with preliminaries from [74].

Definition of a lattice-normed space

As before, all vector lattices are assumed to be Archimedean. Let V be a vector space
and E be a vector lattice. A map jjj � jjj W V ! EC is called a vector norm if the
following conditions hold for all x; y 2 V and � 2 R:

(1) jjjxjjj D 0 , x D 0;

(2) jjj�xjjj D j�jjjjxjjj;
(3) jjjx C yjjj � jjjxjjj C jjjyjjj.
If these conditions hold, the triple .V; jjj � jjj; E/ is called a lattice-normed space. The
vector lattice E is called the norm lattice of the vector norm jjj � jjj. We will also denote
a lattice-normed space .V; jjj � jjj; E/ by .V;E/; this is especially convenient if one
considers two lattice-normed spaces, because in this case we denote both vector norms
by the same symbol jjj � jjj (as we do for norms on different normed spaces), and then
understand which vector norm we mean in each case by the context.

A vector norm jjj � jjj is called decomposable if

(4) for each x 2 V and e1; e2 2 EC with jjjxjjj D e1 C e2 there are x1; x2 2 V such
that x D x1 C x2 and jjjxkjjj D ek for k D 1; 2.

A lattice-normed space .V; jjj � jjj; E/ is called decomposable if its vector norm is de-
composable.
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Examples

(a) The special case when V D E with jjjxjjj D jxj for each x 2 V shows that the
notion of a lattice-normed space generalizes the notion of a vector lattice, and
its decomposition property follows from Riesz decomposition property for vector
lattices [6, Theorem 1.9].

(b) Let V be a normed space and E D R with the vector norm equal to the scalar
norm jjjxjjj D kxk for each x 2 V . The decomposition property trivially holds.

(c) Let .�;†;�/ be a finite measure space, E an order dense ideal in L0.�/, and X
a Banach space. Let L0.�;X/ be the linear space of all equivalence classes of
strongly measurable functions x W � ! X . For any x 2 L0.�;X/, we define
an element jjjxjjj 2 L0.�/ by jjjxjjj.!/ D kx.!/k for almost all ! 2 �. Define
E.X/ D ¹x 2 L0.�;X/ W jjjxjjj 2 Eº. Then E.X/ D .E.X/; jjj � jjj; E/ is a lattice-
normed space having the decomposition property [74, Lemma 2.3.7]. Moreover,
if E is a Banach lattice then the lattice-normed space E.X/ is a Banach space
with respect to the norm jjjxjjj D kkx.�/kXkE .

A space with a mixed norm

LetE be a Banach lattice and let .V;E/ be a lattice-normed space. Since jjjxjjj 2 E for
each x 2 V , we can set

jjjxjjj D �

�jjjxjjj��; for each x 2 V : (10.9)

Then jjj � jjj is a norm on V and the normed space .V; jjj � jjj/ is called a space with
a mixed norm, or a Banach space with a mixed norm if it is complete with respect to
this norm.

In view of the inequality jjjjxjjj � jjjyjjjj � jjjx�yjjj and monotonicity of the norm in E,
we have kjjjxjjj � jjjyjjjk � jjjx � yjjj for all x; y 2 E, so a vector norm is a norm
continuous map from .V; jjj � jjj/ to E.

Different notions on a lattice-normed space

Notions of order convergence, order boundedness, Dedekind (order) completeness,
order ideal, disjoint elements, fragment, atom, atomlessness, disjoint tree, positive
operator, dominated operator, regular operator, modulus of an operator, and many
related ones are defined in a similar way as for ordered vector spaces and vector
lattices. Note that for the order convergence in a lattice-normed space the following

notation is used: x˛
bo! x. More precisely, let .V;E/ be a lattice-normed space. Then

x˛
bo! x for a net .x˛/ in V and x 2 V means that jjjx˛ � xjjj o! 0 in E. Here (bo)

stands for “Banach order.”
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There is one more difference. It is not hard to show that a vector lattice is Dedekind
complete (that is, every order bounded from above nonempty set has the least upper
bound) if and only if it is order complete (i.e. every order Cauchy net order converges).
However a lattice-normed space need not have the lattice property that every two-
point set has the least upper bound. Thus the two possible notions of completeness in
a lattice-normed space are not equivalent to each other. We say that a lattice-normed
space V is (bo)-complete if every (bo)-Cauchy net in V is (bo)-convergent in V . A
decomposable (bo)-complete lattice-normed space is called a Banach–Kantorovich
space.

Let V be a lattice-normed space. A subspace V0 of V is called (bo)-ideal of V if for
each x 2 V and y 2 V0 the inequality jxj � jyj implies x 2 V0. A subspace V0 of V
is a (bo)-ideal in V if and only if V0 D ¹x 2 V W jjjxjjj 2 Lº for some idealL of E [74,
Item 2.1.6.(1)]. As in vector lattices, two elements x; y 2 V are called disjoint (write
x?y) if jjjxjjj ^ jjjyjjj D 0, that is, jjjxjjj?jjjyjjj in E. Given a subset M � V , we set
Md D ¹x 2 V W .8y 2 M/.x?y/º. An element z 2 V is called a fragment x 2 V
(write z v x) provided 0 � jjjzjjj � jjjxjjj and z?.x � z/ (cf. definition of a fragment on
p.13). Two fragments x1; x2 of x are called mutually complemented if x D x1 C x2
(MC fragments, in short). As in vector lattices, the equality v D Fn

kD1 vk means that
v D Pn

kD1 vk and vi? vj if i ¤ j .

Narrow operators

Definition 10.47. Let .V;E/ be a lattice-normed space with an atomless vector lat-
ticeE, and X be a Banach space. A linear operator T W V ! X is called (bo)-narrow
if for every v 2 V there are two mutually complemented fragments v1 and v2 of v
such that kT .v1 � v2/k < ". If, moreover, for each v 2 V there are two MC frag-
ments v1 and v2 of v such that kT .v1�v2/k D 0 then T is called (bo)-strictly narrow.

The following statement shows that for a lattice-normed space .V; jjj � jjj; E/ which
coincides with E D .E; j � j; E/, Definitions 10.1 and 10.47 are equivalent.

Proposition 10.48. Let E be an atomless Dedekind complete vector lattice and X be
a Banach space. A linear operator T W E ! X is narrow (resp., strictly narrow) in
the sense of Definition 10.1 if and only if it is (bo)-narrow (resp., (bo)-strictly narrow),
being considered as an operator defined on the lattice-normed space E D .E; j � j; E/
in the sense of Definition 10.47.

Proof. If T is (bo)-narrow (resp., (bo)-strictly narrow) then T is obviously narrow
(resp., strictly narrow) in the sense of Definition 10.1.

Let T be narrow in the sense of Definition 10.1. Fix any v 2 E and " > 0, and
write v D vC � v�. By Definition 10.1, there exist y1 and y2 so that jy1j D vC,
jy2j D v�, kTy1k < "=2 and kTy2k < "=2. Set v1 D yC

1 � y�
2 and v2 D y�

1 � yC
2 .
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Then v1?v2 and v D vC � v� D jy1j � jy2j D yC
1 C y�

1 � yC
2 � y�

2 D v1 C v2,
that is, v1 and v2 are MC fragments of v. Moreover,

�

�T .v1 � v2/k D kT .y1 C y2/k � kTy1k C kTy2k < "

2
C "

2
D ":

Dominated operators

Definition 10.49. Let .V;E/ and .W;F / be lattice-normed spaces, T 2 L.V;W / a
linear operator and S 2 LC.E;F /. We say that S dominates or majorizes T , and
that S is a dominant or majorant for T , if jjjT vjjj � S jjjvjjj for each v 2 V .

The set of all dominants of T is denoted by majT . If there is the least element of
majT inLr .E;F / then it is called the least or the exact dominant of T and is denoted
by jT j. The set of all dominated operators from V to W is denoted by M.V;F /.
Denote by EC

0 the conic hull of the set jjjV jjj D ¹jjjvjjj W v 2 V º, that is, the set of all
elements of E of the form

Pn
kD1 jjjvkjjj where n 2 N; v1; : : : ; vn 2 V . If E has the

principal projection property, that is, each band in E generated by one element is a
projection band, then EC

0 D jjjV jjj [74, Theorem 4.1.4]. By Lemma 1.24, this holds for
a Dedekind complete vector latticeE. Note that, on the other hand, EC

0 is the positive
cone of the band E0 D jjjV jjjdd in E.

Let us present some auxiliary known statements useful for beginners.

Proposition 10.50 ([74, Theorem 2.1.2(2)]). Let .V;E/ be a lattice-normed space. If
v1; v2 2 V are disjoint elements then jjjv1 C v2jjj D jjjv1jjj C jjjv2jjj.

Proposition 10.51 ([74, Theorem 2.1.2(3)]). Let .V;E/ be a lattice-normed space. If
e1; e2 2 E are disjoint elements then for each v 2 V the decomposition v D v1 C v2
with jjjv1jjj D e1 and jjjv2jjj D e2 is unique.

Proposition 10.52 ([74, Theorem 4.1.2]). Let .V;E/ and .W;F / be lattice-normed
spaces with .V;E/ decomposable and F Dedekind complete. Then every dominated
operator T 2 L.V;W / has the exact dominant jjjT jjj.

Proposition 10.53 ([74, Theorem 4.1.5]). Let .V;E/ and .W;F / be lattice-normed
spaces and let an operator T 2 L.V;W / have the exact dominant jjjT jjj. Then

(a) 8e 2 EC
0 jjjT jjje D sup

°

Pn
kD1 jjjT vk jjj W n 2 N; vk 2 V; Pn

kD1 jjjvkjjj D e
±

;

(b) 8e 2 EC jjjT jjje D sup¹jjjT jjje0 W e0 2 EC
0 ; e0 � eº;

(c) 8e 2 E jjjT jjje D jjjT jjjeC � jjjT jjje�.
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Order narrow operators

Definition 10.54. Let .V;E/ and .W;F / be lattice-normed spaces with atomless E.
A linear operator T W V ! W is called (bo)-order narrow if for every v 2 V there is

a net .v 0̨ ; v00̨/ of pairs of MC fragments of v such that T .v0̨ � v00̨/ bo! 0.

The following two statements are analogs of Propositions 10.7 and 10.9.

Proposition 10.55. Let .V;E/ be a lattice-normed space with an atomless vector
lattice E and let .W;F / be a space with a mixed norm. Then every (bo)-narrow
operator T W V ! W is (bo)-order narrow.

We omit the proof which is the same as the proof of Proposition 10.7.

Proposition 10.56. Let .V;E/ be a lattice-normed space with an atomless vector
lattice E and let .W;F / be a space with a mixed norm where F is a Banach lattice
with an order continuous norm. Then a linear operator T W V ! W is (bo)-narrow
if and only if it is (bo)-order narrow.

Proof. By Proposition 10.55, we need to prove only one implication. Suppose that T
is (bo)-order narrow. Fix any v 2 V and " > 0. Then there exists a net .v 0̨ ; v00̨/ of

pairs of MC fragments of v such that T .u˛/
bo! 0, where u˛ D v 0̨ � v00̨. The last

condition means by definition that jjjT u˛jjj o! 0. By the order continuity of the norm
in F , jjjT u˛jjj D kjjjT u˛jjjk ! 0. Thus, there is ˛ with jjjT u˛jjj < ".

We will use also the following auxiliary lemma.

Lemma 10.57. Let .V;E/, .J; F1/ and .W;F / be lattice-normed spaces,E an atom-
less vector lattice, J a (bo)-ideal of W and F1 an order ideal of F . If a dominated
linear operator T W V ! J is (bo)-order narrow then so is T W V ! W . Conversely,
for a dominated linear operator T W V ! J , if T W V ! W is (bo)-order narrow
then so is T W V ! J .

Proof. The first part is obvious. Let T W V ! J be a dominated operator with
T W V ! W (bo)-order narrow. For any v 2 V there exists a net .v˛/ in V such that

every element v˛ is a difference u1 � u2 of two MC fragments of u with T v˛
bo�! 0,

that is, jT v˛j � y˛ # 0 for some net .y˛/ in F . Since jjjT jjj W E ! F1, we have that
jjjT v˛jjj � jjjT jjjjjjvjjj D g 2 F1. Hence, jjjT v˛jjj � z˛ # 0 where z˛ D g ^ y˛ is a net
in F1. Thus, the net .T v˛/ (bo)-converges to 0 in .J; F1/.

GAM-compact operators

We introduce analogs of order-to-norm continuous and AM-compact operators for the
new setting.
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Definition 10.58. Let .V;E/ be a lattice-normed space and X be a Banach space. A
linear operator T W V ! X is called:

� (bo)-to-norm continuous if it sends (bo)-convergent nets from V to convergent nets
in X ;

� generalized AM-compact or GAM-compact if it sends (bo)-bounded sets from V to
relatively compact sets in X .

Observe that if V D E is a vector lattice then Definition 10.58 gives exactly order-
to-norm continuous and AM-compact operators.

The following theorem is a generalized version of Theorem 10.17.

Theorem 10.59. Let .V;E/ be a Banach–Kantorovich space, whereE is an atomless
Dedekind complete vector lattice, and X be a Banach space. Then every GAM-
compact (bo)-to-norm continuous operator T W V ! X is (bo)-narrow.

We omit the proof of Theorem 10.59 which repeats the proof of Theorem 10.17
with minor adjustments (the reader can find the proof in [111]).

Main results

The following results are due to Pliev [111].

Theorem 10.60. Let E;F be Dedekind complete vector lattices with E atomless
and F an ideal of an order continuous Banach lattice, and .V;E/ be a Banach–
Kantorovich space. Then every (bo)-continuous dominated linear operator T W V !
F is (bo)-order narrow if and only if jjjT jjj W E ! F is order narrow.

Proof. As in the proof of Theorem 10.26, we first prove the theorem for F D L1.�/.
By Propositions 10.56 and 10.9, we equivalently replace order narrowness with nar-
rowness. Fix any e 2 EC

0 and " > 0. Since E is Dedekind complete, EC
0 D jjjV jjj

by the discussion after Definition 10.49. Let v 2 V be such that jjjvjjj D e. Let …e
be the system of all finite sets 
 	 V such that v D P

u2
 u and e D F

u2
 jjjujjj.
For 
 0; 
 00 2 …x we write 
 0 � 
 00, if for each u 2 
 0 there is a subset 
 00

u � 
 00
such that u D P

w2
 00
u
w and jjjujjj D F

w2
00
u

jjjwjjj. By decomposability of .V;E/
and Proposition 10.51, …e is a directed set. Consider the net

�

P

u2
 jT uj�

2…e

in
L1.�/. By the triangle inequality, this net increases. By Proposition 10.53(a),

jjjT jjje D sup
°

n
X

kD1
jT vkj W n 2 N; vk 2 V;

n
X

kD1
jjjvkjjj D e

±

D sup
°

X

u2

jT uj W 
 2 …e

±

:
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By the order continuity of L1.�/, there is 
 2 …e such that kjjjT jjje �Pu2
 jT ujk <
". Let 
 D .vk/

n
kD1. We have that

v D
n
X

kD1
vk ; e D

n
G

kD1
jjjvkjjj and

�

�

�

jjjT jjje �
n
X

kD1
jT vkj

�

�

�

< " : (10.10)

Now we make a general remark. Let vk D uk t wk , for each k D 1; : : : ; n, be a
decomposition into MC fragments. Then setting u D Fn

kD1 uk and w D Fn
kD1wk ,

we obtain that v D uCw, and

e D
n
G

kD1
jjjvkjjj D

n
G

kD1
jjjukjjj t

n
G

kD1
jjjwkjjj byProposition 10:50D jjjujjj C jjjwjjj ;

is a decomposition into MC fragments. Hence

jjjT jjje D
n
X

kD1

�jjjT jjjjjjukjjj C jjjT jjjjjjwkjjj� : (10.11)

By Proposition 10.53(a),

0 � jjjT jjje �
n
X

kD1

�jT ukj C jTwkj� � jjjT jjje �
n
X

kD1
jT vkj : (10.12)

Since jjjT jjjjjjukjjj � jT ukj and jjjT jjjjjjwkjjj � jTwkj are positive elements of L1.�/, the
sum of their norms equals the norm of the sum. Thus,

n
X

kD1

�

�

�jjjT jjjjjjukjjj � jT ukj��C �

�jjjT jjjjjjwkjjj � jTwkj��
�

(10.13)

by (10.11)D
�

�

�

jjjT jjje �
n
X

kD1

�jT ukj C jTwkj�
�

�

�

by (10.12)�
�

�

�

jjjT jjje �
n
X

kD1
jT vkj

�

�

�

by (10.10)
< ":

Suppose first that T is (bo)-narrow. Then, for each k D 1; : : : ; n, there exist MC
fragments uk and wk of vk so that kT uk � Twkk < "=n. Thus, as observed above,
u D Fn

kD1 uk and w D Fn
kD1wk are MC fragments of v. Hence

�

�jjjT jjj jjjujjj � jjjT jjj jjjwjjj�� �
n
X

kD1

�

�jjjT jjj jjjuk jjj � jjjT jjj jjjwkjjj��

�
n
X

kD1

�

�jT ukj � jTwkj ��C
n
X

kD1

�

�

�jjjT jjj jjjukjjj � jT uk j ��C �

�jjjT jjj jjjwkjjj � jTwkj ��
�

by (10.13)�
n
X

kD1

�

�jT ukj � jTwkj ��C " �
n
X

kD1

�

�T uk � Twk
�

�C " < 2" :
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By arbitrariness of e 2 EC
0 and " > 0, jjjT jjj is narrow.

Suppose now that jjjT jjj is narrow. Fix any v 2 V and " > 0. Let e D jjjvjjj. By the
order continuity of L1.�/, there exists 
 D .vk/

n
kD1 2 …e so that (10.10) holds. By

narrowness of jjjT jjj, we decompose vk D uk t wk so that kjjjT jjj jjjukjjj � jjjT jjj jjjwkjjjk <
"=n. Setting u D Fn

kD1 uk and w D Fn
kD1wk , we obtain by Proposition 10.53(a),

�

�

�

n
X

kD1

�jT ukj C jTwk j�
�

�

�

� �

�jjjT jjje�� : (10.14)

By (10.10),

�

�jjjT jjj e�� �
�

�

�

n
X

kD1

ˇ

ˇT vk
ˇ

ˇ

�

�

�

D
�

�

�

jjjT jjj e �
n
X

kD1

ˇ

ˇT vk
ˇ

ˇ

�

�

�

� " : (10.15)

Since the norm of the sum of positive elements in L1.�/ equals the sum of their
norms,

kT u � Twk �
n
X

kD1
kT uk � Twkk

by (10.4)D
n
X

kD1

�

�jT ukj � jTwkj��C
�

�

�

n
X

kD1

�jT ukj C jTwkj�
�

�

�

�
�

�

�

n
X

kD1
jT vkj

�

�

�

by (10.14)�
n
X

kD1

�

�jjjT jjjjjjukjjj � jjjT jjjjjjwkjjj��C
n
X

kD1

�

�

�jjjT jjjjjjukjjj � jT ukj��

C �

�jjjT jjjjjjwkjjj � jTwkj��
�

C �

�jjjT jjje�� �
�

�

�

n
X

kD1
jT vkj

�

�

�

by (10.13)� 2"C �

�jjjT jjje�� �
�

�

�

n
X

kD1
jT vkj

�

�

�

by (10.15)� 3":

By arbitrariness of v 2 V and " > 0, T is (bo)-narrow.
Now we consider the general case. Since F is an ideal of an order continuous

Banach lattice H , we have by Lemma 10.57 that T W V ! F is (bo)-order narrow
if and only if T W V ! H is. Consider T W V ! H and jjjT jjj W E ! H . Fix
any v 2 V . Let E1 and H1 be the principal bands in E and H generated by jjjvjjj
and jjjT jjjjjjvjjj, respectively. By [74, 2.1.2 (1)], there exists a Boolean isomorphism
h W B.E0/ ! B..V;E// between the Boolean algebras of all bands in E0 and .V;E/
(the assumption of [74, 2.1.2 (1)] is satisfied since EC

0 D jjjV jjj). Let V1 D h.E1/

and T1 be the restriction T jV1
of T to V1. Since V1 and E1 are bands, the operator

jjjT1jjj W E1 ! H coincides with the restriction jjjT jjjjE1
of jjjT jjj to E1. Since H1 is an

order continuous Banach lattice with the weak unit jjjT jjjjjjvjjj, by [80, Theorem 1.b.14],
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there exist a probability space .�;†;�/ and an ideal H2 of L1.�/ such that H1 is
isomorphic to H2. Let S W H1 ! H2 be a lattice isomorphism and T2 D S ı T1.
Observe that jjjT2jjj D S ı jjjT1jjj. Since S is a lattice isomorphism, the (bo)-order
narrowness of T1 is equivalent to that of T2, and the same is true for jjjT1jjj and jjjT2jjj.
By our previous considerations, T2 W V1 ! H2 is (bo)-order narrow if and only if
jjjT2jjj W E1 ! H2 is order narrow.

Let T W V ! H be (bo)-order narrow. Fix any v 2 V . Since T1 (the definition of
which does depend on v) is (bo)-order narrow, so is T2 and hence jjjT2jjj is order narrow.
So there exists a net .v˛/ in V1 such that every element v˛ is a difference u1 � u2 of

two MC fragments of v with jjjT2jjjjjjv˛jjj o! 0. Therefore, jjjT jjjjjjv˛jjj D jjjT1jjjjjjv˛jjj o! 0.
By arbitrariness of v 2 V , jjjT jjj W E ! H is order narrow. Analogously, if jjjT jjj W E !
H is order narrow then T W V ! H is (bo)-order narrow.

Let .V;E/; .W;F / be lattice-normed spaces and let M.V;W / be the space of
all dominated operators from V to W . Let Lpe.E;F / be the set of all pseudo-
embeddings from E to F and setLpe.V;W / D ¹T 2 M.V;W / W jjjT jjj 2 LC

pe.E;F /º.

Theorem 10.61. Let E;F be order complete vector lattices with E atomless, F an
ideal of some order continuous Banach lattice, and .V;E/ be a Banach–Kantorovich
space. Then every (bo)-continuous dominated linear operator T W V ! F is uniquely
represented in the form T D Tpe C Ton, where Tpe 2 Lpe.V;W / and Ton is a (bo)-
continuous (bo)-order narrow operator.

Proof. By [74, 4.2.1], the setM.V;E/ is a lattice-normed space with the vector norm
p W M.V;E/ ! LC.E;F / defined by p.T / D jjjT jjj for every T 2 M.V;E/. By [74,
4.2.6], p is decomposable. This means that for every dominated operator T W V ! F

its exact dominant jjjT jjj W E ! F has the following property:

if jjjT jjj D S1 C S2 then there are T1; T2 2 M.V; F / such that

jjjT1jjj D S1; jjjT2jjj D S2; 0 � S1; S2 and S1?S2: (10.16)

Fix an arbitrary (bo)-continuous dominated operator T W V ! F . By [74, 4.3.2],
every dominated operator T W V ! F is (bo)-continuous if and only if jjjT jjj W E !
F is order continuous. Hence, jjjT jjj is order continuous. Thus by Theorem 10.40,
the positive order continuous operator jjjT jjj is uniquely represented as a sum of order
continuous operators jjjT jjj D SD C SN , where SD 2 Lpe.E;F / and SN is an order
narrow operator. Since jjjT jjj is positive and SD?SN , we have that SD and SN are
also positive. By (10.16) we obtain that there exist Tpe; Ton 2 M.V; F / such that
jjjTpejjj D SD and jjjTonjjj D SN . By Theorem 10.60, the proof is completed.

10.9 `2-strictly singular regular operators are narrow

In this section we present a generalization of a result of Flores and Ruiz [39] which
gives a partial positive answer to Open problem 2.7, cf. also Open problem 7.1(b), for
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regular operators. Another, incomparable, partial answer to this problem is presented
in Section 9.5.

Recall that a Banach lattice E is called q-concave, for 1 � q < 1, if there exists
M > 0 such that for every n 2 N and any x1; : : : ; xn 2 E we have

�

n
X

kD1
kxkkq

�1=q � M
�

�

�

�

n
X

kD1
jxkjq

�1=q�
�

�

:

The following theorem is the main result of the section.

Theorem 10.62. LetE be a Köthe–Banach space with an absolutely continuous norm
on a finite atomless measure space .�;†;�/ such that E is a q-concave Banach
lattice for some 1 � q < 1, and let F be an order continuous Banach lattice. Then
every regular `2-strictly singular operator T 2 Lr.E;F / is narrow.

Let E be a Köthe–Banach space .�;†;�/. Given a set A 2 † and a sub-� -
algebra †1 of †, by E.A;†1/ we denote the subspace of E.A/ consisting of all
†1-measurable functions.

The following lemma is a generalized version of a result of M. Kadets-Pełczyń-
ski [50]. The idea of the proof below is taken from [80, Proposition 1.c.8].

Lemma 10.63. Let E be a Köthe–Banach space on a finite measure space .�;†;�/
with an absolutely continuous norm. Let .xn/ be an order bounded sequence from E

so that for every " > 0 there exists n 2 N such that xn … ME
" , where

ME
" D ®

x 2 E W �®t 2 � W jx.t/j � "kxkE
¯ � "

¯

:

Then there exist a subsequence .yn/ of .xn/ and a disjoint sequence .zn/ in E such
that jznj � jynj for all n, and kyn � znk ! 0.

Proof. Let e 2 EC be such that jxnj � e for all n 2 N. Choose a subsequence .x0
n/

of .xn/ so that x0
n … ME

2�n for all n. For every n 2 N, let An D ¹t 2 � W jx0
n.t/j �

2�nkx0
nkº and Bn D S1

kDnAk .
Note that �.An/ < 2�n, BnC1 � Bn and �.Bn/ � 2�nC1 for each n. Let .ni/i be

a strictly increasing sequence of integers so that ke � 1BniC1
k � 1=i .

Observe that the sets Ci D Ani
nBniC1

are disjoint. Let yi D x0
ni

and zi D yi �1Ci

for i D 1; 2; : : :. Then .zi / is a disjoint sequence, jzi j � jyi j, and

kyi � zik D kx0
ni

� 1�nCi
k � kx0

ni
� 1�nAni

k C kx0
ni

� 1BniC1
k

� k2�ni kx0
ni

k � 1�nAni
k C ke � 1BniC1

k
� 2�ni kekk1�k C 1=i ! 0 as i ! 1 :

Theorem 10.62 follows from the next result.
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Theorem 10.64. Let E;F be Köthe–Banach spaces with absolutely continuous
norms on finite measure spaces .�E ;†E ; �E / and .�F ;†F ; �F /, respectively,
the first of which is atomless. Let T 2 Lr.E;F / be a nonnarrow regular opera-
tor. Then there exist A 2 †C

E and a separable atomless sub-� -algebra e† of †E .A/
such that the restriction T j

E.A;e†/
is L1-to-L1 bounded, and its continuous extension

eT W L1.A;e†/ ! L1.�F / is an isomorphic embedding.

Proof of Theorem 10.64. Our first observation is that, by Proposition 1.26, E and F
are � -order continuous Banach lattices. Further, without loss of generality we may
assume that both measure spaces are Œ0; 1� with the Lebesgue measure.

Indeed, since T is nonnarrow, there exist C 2 †C
E and � > 0 such that kT xk � �

for every sign x on C . Let †1 be any separable atomless sub-� -algebra of †E .C /
and E1 D E.C;†1/. Let T1 D T jE1

and F1 D T .E.C;†1//. Since F1 is a sepa-
rable subspace of F , the sub-� -algebra †2 of †F generated by F1 is also separable.
Thus, T1 W E1 ! F1 is a nonnarrow operator. By the Carathéodory theorem, the
measure spaces .C;†1; �E j†1

/ and .Œ0; 1�;†;�/ are isomorphic, and the measure
space .�F ;†2; �F j†2

/ is isomorphic to .Œ0; 1�;†3; �/ for a suitable sub-� -algebra
†3 of †. Let 
1 W C ! Œ0; 1� and 
2 W �F ! Œ0; 1� be measure preserving, up to
constant multiples, maps that generate isomorphisms of the corresponding measure
spaces. Define Köthe–Banach spaces E2 and F2 on Œ0; 1� as the ranges of the maps
J1 W E1 ! L1 and J2 W F1 ! L1 defined by .J1x/.t/ D x.
�1

1 .t//, for x 2 E1,
and .J2y/.t/ D y.
�1

2 .t//, for y 2 F1, endowed with the norms kJ1xkE2
D kxkE1

and kJ2ykF2
D kykF1

, respectively. Then the operator T2 W E2 ! F2 defined by
T2x D J2.T1.J

�1x// is nonnarrow, and the spaces E2; F2 are Köthe–Banach spaces
on Œ0; 1� that are � -order continuous Banach lattices. Moreover, E2 and F2 have ab-
solutely continuous norms. Thus, if the theorem holds for the case when both measure
spaces are Œ0; 1�, then the operator T2, and hence, T have the desired properties.

Our goal is to find B 2 †C such that the restriction T jE.B/ is L1-to-L1 bounded.
By Corollary 2.11, E is separable, and so is the subspace Z D T .E/ of F . By
Lemma 1.28, there is an ideal X of F with a weak unit and containing Z. By
Lemma 1.29, there exists a probability space .�0;†0; �0/ so that X is order isometric
to some Banach lattice .Y; k � kY / which is an ideal of L1.�0/, and such that (b)–(d)
of Lemma 1.29 hold.

For simplicity of the notation, we assume that Y D X � L1.�
0/ and k�kX D k�kY

on X . By our convention, T; TC; T � W E ! X � L1.�
0/. By Proposition 1.9(iii),

there exist A0 2 †C and ı 2 .0; �.A0/=4/ such that kT xk � ı for each sign x with
supp x D B 0 � A0 and �.B 0/ � �.A0/=2. Since 1�0 2 X 0 D X�, we have that
.T C/�1�0 ; .T �/�1�0 2 E� D E 0 � L1. Let A1 2 †.A0/ with �.A0 n A1/ < ı and
M1 > 0 so that 1A1

� .TC/�1�0 � M1 � 1Œ0;1�. Then there exist B 2 †.A1/ with
�.A1 n B/ < ı and M2 > 0 so that 1B � .T �/�1�0 � M2 � 1Œ0;1�. We claim that B
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has the desired property. Indeed, given any x 2 E.B/C, we have

kTCxk1 D
Z

�0

TCx d�0 D ˝

1�0 ; TCx
˛ D ˝

.TC/�1�0 ; x
˛ D

Z

Œ0;1�

.TC/�1�0 � x d�

D
Z

Œ0;1�

1A1
� .T C/�1�0 � x d� �

Z

Œ0;1�

M1 � 1Œ0;1� � x d� D M1kxk1 :

Analogously, kT �xk1 � M2kxk1 for all xC, and hence, T jE.B/ is L1-to-L1
bounded.

Since E.B/ is dense in L1.B/, there is a continuous extension eT 0 W L1.B/ ! L1.
And since ı < �.A0/=4, we have

�.B/ D �.A0/��.A0 nA1/��.A1 nB/ > �.A0/�2ı > �.A0/� �.A0/
2

D �.A0/
2

:

Hence, by the choice of A0 and ı, kT xk � ı for each sign x on B .
Our next goal is to show that, by regularity of T , kT xk1 � ı1 for some ı1 > 0

and every sign x on B . Assuming the contrary, we choose a sequence .vn/ of signs
on B with kT vnk1 ! 0. If T vn 2 MX

" for all n and some " > 0, then kT vnk1 �
"2kT vnkX � "2ı, for all n, which is a contradiction. Thus, we obtain that for every
" > 0 there is n so that T vn … MX

" . Since the sequence .vn/ is order bounded
and T is regular, the sequence .T vn/, and hence, .zn/ is order bounded as well. By
Lemma 10.63, there exists a disjoint sequence .zn/ inX so that jznj � jT vnj, for all n
and kzn � T vnkX ! 0. By the Fremlin–Meyer-Nieberg theorem [6, Theorem 12.13,
p. 183], kznkX ! 0. This is impossible, since kznkX � kT vnkX � kzn � T vnkX �
ı � kzn � T vnkX ! ı.

Thus, kT xk1 � ı1 for some ı1 > 0 and every sign x on B . Hence, eT 0 W L1.B/ !
L1 is nonnarrow. By Theorem 7.30, there exists A 2 †.B/C such that the restriction
eT D eT 0jL1.A/ is an isomorphic embedding. As a restriction of T jE.B/ to E.A/,
T jE.A/ is L1-to-L1 bounded and has the continuous extension eT W L1.A/ ! L1.

Proof of Theorem 10.62. Let T 2 Lr.E;F / be nonnarrow. By the definition of a
narrow operator, there exist C 2 †C and a separable atomless sub-� -algebra †1 of
†.C/ such that the restriction T1 D T jE1

is nonnarrow where E1 D E.C;†1/.
By Corollary 2.11, E1 is separable, and so is the subspace Z D T .E1/ of F . By
Lemma 1.28, there is an ideal X of F containing Z and having a weak unit. By
Lemma 1.29, there exists a probability space .�0;†0; �0/ such that X is order iso-
metric to a Banach lattice .Y; k � kY / which is an ideal of L1.�0/. For simplicity of
the notation, we assume that Y D X � L1.�

0/ and k � kX D k � kY on X . By
Theorem 10.64, there exist A 2 †C

1 and an atomless sub-� -algebra e† of †1.A/ such
that the restriction T2jE1.A;e†/

is L1-to-L1 bounded, and its continuous extension
eT W L1.A;e†/ ! L1.�

0/ is an isomorphic embedding. Let .rn/ be a Rademacher
system in L1.A;e†/ and R D Œrn� its closed linear span in L1.A;e†/. Since E
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is q-concave for some q < 1, by the generalized Khintchine inequality [80, The-
orem 1.d.6(i)], R is closed in E and is isomorphic to `2. Then for each x 2 R we
have

kT xkF � kT xk1 � keT �1k�1kxk1 � keT �1k�1C�1kxkE ;
where C is the constant from the generalized Khintchine inequality.



Chapter 11

Some variants of the notion of narrow operators

In this chapter we consider a few variants of the notion of narrow operators and their
applications.

In Section 11.1 we present hereditarily narrow operators which were introduced by
V. Kadets, Kalton and Werner in [53] (2005). These are narrow operators with the
additional property that they remain narrow when restricted to certain subspaces of
the domain (see Definition 11.1). The biggest difference between this property and
the usual narrowness is that the class of hereditarily narrow operators is closed under
addition. Using this notion, V. Kadets, Kalton and Werner [53] proved that L1 does
not sign-embed in any Banach space with an unconditional basis (Corollary 11.12)
which generalizes a result of Pełczyński concerning isomorphic embeddings.

In Section 11.2 we introduce, following [102], a notion weaker than narrowness,
where instead of requiring an existence of a ¹1;�1; 0º-valued function x so that
kT xk < ", we have a weaker condition saying that x does not grow too rapidly
(see Definition 11.19). We prove that for operators on Lp, 1 < p � 2, the gentle nar-
row condition implies that the operator is narrow in the usual sense (Theorem 11.20).
This partially answers Open problem 7.52 which asks whether it is possible to drop
any restrictions on an element x, except for the support of x, in the definition of
narrowness.

In Section 11.3 we present C-narrow operators, introduced by V. Kadets and Po-
pov [57] in 1996, which extend the notion of narrow operators to operators defined on
C.K/-spaces. This approach is based on the idea of Rosenthal’s characterization of
narrow operators on L1 (Theorem 7.30). A different approach, based on the Daugavet
property, was introduced by V. Kadets, Shvidkoy and Werner [63] in 2001. We discuss
it briefly in the introduction to Section 11.3.

The last two sections are devoted to the usual notion of narrow operators but in
somewhat unusual settings. Majority of results in the theory of narrow operators use
the absolute continuity of the norm of the domain space. This assumption fails for
L1, so the study of narrow operators on the norm of L1 requires different tech-
niques and many surprising results are true in this setting. For example, continuous
linear functionals do not need to be narrow (Examples 10.12 and 11.46). In Chap-
ter 10 we showed a few initial theorems about narrow operators defined on L1, but
the full account of known results and open problems in this setting is presented in
Section 11.4. In Section 11.5 we prove that every 2-homogeneous scalar polynomial
on Lp, 1 � p < 2 is narrow. We are not aware of any other results concerning nar-
rowness of polynomials on Banach spaces, however we believe that they will appear
in the future.
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11.1 Hereditarily narrow operators

Definition and first properties

As we know, the class of a narrow operators in general is not closed under addition
or restrictions of operators to subspaces of the domain space (see Corollary 4.16).
V. Kadets, Kalton and Werner in [53] introduced a variant of the notion of narrow
operators, which has good ideal properties and is closed under certain restrictions of
the domain; they called this new notion hereditarily narrow operators.

Definition 11.1. Let E be a Köthe–Banach space on a finite atomless measure space
.�;†;�/, and let X be a Banach space. An operator T 2 L.E;X/ is called hered-
itarily narrow if for every A 2 †C and every atomless sub-� -algebra F of †.A/
the restriction of T to E.F / is narrow (here E.F / D ¹x 2 E.A/ W x is F �
measurableº).

Clearly, each hereditarily narrow operator is narrow, however, the converse is not
true (see Corollary 4.16).

Our first result is that hereditarily narrow operators behave very well under addition.

Proposition 11.2 ([53]). LetE be a Köthe–Banach space on Œ0; 1� with an absolutely
continuous norm, and X be a Banach space. Then the sum T D T1CT2 of a narrow
operator T1 2 L.E;X/ and a hereditarily narrow operator T2 2 L.E;X/ is narrow.
In particular, the sum of two hereditarily narrow operators is hereditarily narrow.

Proof. We fix any A 2 †C and " > 0. By Proposition 2.19 we choose an atomless
sub-� -algebra †1 of †.A/ such that kT1k � "=2 where T1 D T jE0.†1/

, where
E0.†1/ D ¹x 2 E.†1/ W RŒ0;1� x d� D 0º. Since T2 is hereditarily narrow, we can
choose a mean zero sign x 2 E.†1/ with kT2xk < "=2. Then x is a sign on A and
kT xk � kT1xk C kT2xk < "=2C "=2 D ".

The following direct consequence of the definition, along with earlier results, will
give us many examples of hereditarily narrow operators.

Proposition 11.3. Let X be a Banach space, and E be a Köthe–Banach space on a
finite atomless measure space .�;†;�/ such that for everyA 2 † and every atomless
sub-� -algebra F of †.A/, the conditional expectation operator MF W E ! E.F /

is well defined and bounded. If every operator T 2 L.E;X/ is narrow then every
operator T 2 L.E;X/ is hereditarily narrow.

Thus, if there exists a class of operators closed under restrictions, whose members
are all narrow operators, then they are hereditarily narrow. In particular, we have the
following.
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Corollary 11.4. Operators from the following classes are hereditarily narrow:

� every compact or AM-compact operator T 2 L.E;X/, for any Banach space X
and any r.i. Banach space E with an absolutely continuous norm on the unit on a
finite atomless measure space (cf. Proposition 2.1);

� every Dunford–Pettis operator T 2 L.E;X/, for any Banach space X and any
r.i. Banach space E with an absolutely continuous norm on the unit on a finite
atomless measure space (cf. Proposition 2.3);

� every representable and thus, every weakly compact operator T 2 L.L1.�/;X/,
for any Banach space X (cf. Proposition 2.4);

� every `1-strictly singular operator T 2 L.L1; X/, for any Banach space X (cf.
Theorem 7.2);

� every operator T 2 L.E; c0.�//, where E is a Köthe F-space over the reals on a
finite atomless measure space .�;†;�/ for which there exists a reflexive Köthe–
Banach space E1 on .�;†;�/ with continuous inclusion embedding E1 � E (cf.
Theorem 9.3);

� every operator T 2 L.Lp ; Lr /, for 1 � p < 2 and p < r < 1 (cf. Theorem 9.7);

� every operator T 2 L.Lp; `r /, where 1 � p; r < 1, and either r ¤ 2 or r D 2

and p < 2 (cf. Theorem 9.9);

� every `2-strictly singular operator T W Lp ! X , for p with 1 < p < 1, and any
Banach space X with an unconditional basis (cf. Theorem 9.15);

� every non-Enflo operator T 2 L.Lp/, for 1 � p < 2 (cf. Theorems 7.45 and 7.55).

In fact, it follows from Theorem 7.80 that operators from the last item in Corol-
lary 11.4 are the only hereditarily narrow operators on L1. That is, we have the
following characterization.

Theorem 11.5. An operator T 2 L.L1/ is hereditarily narrow if and only if T is
non-Enflo.

As a consequence, by Theorem 10.41, we obtain that the set of all non-Enflo oper-
ators on L1 is a band in L.L1/ (this was observed by Liu in [81]).

Note that Theorem 11.5 does not hold for Lp with 2 < p < 1 (see Example 7.56).
We do not know whether it holds for 1 < p < 2.

Open problem 11.6. Let 1 < p < 2. Is every hereditarily narrow operator T 2
L.Lp/ non-Enflo?

We remark that an affirmative answer to Open problem 7.81 for 1 < p < 2, would
imply the same answer to Open problem 11.6.
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Next we show that the class of hereditarily narrow operators is strictly larger than
the classes of AM-compact and Dunford–Pettis operators. To do this, we use the
example from Proposition 4.7 for E D Lp.�/.

Proposition 11.7. Let .�;†;�/ be a finite atomless measure space, 1 � p < 1,
p ¤ 2 and let G be a purely atomic sub-� -algebra of† with the atoms .Ai /i2I . Then
the conditional expectation operator

MGx D
X

i2I

� 1

�.Ai /

Z

Ai

x d�
�

� 1Ai

is a hereditarily narrow operator on Lp.�/ which is not Dunford–Pettis and non-AM-
compact.

Proof. Since MG fixes a copy of p̀, it is not Dunford–Pettis and non-AM-compact.
The fact that M G is hereditarily narrow follows from

� Rosenthal’s Theorem 7.45, for p D 1;

� Johnson–Maurey–Schechtman–Tzafriri’s Theorem 7.55, for 1 < p < 2;

� Mykhaylyuk–Popov–Randrianantoanina–Schechtman’s Theorem 9.9, for 2 <

p < 1.

Another interesting example is the natural projection of Lp onto the subspace span-
ned by the Rademacher system, which is hereditarily narrow when 1 < p < 2.

Proposition 11.8. Let 1 < p < 2. Then the orthogonal projection

Px D
1
X

nD1

�

Z

Œ0;1�

x � rn d�
�

rn (11.1)

of Lp onto the span R of the Rademacher system .rn/ is hereditarily narrow, but it is
neither AM-compact, nor Dunford–Pettis.

Proof. The boundedness of P is explained in [79, p. 72]. Hereditary narrowness
follows from Theorem 7.55. Since P is a projection ontoR, it is neither AM-compact,
nor Dunford–Pettis.

It is well known that the subspace R is uncomplemented in L1, as well as in any
reflexive subspace of L1. However, Rosenthal proved in [123] that there exists ı > 0
such that for every " 2 .0; ı/ there exists T" 2 L.L1/ such that TwI D "jI jwI for
each finite set I of the integers N, where .wI / is the Walsh system (cf. Definition 1.4).
The operator T" is called the "-biased coin convolution operator. Among the proper-
ties of T" we mention that T" restricted to R is the identity multiplied by ". Hence,
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T" is not Dunford–Pettis, not AM-compact and not representable, and it is non-Enflo,
and hence, it is hereditarily narrow.

We do not know whether Proposition 11.8 is true for 2 < p < 1.

Open problem 11.9. Let 2 < p < 1. Is the orthogonal projection P , defined
by (11.1), from Lp onto the span R of the Rademacher system .rn/, hereditarily
narrow?

It is not hard to show that if the projection P defined by (11.1) is well defined
and bounded on a r.i. space E on Œ0; 1� then it is narrow. Indeed, if a set B 2 †

is a union of dyadic intervals I kn D Œ.k � 1/=2n; k=2n/ of a fixed level n, then for
y D rnC1 � rnC2 � 1B we have Py D 0. Given any A 2 † and " > 0, we choose
n 2 N and a set B 2 † which is a union of dyadic intervals I kn D Œ.k� 1/=2n; k=2n/
of level n so that �.A4B/ < "=kP k. Then x D rnC1 � rnC2 � 1A is a sign on A, and
by the above argument, for y D rnC1 �rnC2 �1B we obtain kPxk � kP kkx�yk < ".

More generally, we can prove that every operator that sends the Walsh system to a
norm null system as the number of the Rademacher factors grows to infinity then the
operator is narrow.

Proposition 11.10. Let E be a Köthe–Banach space on Œ0; 1� with an absolutely con-
tinuous norm on the unit, and X be a Banach space. If T 2 L.E;X/ has the property

lim
jI j!1

TwI D 0

then T is narrow.

Proof. By Corollary 2.11, the Walsh system .wI /, whose linear span is equal to the
span of all simple functions, is complete in E. Fix any A 2 †C and " > 0. We
approximate 1A in E by a suitable linear combination of .wI / so that

�

�

�

1A �
m
X

kD1
akwIk

�

�

�

<
"

2kT k : (11.2)

Choose n0 2 N so that if I 2 N<! with jI j � n0 then kTwI k < "=.2maxk jakj/.
Since I0 D Sn

kD1 Ik is finite, we can choose J 2 N<! with J 	 N n I0 and
jJ j D n0. Let x D wJ � 1A. Obviously, x is a sign on A. We show that kT xk < ".
Observe that

ˇ

ˇ

ˇ

x �
m
X

kD1
akwIk[J

ˇ

ˇ

ˇ

D
ˇ

ˇ

ˇ

wJ

�

1A �
m
X

kD1
akwIk

�

ˇ

ˇ

ˇ

D
ˇ

ˇ

ˇ

1A �
m
X

kD1
akwIk

ˇ

ˇ

ˇ

and hence by (11.2), kx � yk < "=.2kT k/ where y D Pm
kD1 akwIk[J . Then

kT xk � kTyk C kT kkx � yk < kTyk C "

2
:
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It remains to show that kTyk < "=2 :

kTyk �
m
X

kD1
jakj

ˇ

ˇ

ˇ

TwIk[J
ˇ

ˇ

ˇ

<

m
X

kD1
jakj "

2mjak j D "

2
:

By Proposition 1.9, T is narrow (the sign x we have constructed is not necessarily of
mean zero).

Kadets–Kalton–Werner’s theorem

The aim of the rest of the section is to prove the following nice theorem of V. Kadets,
Kalton and Werner [53].

Theorem 11.11. Let X be a Banach space with an unconditional basis. Then every
operator T 2 L.L1; X/ is hereditarily narrow.

An important consequence is the following Rosenthal’s unpublished generalization
of the Pełczyński theorem that L1 cannot be isomorphically embedded in a Banach
space with an unconditional basis [105].

Corollary 11.12. The space L1 does not sign-embed in a Banach space with an un-
conditional basis.

The key idea of the proof is the following result which is of independent interest.

Theorem 11.13. Let X be a Banach space. Then the pointwise unconditional sum
T D P1

nD1 Tn of hereditarily narrow operators Tn 2 L.L1; X/ is hereditarily nar-
row.

First, we show that Theorem 11.11 is an immediate consequence of Theorem 11.13.

Proof of Theorem 11.11. Let .Pn/ be the basis projections associated with an uncon-
ditional basis of X and T 2 L.L1; X/ be any operator. Then T D P1

nD1.PnC1 �
Pn/ T is a pointwise unconditionally convergent series of rank-one operators, which
are hereditarily narrow. By Theorem 11.13, T is hereditarily narrow.

For the proof of Theorem 11.13, we need several lemmas. To formulate the first of
them, we observe that, if T D P1

nD1 Tn is a pointwise unconditionally convergent
series of operators Tn W E ! X then, by the Banach–Steinhaus theorem, the number

M D sup

nD˙1

�

�

�

1
X

nD1
	nTn

�

�

�

(11.3)

is finite.
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Lemma 11.14. Let 1 � p < 1, X be a Banach space, and Tn W Lp ! X be
hereditarily narrow operators with pointwise unconditionally convergent series T D
P1
nD1 Tn. Then, for any " 2 .0; 1=2/, there exists a Banach space Y , operators

W 2 L.Y;X/ and eT 2 L.Lp; Y / with kW k � 1 and T D W ı eT , keT k � M ,
whereM is the constant defined by (11.3), and there exists an atomless sub-� -algebra
†1 � †, a system .gn/1nD1 which is a basis inLp.†1/ isometrically equivalent to the
L1-normalized Haar system, and operators U;V 2 L.Lp.†1/; Y / with U C V D
eT jLp.†1/ such that kV k � " and .Ugn/1nD1 is a 1-unconditional system.

Proof. We define Y to be the linear space of all sequences y D .y1; y2; : : :/, yi 2 X ,
such that the series

P1
nD1 yn converges unconditionally, equipped with the norm

kyk D sup

nD˙1

�

�

�

1
X

nD1
	nyn

�

�

�

:

For each x 2 Lp and for each y D .y1; y2; : : :/ 2 Y we set eT x D .T1x; T2x; : : :/ 2
Y andWy D P1

nD1 yn 2 X . Obviously, T D W ı eT and kW k � 1.
Given n;m 2 N with n < m, we define contractive projections Pn;m by setting

Pn;m y D .0; : : : ; 0; yn; ynC1; : : : ; ym�1; 0; 0; : : :/ for each y D .y1; y2; : : :/ 2 Y ,
and Pn;1 by Pn;1y D .0; : : : ; 0; yn; ynC1; : : :/. Observe that limn!1 Pn;1 y D 0

for each y 2 Y .
Fix any " > 0. For the first step, we set g1 D 1Œ0;1�, and choose n1 2 N so

that kPn1
eT g1k < "=2. We put Ug1 D P1;n1

eT g1 and Vg1 D Pn1;1eT g1. Denote
A1;1 D ¹t 2 Œ0; 1� W g1.t/ D 1º and A1;2 D ¹t 2 Œ0; 1� W g1.t/ D �1º. Observe
that, by Proposition 11.2, the operator P1;n1

eT as a finite sum of hereditarily narrow
operator is hereditarily narrow, and hence, narrow. We choose a mean zero sign g2 on
A1;1 such that kP1;n1

eT g2k � "kg2k=8, and find n2 > n1 such that kPn2;1eT g2k �
"kg2k=8. We set Ug2 D Pn1;n2

eT g2 and Vg2 D .P1;n1
C Pn2;1/eT g2. Note that

kVg2k � 2�2"kg2k.
Continuing the procedure in this fashion, we obtain a sequence .gn/1nD1 isomet-

rically equivalent to the L1-normalized Haar system in Lp, and operators U;V W
Œgn� ! Y such that U C V D eT jLp.†1/ and

kVgnk � 2�n"kgnk; for each n 2 N ; (11.4)

where †1 is the sub-� -algebra of † generated by .gn/1nD1. The boundedness of V
and the inequality kV k � " follow from (11.4), and the boundedness of U follows
from the equality Ugn C Vgn D eT gn for each n 2 N. It remains to observe that
.Ugn/

1
nD1 is a disjoint sequence, and hence, is 1-unconditional by the definition of

the norm in Y .

Lemma 11.15. Let .hj /1jD1 be the L1-normalized Haar system, X a Banach space,

and U 2 L.L1; X/ an operator such that .Uhj /1jD1 is 1-unconditional. Then for

each x D P1
jD1 ajhj 2 L1, we have kUxk � 2kU k supj jaj j.
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Proof. Fix any n 2 N and m D 1; : : : ; 2n, and let yn;m D 2n1Im
n

� 1. Then

kyn;mk � 2nk1Im
n

k C k1k � 2 : (11.5)

Since
R

Œ0;1� yn;m � h1 d� D 0 and
R

Œ0;1� yn;m � h2i Ck d� D 0 for each i � n and

k D 1; : : : ; 2i , we can write

yn;m D
n�1
X

iD0

2i
X

kD1

�

Z

Œ0;1�

yn;m � h2i Ck d�
�

h2i Ck ; (11.6)

where .hj / is the L1-normalized Haar system. Observe that
Z

Œ0;1�

yn;m � h2i Ck d� D
Z

Œ0;1�

2n1Im
n

� h2i Ck d� D 2n
Z

Im
n

h2i Ck d�

D
²

	i;m � 2i ; if Imn 	 supp h2i Ck
0; else

;

where 	i;m 2 ¹�1; 1º. Hence we can continue (11.6) as follows:

yn;m D
n�1
X

iD0
	i;m � 2i � h2i Ck.i;m/ ;

where k.i;m/ is the unique number such that Imn 	 supp h2i Ck.i;m/. By (11.5) and

the 1-unconditionality of .U hj /1jD1, we get

�

�

�

n�1
X

iD0
2iUh2i Ck.i;m/

�

�

�

� 2kU k :

Averaging the last inequality over allm D 1; : : : 2n, we obtain

2kU k �
�

�

�

1

2n

2n
X

mD1

�

Uh1Ck.1;m/ C 2Uh2Ck.2;m/ C : : :C 2n�1Uh2n�1Ck.n�1;m/
�

�

�

�

:

Since for any fixed i and k, the term 2iUh2i Ck occurs 2n�i times, we have

2kU k �
�

�

�

n�1
X

iD0

2i
X

kD1
Uh2i Ck

�

�

�

:

By the 1-unconditionality of .Uhj /, this implies that for each x D P1
jD1 ajhj 2 L1

�

�

�

2n�1
X

jD1
ajUhj

�

�

�

D
�

�

�

n�1
X

iD0

2i
X

kD1
a2i CkUh2i Ck

�

�

�

� sup
j

jaj j
�

�

�

n�1
X

iD0

2i
X

kD1
Uh2i Ck

�

�

�

� 2kU k sup
j

jaj j:

By continuity of the norm, kUxk � 2kU k supj jaj j.
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In the next lemma, it is convenient to enumerate the Haar system in a different way.

Lemma 11.16. Let .h0;0/[.hn;k/1nD0
2n

kD1 be theL1-normalized Haar system. Then

for every " > 0, there exists a sign x on Œ0; 1� of the form x D P1
nD0

P2n

kD1 ˛n;khn;k
such that j˛n;k j � " for each n D 0; 1; : : : and k D 1; : : : ; 2n.

Proof. Let m 2 N so that m�1 � ". We define recursively a sequence .xn/1nD0 by

setting x0 D m�1h0;1 and xn D P2n

kD1 ˛n;khn;k , for n � 1, where

˛n;k D
´

1
m
; if

ˇ

ˇ

ˇ

Pn�1
iD1 xi

ˇ

ˇ

ˇ

< 1 on supphn;k ;

0; else.

By the construction, jPn�1
iD1 xi j � 1 on Œ0; 1� for each n � 1, since xk takes values

from ¹0;m�1º only. Thus, all partial sums of the series x D P1
nD0 xn are bounded in

modulus by 1. Since .xn/ is an orthogonal system in L2, the series converges in L2,
and hence, in L1. By the construction, x D P1

nD0
P2n

kD1 ˛n;khn;k , and j˛n;kj � "

for each n D 0; 1; : : : and k D 1; : : : ; 2n. It remains to show that x is a sign on Œ0; 1�.
We set A D ¹t 2 Œ0; 1� W jx.t/j ¤ 1º. By the construction, for each n D 0; 1; : : :

A � ®

t 2 Œ0; 1� W xn.t/ ¤ 0
¯ D ®

t 2 Œ0; 1� W jx.t/j D 1

m

¯

:

Thus �.A/ � mkxnk for each n. Since limn!1 kxnk D 0, we get �.A/ D 0.

We note that the idea behind the proof of Lemma 11.16 is the stopping time of a
martingale, similar to the idea of the proof of Step 1 of case (iii) of Theorem 9.9. The
idea of applying a stopping time in this way originated in [59]. Below we outline the
proof of Lemma 11.16 using martingale terminology.

For simplicity of notation we will work with the classical Haar system h1; h2; : : :

on Œ0; 1�. Let �n D Pn
kD1 hk and T D inf¹n W j�nj � mº. Then .�n/ is a martingale,

T is a stopping time and .� 0
n/ D .�n^T / is a uniformly bounded martingale. Hence

.� 0
n/ converges almost surely and in L1 to a limit � that takes only the values ˙m

on ¹T < 1º, but since .�n/ fails to converge pointwise, the event ¹T D 1º has
probability 0. This shows that � D ˙m almost surely and E� D 0. Hence f D �=m

is the sign that we are seeking.

Proof of Theorem 11.13. Fix any A 2 †C, any atomless sub-� -algebra F of †.A/,
any B 2 F and any " > 0. Applying Lemma 11.14 to the restrictions of Tn and T to
L1.F .B//, we obtain a system .gn/ isometrically equivalent to the L1-normalized
Haar system in L1, a Banach space Y , and operators U;V 2 L.L1.F .B//; Y /, W 2
L.Y;X/ such that kW k � 1, T D W ı .U C V / on L1.F .B//, kV k � "=2 and
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.Ugn/ is 1-unconditional. By Lemma 11.16 there exists a sign x D P1
jD2 j̨gj on B

such that j j̨ j � "=.4kU k/ for each j � 2. By Lemma 11.15 we obtain that

kUxk � 2kU k "

4kU k D "

2
:

Therefore, kT xk � kUxk C kVxk � "=2C "=2 D ".

11.2 Gentle narrow operators on Lp with 1 < p � 2

In this section we study Open problem 7.52. This problem essentially asks whether
in the definition of a narrow operator one could drop the restrictions on the form of
the element x with kT xk < ". In Definition 1.5, x is required to be ¹1;�1; 0º-valued,
while in Theorem 7.30, x is of any form with kxk D 1. In this section we identify a
condition, called p-gentle, on the rate of growth of the distribution of x and we say
that an operator T is gentle narrow if for every " > 0 and every measurable subset
A � Œ0; 1�, there exists an x supported on A and with a p-gentle the rate of growth
so that kT xk < " (see Definition 11.19). We prove that on Lp, 1 < p < 2, such
operators have to be narrow, which partially answers Open problem 7.52.

Results of this section were obtained in [102].

Definition 11.17. For any x 2 L0 and M > 0 we define the M -truncation xM of x
by setting

xM .t/ D
²

x.t/; if
ˇ

ˇx.t/
ˇ

ˇ � M;

M � sign
�

x.t/
�

; if
ˇ

ˇx.t/
ˇ

ˇ > M:

Definition 11.18. Let 1 < p � 2. A decreasing function ' W .0;C1/ ! Œ0; 1� is
called p-gentle if

lim
M!C1M 2�p�'.M/

�p D 0 :

Definition 11.19. Let 1 < p � 2, and letX be a Banach space. We say that an opera-
tor T 2 L.Lp ; X/ is gentle narrow if there exists a p-gentle function ' W .0;C1/ !
Œ0; 1� such that for every " > 0, everyM > 0 and everyA 2 † there exists x 2 Lp.A/
such that the following conditions hold:

(i) kxk D �.A/1=p;

(ii) kx � xM k � '.M/�.A/1=p ;

(iii) kT xk � ".

Observe that every narrow operator is gentle narrow with

'.M/ D
²

1�M; if 0 � M < 1;

0; if M � 1:
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Indeed, for every sign x on A, kx � xM k D '.M/�.A/1=p for each M � 0,
where ' is the function defined above.

Another condition of an operator T 2 L.Lp; X/ implying that T is gentle narrow
is that for each A 2 † and each " > 0 there exists a mean zero Gaussian random
variable x 2 Lp.A/ with the distribution

dx
defD�®t 2 Œ0; 1� W x.t/ < a¯ D �.A/p

2
�2

Z a

�1
e

� t2

2�2 dt

and such that kT xk < ". One can show that in this case T is gentle narrow with

'.M/ D Ce
� M2

2�2 , where C is a constant independent of M .
The main result of this section is the following theorem.

Theorem 11.20. Let 1 < p � 2. Then every gentle narrow operator T 2 L.Lp/ is
narrow.

For the proof, we need several lemmas. First of them asserts that in the definition
of a gentle narrow operator, in addition to (i)–(iii) we can claim one more property.

Lemma 11.21. Suppose 1 < p � 2, X is a Banach space and T 2 L.Lp; X/ is a
gentle narrow operator with a gentle function ' W Œ0;C1/ ! Œ0; 1�. Then for every
" > 0, everyM > 0 and every A 2 † there exists x 2 Lp.A/ such that the following
conditions hold

(i) kxk D �.A/1=p;

(ii) kx � xM k � '.M/�.A/1=p;

(iii) kT xk � ";

(iv)
Z

Œ0;1�

x d� D 0.

Proof of Lemma 11.21. Without loss of generality we assume that kT k D 1. Fix
" > 0, M > 0 and A 2 †. Let n 2 N so that .�.A/=n/1=p < "=4, and decompose
A D A1t: : :tAn withAk 2 † and�.Ak/ D �.A/=n for every k D 1; : : : ; n. By the
definition of a gentle narrow operator, for each k D 1; : : : ; n, there exist xk 2 Lp.Ak/
so that kxkkp D �.A/=n, kxk � xM

k
k � '.M/�.A/1=p , and kT xkk < "=.2n/.

Without loss of generality, we may and do assume that

ı D
ˇ

ˇ

ˇ

Z

Œ0;1�

xn d�
ˇ

ˇ

ˇ

�
ˇ

ˇ

ˇ

Z

Œ0;1�

xk d�
ˇ

ˇ

ˇ

;

for k D 1; : : : ; n � 1 (otherwise we rearrange A1; : : : ; An). Observe that

kxkk D
��.A/

n

�1=p
<
"

4
: (11.7)
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Inductively, we choose sign numbers 	1 D 1 and 	2; : : : ; 	n�1 2 ¹�1; 1º so that
for each k D 1; : : : ; n � 1, we have

ˇ

ˇ

ˇ

Z

Œ0;1�

k
X

iD1
	ixi d�

ˇ

ˇ

ˇ

� ı :

Choose a sign r on An so that

Z

Œ0;1�

rxn d� D �
Z

Œ0;1�

n�1
X

iD1
	ixi d� : (11.8)

This is possible, because

ˇ

ˇ

ˇ

Z

Œ0;1�

n�1
X

iD1
	ixi d�

ˇ

ˇ

ˇ

� ı D
ˇ

ˇ

ˇ

Z

Œ0;1�

xn d�
ˇ

ˇ

ˇ

:

We set x D Pn�1
iD1 	kxk C rxn and show that x satisfies the desired properties:

(i) kxkp D Pn
kD1 kxkkp D n � �.A/

n
D �.A/;

(ii) kx � xM kp D Pn
kD1 kxk � xM

k
kp � n � .'.M//p � �.A/

n
D .'.M//p�.A/;

(iii) Since kT k D 1, by (11.7) and the definition of x we get

kT xk �
n�1
X

kD1
kT xkk C kT rxnk �

n
X

kD1
kT xkk C kxn � rxnk < "

2
C k2xnk < " :

Property (iv) for x follows from (11.8).

Lemma 11.22. Assume 1 < p � 2, a > 0 and jbj � a. Then

.aC b/p � p ap�1b � ap C p .p � 1/
23�p � b2

a2�p : (11.9)

Proof of Lemma 11.22. Dividing the inequality by ap and denoting t D b=a, we pass
to an equivalent inequality

f .t/
defD.1C t /p � pt � 1 � p.p � 1/

23�p t2 � 0

for each t 2 Œ�1; 1�, which we have to prove. Observe that

f 0.t/ D p.1C t /p�1 � p � p.p � 1/
22�p t and f 00.t/ D p.p � 1/

.1C t /2�p � p.p � 1/
22�p :

Since f 00.t/ > 0 for every t 2 .�1; 1/ and f 0.0/ D 0, t0 D 0 is the point of a
global minimum of f .t/ on Œ�1; 1�. Since f .0/ D 0, the inequality (11.9) follows.
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Lemma 11.23. Assume 1 < p � 2, A 2 †, a ¤ 0, y 2 L1.A/, jy.t/j � jaj for
each t 2 A and

R

Œ0;1� y d� D 0. Then

ka1A C ykpp � jajp�.A/C p .p � 1/
23�p � kyk22

jaj2�p :

Proof of Lemma 11.23. Evidently, it is enough to consider the case when a > 0which
one can prove by integrating inequality (11.9) written for b D y.t/.

Lemma 11.24. Let 1 < p � 2 and T 2 L.Lp/ be a gentle narrow operator with a
gentle function ' W Œ0;C1/ ! Œ0; 1� and kT k D 1. Then for every M > 0, every
ı > 0, every B 2 †C, every � 2 .0; 1=2/, and every y 2 Lp with � � jy.t/j � 1� �
for all t 2 B , there exists h 2 BL1.B/ satisfying the following properties:

(a) kT hk < 2�.B/1=p '.M/

M
;

(b) ky ˙ �hkp > kykp C p .p � 1/
23�p � �2

.1 � �/2�p � �.B/ � .1 � '.M//2

M 2
� ı:

Proof of Lemma 11.24. Fix M , ı, B , � and y as in the assumptions of the lemma.
Since we need to prove strict inequalities, we may and do assume without loss of
generality that y is a simple function on B

y � 1B D
m
X

kD1
bk1Bk

; B D B1 t � � � t Bm; � � jbkj � 1� � : (11.10)

For each k D 1; : : : ;m we choose xk 2 Lp.Bk/ so that

(i) kxkkp D �.Bk/;

(ii) kxk � xMk k � '.M/�.Bk/
1=p;

(iii) kT xkk � '.M/�.B/1=p

m
;

(iv)
Z

Œ0;1�

xk d� D 0.

Let x D Pm
kD1 xk and h D M�1xM . We show that h has the desired properties:

(a) Observe that (iii) implies that

kT xk �
m
X

kD1
kT xkk < m'.M/�.B/1=p

m
D '.M/�.B/1=p ; (11.11)

and (ii) yields

kx�xM kp D
m
X

kD1
kxk�xMk kp �

m
X

kD1

�

'.M/
�p
�.Bk/ D �

'.M/
�p
�.B/: (11.12)
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Combining (11.11) and (11.12), we get

kT hk D kT .xM /k
M

� kT xk
M

C kx � xM k
M

< 2�.B/1=p
'.M/

M
:

(b) Using the well-known inequality for norms in Lp and L2 (see [25, p. 73]),
(i) and (11.12) we obtain

kxM k2 � kxM kp �.B/1=2�1=p � �kxk � kx � xM k��.B/1=2�1=p

� �.B/1=p
�

1 � '.M/
�

�.B/1=2�1=p D �

1 � '.M/
�

�.B/1=2 ;

and hence,
kxM k22 � �

1 � '.M/
�2
�.B/ : (11.13)

Thus,

ky ˙ �hkp D �

�y � 1Œ0;1�nB
�

�

p C
m
X

kD1

�

�bk � 1Bk
˙ �M�1xMk

�

�

by Lemma 11.23� �

�y � 1Œ0;1�nB
�

�

p C
m
X

kD1
jbkjp�.Bk/C p .p � 1/

23�p � �
2

M 2

m
X

kD1

kxM
k

k22
jbkj2�p

�

using (11.13), jbkj � 1� � and the equality
Pm
kD1 kxM

k
k22 D kxM k22

�

� kykp C p .p � 1/
23�p � �2

.1 � �/2�p � �.B/ �
�

1 � '.M/
�2

M 2
:

Note that the reason for including ı in the second inequality is to make possible the
reduction to simple functions in the proof.

Proof of Theorem 11.20. Let T 2 L.Lp/ be a gentle narrow operator with a p-gentle
function ' W Œ0;C1/ ! Œ0; 1�. To prove that T is narrow, by Theorem 7.59, it is
enough to prove that it is somewhat narrow. Without loss of generality, we may and
do assume that kT k D 1. Fix any A 2 †C and " > 0, and prove that there exists a
sign x 2 Lp.A/ such that kT xk < "kxk. Consider the set

K" D ¹y 2 BL1.A/ W kTyk � "kykº :
By arbitrariness of ", it is enough to prove the following statement:
�8"1 > 0

��9 a sign x 2 Lp.A/
��9y 2 K"

� W kx � yk < "1kyk : (11.14)

Indeed, if (11.14) is true for each " and "1, we choose a sign x 2 Lp.A/ and
y 2 K"=2 such that kx � yk < "1kyk where

"1 D "

2"C 2
: (11.15)
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Since "1 < 1, the inequality kyk � kxk C kx � yk < kxk C "1kyk implies

kyk < 1

1� "1 kxk ;

and hence,

kT xk � kTyk C kx � yk < "

2
kyk C "1kyk

D
�"

2
C "1

�

kyk < 1

1 � "1
�"

2
C "1

�

kykby (11.15)D "kxk:

To prove (11.14), suppose for contradiction that (11.14) is false. Let "1 > 0 so that
�8 sign x 2 Lp.A/

��8y 2 K"
� W kx � yk � "1kyk : (11.16)

Let � D sup¹kyk W y 2 K"º. Since T is gentle narrow, � > 0. Let

� D "1�

41=p�.A/1=p
(11.17)

and observe that

� <
"1�.A/

1=p

41=p�.A/1=p
<
1

2
: (11.18)

Since ' is p-gentle, there exist M > 0 and ı1 > 0 so that

�

1 � '.M/
�2 � 1=2 (11.19)

and

M 2�p�'.M/
�p � "p

p .p � 1/
16

�

�

1� �

�2�p
� ı1 M

2"p.1 � 2p�p/
�p22p�2"p1�p

: (11.20)

Choose "2 > 0 and then ı2 > 0 so that

.� � "2/p C p .p � 1/
26�2pM 2

�
�

�

1 � �
�2�p

� "
p
1�

p

1 � 2p�p � ı2 > �p (11.21)

(by (11.18) the second summand in the left-hand side of the inequality is positive).
Let ı D min¹ı1; ı2º. By (11.20) and (11.21), we obtain

M 2�p�'.M/
�p � "p

p .p � 1/

16

�

�

1� �
�2�p

� ı
M 2"p.1 � 2p�p/
�p22p�2"p1�p

: (11.22)

and

.� � "2/p C p .p � 1/
26�2pM 2

�
�

�

1 � �
�2�p

� "
p
1�

p

1 � 2p�p � ı > �p : (11.23)
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Choose y 2 K" with

kyk > max
° �

21=p
; � � "2

±

: (11.24)

Define a sign x on A by

x.t/ D
²

0; if jy.t/j � 1=2;

sign.y/; if jy.t/j > 1=2;
and put

B D ¹t 2 A W � � jy.t/j � 1 � �º:
Since x is a sign on A and y 2 K", it follows from (11.16) that

"
p
1 kykp � kx � ykp D

Z

B

jx � yjp d�C
Z

AnB
jx � yjp d�

� �.B/

2p
C �

�.A/� �.B/��p :

Hence, using (11.24) and (11.17), we deduce that

�.B/
� 1

2p
� �p

�

� "
p
1 kykp � �.A/�p � "

p
1

�p

2
� "

p
1�

p

4
D "

p
1

�p

4
;

that is,

�.B/ � 2p�2"p1�p
1� 2p�p : (11.25)

In particular, by (11.18) we have that �.B/ > 0. Observe that (11.22) and (11.25)
imply

M�p�'.M/
�p � "p

p .p � 1/
16M 2

� �

1 � �
�2�p � "pı.1 � 2p�p/

�p22p�2"p1 �p

� "p
p .p � 1/
16M 2

� �

1� �
�2�p � "pı

�p2p�.B/
: (11.26)

By Lemma 11.24, we choose h 2 BL1.B/ so that (a) and (b) hold. By Lem-
ma 7.63(1), there exists a sign number 	 2 ¹�1; 1º so that

kTy C 	�T hkp � kTykp C �pkT hkp :
Let z D y C 	�h. Then by (a) and the choice of y 2 K",

kT zkp � kTykp C �pkT hkp � "pkykp C �p2p�.B/M�p�'.M/
�p

(11.26)� "pkykp C �p2p�.B/"p
p.p � 1/

16M 2

� �

1� �
�2�p � "pı:

(11.27)
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On the one hand, by condition (b) and (11.19), we have

kzkp � kykp C p .p � 1/
24�pM 2

� �2

.1 � �/2�p � �.B/� ı : (11.28)

Then (11.27) together with (11.28), give

kT zkp
kzkp � "p ;

and this implies that z 2 K" (note that z 2 BL1.A/ by definitions of z and B). On the
other hand, we can continue the estimate (11.28) taking into account the choice of y,
(11.24) and (11.23) as follows:

kzkp > .� � "2/p C p .p � 1/
24�pM 2

� �2

.1 � �/2�p � �.B/ � ı
by (11.25)� .� � "2/p C p .p � 1/

24�pM 2
� �2

.1 � �/2�p � 2
p�2"p1�p
1� 2p�p � ı by (11.23)

> �p :

This contradicts the choice of �.

Example 7.56 demonstrates that an analog of Theorem 11.20 for p > 2 is false.

11.3 C-narrow operators on C.K/-spaces

In 1996 V. Kadets and Popov [57] extended the notion of narrow operators to operators
defined on C.K/-spaces. The definition in this setting needs to be different since
¹1;�1; 0º-valued functions are never continuous unless they are constant. V. Kadets
and Popov used the idea of Rosenthal’s characterization of narrow operators on L1
(see Theorem 7.30) to generalize them to C.K/-spaces. This approach proved quite
fruitful as presented in this section. Following a suggestion from [63] here we call
these operators C-narrow, even though in [57] they were just called narrow.

Another generalization of the notion of narrow operators to C.K/-spaces was in-
troduced by V. Kadets, Shvidkoy and Werner [63] in 2001. Their approach came from
the theory of spaces with the Daugavet property, and thus their definition of narrow
operators is quite different – it was designed to work on spaces with the Daugavet
property, including C.K/-spaces and L1. We do not present the theory of these oper-
ators here, since it is really a part of the modern theory of spaces with the Daugavet
property, which is broad enough for a monograph of its own, and would take us too
far away from our principal subject. For the interested reader, we list here the relevant
literature, which continues to grow: [15, 16, 53, 54, 60, 61, 63, 132].

V. Kadets, Shvidkoy and Werner [63] proved that their notion of narrow operators
coincides with the notion presented in this section for operators defined on C.K/ ifK
is a perfect compact Hausdorff space. They also showed that every narrow operator
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on L1 (in the usual sense of Definition 1.5) is narrow in the sense of [63], and they
asked whether these two notions coincide for operators on L1.

For simplicity of the notation, we consider the space C Œ0; 1�, however the same no-
tions and results hold for C.K/, whereK is any compact set without isolated points.

In this section all spaces are considered over the reals.

The definition of C-narrow operators on C Œ0; 1�

Given a Banach spaceX , an operator T 2 L.C Œ0; 1�;X/, and a segment I D Œa; b� �
Œ0; 1�, by C 0Œa; b� D C 0.I / we denote the subspace of C Œ0; 1� consisting of all func-
tions vanishing off I , and by TI we denote the restriction of T to C 0.I /.

Definition 11.25. LetX be a Banach space. An operator T 2 L.C Œ0; 1�;X/ is called
C-narrow if for every I D Œa; b� � Œ0; 1� the operator TI is not an into isomorphism.

In other words, T is C-narrow provided for every I D Œa; b� � Œ0; 1� and every
" > 0 there exists f 2 SC0.I / such that kTf k < ".

The following two propositions describe the relationships between C-narrow and
C Œ0; 1�-singular operators.

Proposition 11.26. Let X be a Banach space. Then every C Œ0; 1�-singular operator
T 2 L.C Œ0; 1�;X/ is C-narrow.

To prove Proposition 11.26, it is enough to observe that C 0.I / is isomorphic to
C Œ0; 1� whenever a < b.

Proposition 11.27. There exists a C-narrow projection T 2 L.C Œ0; 1�/ that fixes a
copy of C Œ0; 1�.

Proof. Let � be the Cantor set on Œ0; 1�. We define an operator T 2 L.C Œ0; 1�/ by
setting .Tf /.t/ D f .t/ for t 2 �, and extending Tf to any constituent interval .˛; ˇ/
of Œ0; 1� n� by linear extrapolation

.Tf /.t/ D t � ˇ
˛ � ˇ

f .˛/C t � ˛
ˇ � ˛ f .ˇ/ :

Observe that T is a projection of C Œ0; 1� onto the subspace X of C Œ0; 1� of all
functions that are linear on any constituent interval .˛; ˇ/ of Œ0; 1� n �, and that the
restriction f j	 of an element f 2 X to the Cantor set is an isometry between X and
C.�/. By the Milyutin theorem [107], C.�/ is isomorphic to C Œ0; 1�. Hence, X is
isomorphic to C Œ0; 1�. Since T jX is an isometry, T fixes a copy of C Œ0; 1�. To show
that T is C-narrow, observe that for any interval I D Œa; b� � Œ0; 1� with a < b there
exists a constituent interval .˛; ˇ/ � Œa; b� of Œ0; 1� n�, on which TŒ˛;ˇ � D 0.

The following statement asserts that in the definition of a C-narrow operator one
may claim the existence of a positive function at which the operator is small.
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Proposition 11.28. Let X be a Banach space. An operator T 2 L.C Œ0; 1�;X/ is
C-narrow if and only if for every I D Œa; b� � Œ0; 1� with a < b and every " > 0 there
exists f 2 SC 0.I / such that f � 0 and kTf k < ".
Proof. By the definition of a C-narrow operator, we only need to prove one implica-
tion. Fix any I D I0 D Œa; b� � Œ0; 1� with a < b and " > 0. We choose n 2 N so
that

.1 � "/�1
�"

2
C kT k

n

�

< " ; (11.29)

and f1 2 SC0.I0/
so that kTf1k < "=2. Without loss of generality, we may and

do assume that maxt2I0
f1.t/ D 1 (otherwise we multiply f1 by �1). Choose a

nontrivial interval I1 � I0 such that f1.t/ > 1 � ", for all t 2 I1. Next we choose
f2 2 SC0.I1/

so that kTf2k < "=2 and maxt2I1
f2.t/ D 1, and a nontrivial interval

I2 � I1 so that f2.t/ > 1 � " for all t 2 I2. Likewise, for each k D 2; : : : ; n � 1,
we choose fkC1 2 SC 0.Ik/

so that kTfkC1k < "=2 and maxt2Ik
fkC1.t/ D 1, and

a nontrivial interval IkC1 � Ik so that fkC1.t/ > 1 � ", for all t 2 IkC1. Let
g D 1

n

Pn
kD1 fk , and note that g 2 SC0.I /, kTgk � "=2, and g.t/ � 1 � ", for all

t 2 In, and hence, kgk � 1 � ". We claim that g � �1=n. Indeed, by definition, g
vanishes outside I , and g � 1 � " > �1=n on In. Let 0 � k � n � 1. Thus for all
t 2 Ik n IkC1 we have

g.t/ D 1

n

�

k
X

iD1
gi.t/C gkC1.t/

�

� 1

n

�

k.1 � "/ � 1� � �1
n
:

This proves the claim, because I D In [Sn�1
kD0.Ik n IkC1/.

Let

gC D g C jgj
2

and f D gC
kgCk :

Since g � 1�" on In, we have that kgCk D kgk 2 Œ1�"; 1�, and since g � �1=n,
one has kg � gCk � 1=n. Hence,

kTf k D kTgCk
kgCk � 1

1 � "
�

kTgk C kT k
n

�

� .1 � "/�1
�"

2
C kT k

n

� by (11.29)
< " :

It remains to observe that f � 0 and f 2 SC 0.I /.

Vanishing points of an operator and ideal properties of C-narrow
operators

We give a characterization of C-narrow operators on C Œ0; 1�.

Definition 11.29. LetX be a Banach space. We say that an operator T W C Œ0; 1� ! X

vanishes at a point t 2 Œ0; 1� (and write t 2 vanT ) if there exists a sequence of
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intervals In D Œan; bn� � Œ0; 1� with limn!1 an D limn!1 bn D t , and a sequence
of nonnegative functions fn 2 SC 0.In/

, converging pointwise to

ıt .
/ D
´

1; if 
 D t;

0; if 
 ¤ t;

and such that limn!1 kTfnk D 0.

Proposition 11.30. Let X be a Banach space and T 2 L.C Œ0; 1�;X/. Then T is
C-narrow if and only if vanT is dense in Œ0; 1�.

Proof. Let T be C-narrow, and I D I0 D Œa; b� � Œ0; 1� be any segment with a < b.
Using Proposition 11.28, we construct a nested sequence of segments InC1 � In
and a sequence of nonnegative functions fn 2 SC0.In/

such that fn.t/ � 1 � 1=n

for all t 2 InC1, and kTfnk � 1=n. Without loss of generality, we assume that
limn!1�.In/ D 0. Then the point t such that ¹tº D T1

nD1 In belongs to vanT . By
arbitrariness of I , vanT is dense in Œ0; 1�.

The converse implication is immediate.

Proposition 11.31. Let X be a Banach space and T 2 L.C Œ0; 1�;X/. Then the set
vanT is a Gı -set in Œ0; 1�.

Proof. Let T be given. For each n 2 N, we define a set Dn � SCŒ0;1� as follows:

Dn D ®

f 2 SCŒ0;1� W .f � 0/&
�kTf k < 1

n

�

&
�

diam supp f <
1

n

�¯

;

and for any f 2 SCŒ0;1� let

Fn.f / D
°

t 2 Œ0; 1� W f .t/ > 1� 1

n

±

and Fn D
[

f 2Dn

Fn.f / :

Observe that all Fn are open in Œ0; 1�, and vanT � Fn for each n. Hence, the set
F D T1

nD1Fn is a Gı -set containing vanT . We show the converse inclusion. Let
t 2 F , that is, t 2 Fn for all n. Hence, for each n 2 N there is fn 2 Dn with
fn � 1 � 1=n. Thus, the sequence .fn/ together with the sequence of segments
In D Œinf.supp fn/; sup.supp fn/� satisfy Definition 11.29. Thus, vanT D F .

The following statement characterizes vanishing points of an operator.

Proposition 11.32. Let X be a Banach space, T 2 L.C Œ0; 1�;X/ and t 2 Œ0; 1�.
Then t 2 vanT if and only if for any x� 2 X�, the point t is not an atom of the
measure corresponding to T �x�.
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Proof. Suppose that t 2 vanT with functions .fn/ that appear in Definition 11.29.
Let x� 2 X� and � be the measure corresponding to T �x�, i.e. for each f 2 C Œ0; 1� ,

hT �x�; f i D
Z

Œ0;1�

f d� :

Then t is not an atom for �, since

�
�¹tº� D

ˇ

ˇ

ˇ

Z

Œ0;1�

ıt .
/ d�.
/
ˇ

ˇ

ˇ

D
ˇ

ˇ

ˇ

lim
n!1

Z

Œ0;1�

fn d�
ˇ

ˇ

ˇ

D
ˇ

ˇ

ˇ

lim
n!1 x�.Tfn/

ˇ

ˇ

ˇ

� kx�k lim
n!1 kTfnk D 0 :

For the other direction, let In D Œt � 1=n; t C 1=n� and gn 2 SC0.In/
be any

sequence with gn � 0 and gn.t/ D 1. Since t is not an atom of the measure corre-
sponding to T �x� for any x� 2 X�, .gn/ is weakly null. By Mazur’s theorem, there
is a sequence fn 2 conv¹gk W k � nº such that limn!1 kTfnk D 0. Then sequences
.In/ and .fn/ satisfy Definition 11.29 for t .

Note that in Proposition 11.32 it suffices to consider only extreme points x� of
BX� .

Now we are ready to show that the sum of two C-narrow operators defined on
C Œ0; 1� is C-narrow.

Theorem 11.33. Let X be a Banach space. The set of all C-narrow operators from
C Œ0; 1� to X is a (norm closed) subspace of L.C Œ0; 1�;X/.

Proof. It is enough to prove that the sum of two C-narrow operators is C-narrow (the
rest of the properties are obvious). Let S; T 2 L.C Œ0; 1�;X/ be narrow. Note that if
two measures have no atom at a point t then neither does the sum of these measures.
Hence, by Proposition 11.32, vanS \ vanT � van.S C T /. By Proposition 11.31,
vanS and vanT are dense Gı -sets in Œ0; 1�. By the Baire category theorem, vanS \
vanT is dense in Œ0; 1�, and thus, so is van.S C T /. By Proposition 11.30, S C T is
C-narrow.

The remaining ideal properties are similar to those of narrow operators on Köthe–
Banach spaces.

Proposition 11.34. Let X;Y are Banach spaces. If an operator T 2 L.C Œ0; 1�;X/

is C-narrow then for every S 2 L.X; Y / the composition operator S ıT is C-narrow.
On the other hand, there exists a bounded operator S 2 L.C Œ0; 1�/ and a C-narrow
operator S 2 L.C Œ0; 1�/ such that the composition T ı S is not C-narrow.

Proof. The first part follows easily from the definition. Let T be the operator from
Proposition 11.27, and X be a subspace of C Œ0; 1� isomorphic to C Œ0; 1� such that
T jX is an into isomorphism. Let S W C Œ0; 1� ! X be an isomorphism. Then T ı S is
an into isomorphism, and hence, is not C-narrow.
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C-rich subspaces of C Œ0; 1�

In analogy with Köthe–Banach spaces, a subspace X of C Œ0; 1� is called C-rich if
the quotient map 
 W C Œ0; 1� ! C Œ0; 1�=X is narrow. By Proposition 11.28, we
can equivalently say that a subspace X of C Œ0; 1� is C-rich if and only if for every
I D Œa; b� � Œ0; 1� with a < b and every " > 0 there exist f 2 SC 0.I / with f � 0

and g 2 X such that kf �gk < ". Of course, a complemented subspaceX of C Œ0; 1�
is C-rich if and only if any projection P of C Œ0; 1� with kerP D X is C-narrow
(equivalently, there exists a C-narrow projection P of C Œ0; 1� with kerP D X).

It is easy to see from the definition that if X is a C-rich subspace of C Œ0; 1� then
any subspace Y of C Œ0; 1� with Y � X is C-rich as well. On the other hand, distinct
C-rich subspaces may have trivial intersection. In analogy with Proposition 5.4, one
can construct quasi-complemented C-rich subspaces.

Proposition 11.35. There exists a pair of C-rich quasi-complemented subspaces of
C Œ0; 1�.

Proof. We split the Schauder system in C Œ0; 1� into two subsequences .fn/ and .gn/,
attributing the functions vanishing precisely off some interval of length 2�2nC1 to the
first subsequence, and those vanishing precisely off some interval of length 2�2n to
the second one. Then Œfn� and Œgn� are quasi-complemented C-rich subspaces.

Nevertheless, Theorem 11.33 yields that C Œ0; 1� cannot be decomposed into a direct
sum of C-rich subspaces. Indeed, otherwise the identity (which is not C-narrow)
would equal the sum of two C-narrow projections, which contradicts Theorem 11.33.

Proposition 11.36. There is a decomposition C Œ0; 1� D X ˚ Y into subspaces iso-
morphic to C Œ0; 1� with Y C-rich.

Proof. Let T be the narrow projection of C Œ0; 1� onto X from Proposition 11.27
with X isomorphic to C Œ0; 1�, and let Y D ker T . Since Y evidently contains a
subspace isomorphic to C Œ0; 1� (for instance, C 0Œ1=3; 2=3�), by Pełczyński’s decom-
position method [108], Y is itself isomorphic to C Œ0; 1�.

Corollary 11.37. Let a subspaceZ of C Œ0; 1� be isomorphic to a direct sum C Œ0; 1�˚
E, where E is a separable Banach space. Then Z is isomorphic to a C-rich subspace
of C Œ0; 1�.

Proof. Note that in the decomposition C Œ0; 1� D X ˚ Y given by Proposition 11.36,
the space X is isomorphic to C Œ0; 1�, and thus, is universal. If F � X is a subspace
isomorphic to E then F ˚ Y is a C-rich subspace of C Œ0; 1� isomorphic to Z.

The converse assertion is also true: every C-rich subspace of C Œ0; 1� is isomorphic
to a direct sum C Œ0; 1� ˚ E for a suitable separable Banach space E. Equivalently
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speaking, every C-rich subspace of C Œ0; 1� contains a complemented copy of C Œ0; 1�.
The proof is not so obvious (see [57]).

The Daugavet property of C-rich subspaces of C Œ0; 1�

Definition 11.38. Let X be a C-rich subspace of C Œ0; 1� and Y be a Banach space.
An operator T 2 L.X; Y / is called C-narrow on X if for each " > 0 and each
I D Œa; b� � Œ0; 1� with a < b there exist functions f 2 SC 0.I / and g 2 X such that
kf � gk < " and kTf k < ".

Definition 11.38 is consistent with Definition 11.25 for X D C Œ0; 1�. Without
essential changes, one can prove the above results on C-narrow operators defined on
C Œ0; 1� for the setting of operators defined on C-rich subspaces. In particular, one can
claim that f � 0 in Definition 11.38.

Theorem 11.39. Every C-rich subspace X of C Œ0; 1� has the Daugavet property for
C-narrow operators on X .

Proof. Let T 2 L.X/ be a C-narrow operator and " > 0. Let f 2 SX with kTf k �
kT k � ", and g D Tf . Without loss of generality we assume that kgk D g.t0/ for
some t0 2 Œ0; 1�. Let I � Œ0; 1� be any nontrivial interval such that g.t/ > kT k � "

for each t 2 I . Since T is C-narrow, there exists s 2 SC0.I / with s � 0 and h 2 SX
such that ks � hk < "=10 and kT hk < ". Let u� D .1 � "/f C �h. Then ku�k is a
continuous function of �. Since ku0k D 1� " and ku2k D 2khk � .1� "/ > 1, there
is � 2 .0; 2/ so that ku�k D 1. Let u D u�. If t 2 Œ0; 1� n I , then

ju.t/j D j.1 � "/f .t/C �0.h � s/.t/C �0s.t/j � .1 � "/C �0
"

10
< 1 ;

and for all t 2 Œ0; 1� we have u.t/ � .�1� "/ � �0 "10 > �1: Thus, the function u
attains its norm at some point 
 2 I , where u.
/ D 1. We estimate kI C T k as
follows:

kI C T k � k.I C T /uk D kuC .1 � "/Tf C �0T hk
� kuC Tf k � "kTf k � �0kT hk
� u.
/C g.
/� "kT k � "�0
� 1C kT k � ".kT k C 3/ :

By arbitrariness of " > 0, the theorem is proved.

Corollary 11.40. C Œ0; 1� has the Daugavet property for the set N of all C-narrow
operators on C Œ0; 1�.

Foiaş and Singer [41] proved that C Œ0; 1� has the Daugavet property for the follow-
ing class M of operators: T 2 M 	 C Œ0; 1� if and only if for every Œ˛; ˇ� � Œ0; 1�
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with ˛ < ˇ and every " > 0 there exists I D Œa; b� � Œ˛; ˇ� with a < b such that
kTI k < ". Evidently, M � N . However, the converse is not true. Indeed, let .en/
be a sequence in C Œ0; 1� equivalent to the unit vector basis of c0, and let .fn/ and
.gn/ be the subsequences of the Schauder system in C Œ0; 1� constructed in the proof
of Proposition 11.35. One can show that the operator T 2 L.C Œ0; 1�/ which extends
by linearity and continuity the equalities Tfk D ek and Tgk D 0 for each k 2 N is
C-narrow and does not belong to M.

The following statement, which is the main result of this subsection, is a conse-
quence of Corollary 11.37 and Theorem 11.39.

Corollary 11.41. Let X be a Banach space isomorphic to a direct sum C Œ0; 1�˚ E,
where E is a separable Banach space. Then there exists an equivalent norm on X
with respect to which X has the Daugavet property for C Œ0; 1�-singular operators.

The following statement is a consequence of Corollary 11.40 and Proposition 11.26.

Corollary 11.42. C Œ0; 1� has the Daugavet property for C Œ0; 1�-singular operators.

Independently (however, somewhat later) the same result was obtained in [140].
The well-known fact that C Œ0; 1� has no unconditional basis can be interpreted that

C Œ0; 1� cannot be decomposed into an unconditional sum of one-dimensional sub-
spaces. Using the Daugavet property, we can claim more.

Theorem 11.43. If C Œ0; 1� is decomposed into an unconditional sum of subspaces
then, at least, one of them is isomorphic to C Œ0; 1�.

For the proof we need the following lemma.

Lemma 11.44. Let X be a Banach space and let M � L.X/ be a linear subspace.
If X has the Daugavet property for M then the identity of X cannot be represented as
a pointwise unconditionally convergent series of operators from M.

Proof. Assume on the contrary that I D P1
nD1 Tn is a pointwise unconditionally

convergent series with Tn 2 M for each n 2 N . Then the Uniform Boundedness
Principle implies that

D
defD sup
I2N<!

�

�

�

X

n2I
Tn

�

�

�

< 1 :

By Theorem 11.33, for each I 2 N<! the operator
P

n2I Tn is C-narrow. Thus,
using the Daugavet equation, we obtain

1C D D sup
I2N<!

�

�

�

I �
X

n2I
Tn

�

�

�

D sup
I2N<!

�

�

�

X

n2NnI
Tn

�

�

�

� sup
I2N<!

sup
J2N<! ;J\ID;

�

�

�

X

n2J
Tn

�

�

�

� sup
J2N<!

�

�

�

X

n2J
Tn

�

�

�

D D ;

which is a contradiction.
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Proof of Theorem 11.43. Let C Œ0; 1� D LP1
nD1Xn be an unconditional decompo-

sition into subspaces, and let Pn be the corresponding projection of C Œ0; 1� onto Xn
parallel to all other Xm. Then I D P1

nD1 Pn is a pointwise unconditionally conver-
gent series. By Corollary 11.42 and Lemma 11.44, there is n 2 N such that Pn
fixes a copy of C Œ0; 1�. Thus Xn contains an isomorph of C Œ0; 1�. Since Xn is
complemented, by Pełczyński’s decomposition method [108], Xn is isomorphic to
C Œ0; 1�.

We remark that using the same method and Lemma 11.44, one can prove the same
result for L1, which is due to Enflo and Starbird [37], that is, if L1 is decomposed into
an unconditional sum of subspaces then, at least, one of them is isomorphic to L1.

Open problem 11.45. Is the subspace of L.C Œ0; 1�/ consisting of all C-narrow oper-
ators, complemented in L.C Œ0; 1�/?

11.4 Narrow operators on L1.�/-spaces

In this section we present the current status of the theory of narrow operators defined
on L1. Here we use the standard definition of narrow operators, i.e. Definition 1.5.
We note that we do not know whether this is equivalent to Definition 10.1 for operators
on L1 (see Open problem 10.3). Majority of results about narrow operators rely
on the assumption that the domain space has an absolutely continuous norm. Since
L1 fails this condition, new techniques are needed for this setting. The theory of
narrow operators on L1 is quite different from the theory of narrow operators on
absolutely continuous spaces and there are many unresolved questions. It is not even
known whether in the definition of narrow operators the mean zero condition can be
omitted, like in the absolutely continuous case (see Open problem 1.10). Moreover,
not every compact operator on L1 is narrow and there exist nonnarrow bounded
linear functionals. We present here several surprising examples and the theory of
order-to-norm continuous narrow operators on L1, as well as several natural open
problems. The results come from [71, 72] and [93]. We note that we presented a few
initial results about narrow operators defined on L1 in Chapter 10, Sections 10.1 and
10.2.

Nonnarrow continuous linear functionals

In Chapter 10 we saw an example of a nonnarrow continuous linear functional on
L1 (Example 10.12). V. Kadets has communicated to us an idea of the following
example.

Example 11.46. Let f 2 L�1 be a non-zero multiplicative functional. Then f is
nonnarrow.
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Here we consider L1 as a Banach algebra. A functional f W B ! R on a Banach
algebra B is called multiplicative if f .x � y/ D f .x/f .y/ for all x; y 2 B . A
functional f 2 L�1 is multiplicative if and only if its kernel kerf is a maximal ideal
in L1.

Proof. Since f ¤ 0, there exists A 2 †C such that f .1A/ ¤ 0. Thus for every sign
x on A we have 0 ¤ f .1A/ D f .x � x/ D .f .x//2. Hence f is not narrow.

The following question was posed in [117].

Open problem 11.47. Does there exist a narrow functional f 2 L�1 which is not
strictly narrow?

Rich subspaces of L1

The following is an analog of Theorem 2.8, which identifies conditions for the sub-
spaceX to be rich. Here, unlike in Theorem 2.8, we only obtain a sufficient condition
for X to be strictly rich.

Theorem 11.48. Let X be a weak�-closed subspace of L1. Then X is rich if and
only if X \ L1.A/ ¤ ¹0º for every A 2 †C.

Proof. The necessity of the condition is obvious. Let us prove its sufficiency. Assume
that X \ L1.A/ ¤ ¹0º for every A 2 †C. For each A 2 †C we consider the set

KA D BL0
1.A/ \ X :

Since the Lebesgue measure is atomless, we have that dim.X \ L1.A// D 1.
Since dimL1.A/=L01.A/ D 1 < 1, we obtain that X \ L01.A/ ¤ ¹0º, by
Lemma 2.9, KA ¤ ¹0º. Since KA is a subset of a weak�-closed set, the Banach–
Alaoglu theorem implies that KA is compact in the weak� topology of the space L1.
By convexity of KA, the Krein–Milman theorem yields that KA has an extreme point
x 2 KA. It follows from a standard argument that jxj D 1A, see, for example, the
proof of Theorem 2.8.

Corollary 11.49. Suppose that the kernel kerf of a functional f 2 L�1 is weak�-
closed in L1. Then f is strictly rich.

Order structure and order-to-norm continuous operators on L1

As we already know, a compact operator defined onL1 need not be narrow. However,
for every Banach spaceX every order-to-norm continuous AM-compact operator T 2
L.L1.�/;X/ is narrow (see Theorem 10.17 and Corollary 10.18). The proof of
Theorem 10.17 is very involved, however for the special case of L1 we can now give
a much shorter proof of Corollary 10.18. Most of the results of this subsection were
obtained in [72].
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Theorem 11.50. Let .�;†;�/ be a finite atomless measure space, and letX be a Ba-
nach space. Then every AM-compact order-to-norm continuous T 2 L.L1.�/;X/
is narrow.

It is worth mentioning that the order boundedness and the norm boundedness for
sets in L1.�/ coincide. Thus, when speaking of bounded sequences in L1.�/, we
need not specify the kind of boundedness we mean.

Proof of Theorem 11.50. Let T 2 L.L1.�/;X/ be AM-compact and order-to-norm
continuous. Fix any A 2 † and " > 0. Consider a Rademacher-type system .rn/ on
L1.A/. Since .rn/ is order bounded, .T rn/ is relatively compact in X . Hence, there
are indices n ¤ m such that for x1 D .rn � rm/=2 we have jx1j D 1B1

, B1 	 A,
�.B1/ D �.A/=2,

R

�x1 d� D 0 and kT x1k < "=2. Setting A1 D A n B1 we do the
same with the set A1 instead of A to find x2 2 L1.�/ with jx2j D 1B2

, B2 	 A1,
�.B2/ D �.A1/=2 D �.A/=4,

R

�x2 d� D 0 and kT x2k < "=4. Continuing this
procedure, we construct a sequence .xn/ in L1.�/ such that jxnj D 1Bn

, A D
F1
nD1Bn (up to a set of measure zero),

R

�xn d� D 0 and kT xnk < "=2n. We set
x.!/ D xn.!/ for ! 2 Bn and x.!/ D 0 for ! 2 � n A, and observe that jxj D 1A,
R

�x d� D 0 and
Pn
kD1 xk

o�! x in L1.�/, by Proposition 1.18. By the order-
to-norm continuity of T , the last condition implies that limn!1 kT .Pn

kD1 xk/k D
kT xk. And since kT .Pn

kD1 xk/k � Pn
kD1 kT xkk < ", we obtain kT xk � ".

So, the following question arises naturally:

Does there exist a Banach space X such that every order-to-norm con-
tinuous operator T 2 L.L1; X/ is narrow while not every operator of
this kind is AM-compact?

We will show that the answer is positive.
Our next goal is to give some characterizations of order-to-norm continuity for

operators with the domain L1.�/.

Theorem 11.51. Let .�;†;�/ be a finite atomless measure space, X be a Banach
space, and T 2 L.L1.�/;X/. Then the following conditions are equivalent:

(i) T is order-to-norm continuous.

(ii) T is order-to-norm � -continuous.

(iii) For any bounded sequence .xn/ in L1.�/ converging to zero in measure, one
has that kT xnk ! 0.

(iv) Let p 2 Œ1;1/. For any bounded sequence .xn/ in L1.�/, the condition
kxnkp ! 0 implies that kT xnk ! 0.
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Proof. (i) ) (ii) is obvious.
(ii) ) (iii) Let .xn/ be a bounded sequence in L1.�/ converging to zero in mea-

sure. Suppose, for the sake of contradiction, that kT xnk � ı > 0 for infinitely many
n 2 N. Without loss of generality we assume that this is true for all n 2 N. Passing
to a subsequence, we obtain that xnk

! 0 a.e. and still kT xnk
k � ı > 0, which

contradicts (ii).
(iii) ) (iv) It is enough to note that kxnkp ! 0 implies that xn ! 0 in measure.

(iv) ) (ii) Suppose that xn
o�! 0. Then jxnj � yn # 0 for some sequence .yn/

in L1.�/. By Proposition 1.18, yn ! 0 a.e., and therefore kynkp ! 0. Since
kxnkp � kynkp for each n, we obtain that kxnkp ! 0. By (iv), kT xnk ! 0.

(ii) ) (i) First we prove the following statement.
Claim. Let x˛ # 0 in L1.�/. Then there exists a strictly increasing sequence of
indices .˛n/ such that infn xˇn

D 0 for any sequence of indices ˇn � ˛n.
Indeed, since 0 � xˇn

� x˛n
, it is enough to show that infn x˛n

D 0. Set t˛ D
R

�x˛ d� and observe that there exists t0 D lim˛ t˛ because .t˛/ is decreasing and
bounded below by 0. Choose a strictly increasing sequence of indices .˛n/ so that
limn!1 t˛n

D t0. Since the sequence .x˛n
/ is decreasing and bounded below by

0, z.!/ D limn!1 x˛n
.!/ � 0 exists a.e. Observe that z D infn x˛n

and, by the
Lebesgue theorem, t0 D R

�z d�. To prove the claim, it is sufficient to show that
t0 D 0. Suppose otherwise that t0 > 0. Since inf˛ x˛ D 0 and z ¤ 0, there exists
an index ˇ such that z ^ xˇ < z. For every n 2 N we choose an index �n so that
�n � ˇ and �n � ˛n. Then y D infn x�n

< z and
R

�y d� D limn!1 t�n
< t0,

which contradicts the choice of t0. Thus, the claim is proved.
Let T be order-to-norm � -continuous. It is enough to prove that T is order-to-norm

continuous at zero. Suppose that a net .x˛/ order converges to 0, i.e. there is a net
.u˛/ such that jx˛j � u˛ # 0. By the claim, there exists a strictly increasing sequence
of indices .˛n/ with infn u˛n

D 0.
Fix any " > 0 and consider the index set A" D ¹˛ W kT x˛k � "º. We show that the

setA" is bounded from above, that is, there exists a ˇ such that ˛ < ˇ for each˛ 2 A".
Indeed, supposing the contrary, we obtain that there exists a sequence .ˇn/ of indices
ˇn 2 A" such that ˇn > ˛n for each n. Then jxˇn

j � uˇn
� u˛n

and infn u˛n
D 0,

which implies that xˇn

o�! 0. However, we have that kT xˇn
k � " which contradicts

the order-to-norm � -continuity of T at zero, which is another contradiction. Thus, the
set A" is bounded above by some ˇ and hence, ˛ 62 A" (equivalently, kT x˛k < ") for
every ˛ � ˇ. This means that T is order-to-norm continuous at zero.

By Theorem 11.51, if an operator T 2 L.L1.�/;X/ can be continuously ex-
tended to Lp.�/ for some p < 1, then T is order-to-norm continuous. We will
show below that the converse is not valid: not every order-to-norm continuous oper-
ator from L.L1.�/; c0.�// can be extended to Lp.�/ for some 1 � p < 1 (see
Example 11.57).
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Here is another characterization of order-to-norm continuity for operators from
L1.�/ to X .

Lemma 11.52. Let .�;†;�/ be a finite atomless measure space, and X be a Banach
space. An operator T 2 L.L1.�/;X/ is order-to-norm continuous if and only if for
every " > 0 there exists ı > 0 such that for each x 2 L1.�/ with kxk � 1 and
�.supp x/ < ı we have kT xk < ".
Proof. For the “only if” part, suppose to the contrary that for some " > 0 there exists
a sequence xn 2 L1.�/, kxnk � 1 such that �.supp xn/ ! 0 as n ! 1 and

kT xnk � " for each n 2 N. Then xn ! 0 a.e. and by Proposition 1.18, xn
o�! 0.

This contradicts the order-to-norm continuity of T .
For the “if” part, let .x˛/ be a net order converging to zero and .u˛/ be a net with

jx˛j � u˛ # 0. Further, we assume that ku˛k � 1. Fix " > 0 and choose ı > 0 so
that for every x 2 L1.�/ with kxk � 1 and �.supp x/ < ı we have that kT xk < "

2
.

Then by the boundedness of T , there exists ı1 > 0 so that kT xk < "
2 whenever

kxk < ı1.
For each ˛, let B˛ D ¹! 2 � W u˛.!/ > ı1

2
º. Since

R

�u˛d� � ı1

2
�.B˛/

and lim˛
R

�u˛d� D 0, we obtain lim˛ �.B˛/ D 0. Thus there exists ˛0 such that
�.B˛/ < ı for every ˛ � ˛0. Let y˛ D x˛ � x˛1B˛

and z˛ D x˛1B˛
. The condition

jx˛.!/j � u˛.!/ � ı1

2
for each ! 2 � n B˛, implies ky˛k � ı1

2
< ı1. Hence,

kTy˛k < "
2

. On the other hand, since supp z˛ � B˛, we have that �.supp z˛/ < ı

for each ˛ � ˛0, and kz˛k � kx˛k � ku˛k � 1. Therefore, kT z˛k < "
2

and so,

kT x˛k D kT .y˛ C z˛/k � kT .y˛/k C kT .z˛/k < "

2
C "

2
D "

for each ˛ � ˛0. Thus, lim˛ kT x˛k D 0 and T is order-to-norm continuous.

The following two corollaries of Lemma 11.52 assert that an order-to-norm contin-
uous operator defined on L1 has a separable “essential domain” and hence, a separa-
ble range.

Proposition 11.53. Let .hn/1nD1 be the Haar system on Œ0; 1�, X a Banach space and
S; T 2 L.L1; X/ order-to-norm continuous operators. If Shn D T hn for each
n 2 N then S D T .

Proof. Note that for the characteristic function of any dyadic interval w D 1Œ k�1
2n ; k

2n /

we have that Sw D Tw (since w belongs to the linear span of the Haar system). Fix
any x 2 L1 and any " > 0. First, choose a simple function y D Pn

kD1 ak1Ak
,

Œ0; 1� D Fn
kD1 Ak with kx � yk < "=.2kSk C 2kT k/. Second, using Lemma 11.52,

choose a ı > 0 so that for any u 2 L1, kuk � 1 if �.suppu/ < ı then k.S �
T /uk < "=2. Third, for each k D 1; : : : ; n choose a disjoint union Bk of dyadic
intervals so that Bi \ Bj D ; for i ¤ j and �.Ak4Bk/ < ı=n. Then we obtain
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�.supp.y � z// < ı for z D Pn
kD1 ak1Bk

, and hence, k.S � T /.y � z/k < "=2.
Moreover, since z belongs to the span of the Haar system, .S � T /z D 0. Hence,

kSx � T xk � k.S � T /.x � y/k C k.S � T /.y � z/k
� kS � T k kx � yk C "

2
� "

2
C "

2
D " :

By arbitrariness of ", Sx D T x.

Proposition 11.54. Let .�;†;�/ be a finite atomless measure space, X a Banach
space and T 2 L.L1; X/ an order-to-norm continuous operator. Then the range
T .L1/ is separable.

Proof. Using the same arguments as in the proof of Proposition 11.53, one can show
that the linear span of the set ¹T hn W n 2 Nº is dense in T .L1/.

Different definitions of a narrow operator on L1 for order-to-norm
continuous maps

Since L1.�/ is a vector lattice, we can consider different definitions of narrow oper-
ators on L1.�/: the standard one treating L1.�/ as a function space, and the vector
lattice definition as in Definition 10.1. Let us consider several properties which could
mean different types of “narrowness” for an operator T 2 L.L1.�/;X/:
(i) For every A 2 † and every " > 0 there exists x 2 L1.�/ such that jxj D 1A,

Z

�

x d� D 0 and kT xk < ".

(ii) For every A 2 † and every " > 0 there exists x 2 L1.�/ such that jxj D 1A
and kT xk < ".

(iii) For every y 2 L1.�/C and every " > 0 there exists x 2 L1.�/ such that
jxj D y and kT xk < ".

(iv) For every y 2 L1.�/C and every " > 0 there exists x 2 L1.�/ such that

jxj D y,
Z

�

x d� D 0 and kT xk < ".
Note that (i) is Definition 1.5, (iii) is the definition of a narrow operator on a

vector lattice (Definition 10.1). Properties (ii) and (iv) are their weakest and strongest
form, respectively. Thus, either (i) or (iii) implies (ii), and (iv) implies all the other
properties.

The equivalence of (iii) and (i) was proved in Proposition 10.2 for operators defined
on a Köthe function space with an absolutely continuous norm. Here we prove that
all properties (i)–(iv) are equivalent for order-to-norm continuous operators defined
on L1.�/.
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Recall that Open problem 1.10 asks whether (ii) implies (i) for every Banach
space X and every operator T 2 L.L1; X/.

Theorem 11.55. ([72]) Let X be a Banach space and T 2 L.L1.�/;X/ be an
order-to-norm continuous operator. Then all the properties (i)–(iv) are equivalent
for T .

Proof. By the above remarks, it is enough to prove the implication (ii) ) (iv).
Let T ¤ 0. Fix any y 2 L1.�/C and " > 0. Without loss of generality we assume

that 0 < kyk � 1. Choose a simple function u D Pm
iD1 ai1Ai

¤ 0 with ai 2 R and
pair-wise disjoint sets Ai 2 † so that Ai � supp y D suppu and

ky � uk < "

2 kT k : (11.30)

By Lemma 11.52, there exists ı > 0 so that for any z 2 L1.�/, with kzk � 1, if
�.supp z/ < ı then

kT zk < "

4mkuk : (11.31)

Consider on † the measure �y generated by y, i.e. �y.A/ D R

A y d� for any
A 2 †. We shall use the following simple fact whose proof we omit:

Claim: There exists n 2 N such that for any A 2 † with A � supp y, if
�y.A/ < �.�/=n then �.A/ < ı.

Choose an n, and for each i D 1; : : : ;m, divide Ai into n C 1 parts of equal
measure �y

Ai D
nC1
G

kD1
Ai;k ; �y

�

Ai;k
� D �y.Ai /

nC 1
:

For every i D 1; : : : ;m and k D 1; : : : ; n, we use Property (ii) to find xi;k 2 L1.�/
so that jxi;k j D 1Ai;k

and
�

�T xi;k
�

� <
"

4nmkuk : (11.32)

Let ˇi;k D R

�yxi;k d� for i D 1; : : : ;m and k D 1; : : : ; n, and observe that

ˇ

ˇˇi;k
ˇ

ˇ � �y
�

Ai;k
� D �y.Ai/

nC 1
(11.33)

for each i D 1; : : : ;m and k D 1; : : : ; n.
Fix any i . Using (11.33) and induction on ` D 1; : : : ; n, it can be easily shown that

there exist signs 	i;1; : : : ; 	i;` 2 ¹�1; 1º such that

ˇ

ˇ

ˇ

X̀

jD1
	i;jˇi;j

ˇ

ˇ

ˇ

� �y.Ai /

nC 1
:
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Thus, we choose such signs for ` D n. Then choose xi;nC1 2 L1.�/ satisfying
jxi;nC1j D 1Ai;nC1

and

Z

�

yxi;nC1 d� D �
n
X

kD1
	i;kˇi;k : (11.34)

By the above claim, since

�y
�

Ai;nC1
� D �y.Ai /

nC 1
<
�.�/

n
;

we have that �.Ai;nC1/ < ı and hence, by (11.31),

�

�T xi;nC1
�

� <
"

4mkuk : (11.35)

Let xi D Pn
kD1 	i;kxi;k C xi;nC1 for i D 1; : : : ;m. From (11.32) and (11.35) we

deduce

kT xik �
n
X

kD1

�

�T xi;k
�

�C �

�T xi;nC1
�

� < n
"

4nmkuk C "

4mkuk D "

2mkuk : (11.36)

Moreover, by the above construction, jxi j D 1Ai
and jPm

iD1 xi j D 1suppy .
Now we set x D y

Pm
iD1 xi and v D Pm

iD1 aixi . Observe that jx � vj D jy � uj
a.e. on � and hence, kx � vk D ky � uk. Obviously, jxj D y. By (11.34),

Z

�

x d� D
m
X

iD1

Z

�

yxi d� D
m
X

iD1

 

n
X

kD1
	i;k

Z

�

yxi;k d�C
Z

�

yxi;nC1 d�

!

D 0 :

Since kx � vk D ky � uk and jai j � kuk, using (11.36) and (11.30) we obtain

kT xk � kT vk C kT k kx � vk �
m
X

iD1
jai j kT xik C "

2
< mkuk "

2mkuk C "

2
D " :

Order-to-norm continuous operators from L1.�/ to c0.�/

The main result of this subsection (Theorem 11.56) asserts that every order-to-norm
continuous operator from L1.�/ to c0.�/ is narrow, while not every order-to-norm
continuous operator from L1.�/ to c0.�/ is AM-compact, where � is any infinite
set. On the other hand, we construct an example of an order-to-norm continuous
operator from L1 to c0 which cannot be extended to a continuous linear operator on
any of the spaces Lp with 1 � p < 1. So Theorem 11.56 cannot be deduced from
the theorem of V. Kadets and Popov [56] that every operator T 2 L.Lp; c0/ is narrow
for any p, 1 � p < 1. Nevertheless, in our proof we follow the ideas of [56].
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Theorem 11.56. ([72]) Every order-to-norm continuous operator from L1.�/ to
c0.�/ is narrow, but not every operator of this kind is AM-compact.

Proof. Fix any " > 0 and A 2 † with �.A/ > 0, and consider the set

K";A D ®

x 2 BL1.�/ W kT xk � " and
Z

�

x d� D 0
¯

:

We claim that K";A is a convex and weakly compact subset of L2.�/. The con-
vexity is easy to verify. The only thing that should be explained here is that K";A is
weakly closed. By convexity, it is enough to prove that it is norm closed in L2.�/.
Let xn 2 K";A and kxn � xkL2.�/ ! 0 as n ! 1. Then, obviously, kxkL1.�/ � 1

and
R

�x d� D 0. By Theorem 11.51, kT .xn � x/k ! 0 as n ! 1, which implies
that kT xk � ".

Thus, by the Krein–Milman theorem, there exists an extreme point x0 2 K";A. We
show that jx0j D 1A. Suppose, to the contrary, that there exists ı > 0 and a subset
B � A with �.B/ > 0 such that jx0.!/j � 1�ı for each ! 2 B . Denote by .e� /�2�
the unit vector basis for c0.�/ and by .e�

� /�2� its biorthogonal functionals. Choose a
finite set �0 	 � so that je�

� .T x0/j < "=2 for each � 2 � n �0.
Since Y0 D Œe� ��2�n�0

has finite codimension in c0.�/, by Lemma 9.4, the sub-
space

X0 D T �1Y0 \ ®

x 2 L1.�/ W
Z

�

x d� D 0
¯

has finite codimension in L1.�/. Since dimL1.B/ D 1 we conclude that
L1.B/ \ X0 ¤ ¹0º, so there exists y0 2 L1.B/ \ X0 with y0 ¤ 0. Choose
˛ ¤ 0 so that k˛y0kL1.�/ � ı and kT .˛y0/k < "=2. Thus, x0˙˛y0 2 K";A, which
is a contradiction. Thus, by Corollary 11.55, T is narrow.

Finally, we construct an example of an order-to-norm continuous operator S 2
L.L1; c0/ which is not AM-compact. This operator can be used in the obvious man-
ner to obtain an operator of L.L1.�/; c0.�// with the same properties. Denote by
.rn/ the Rademacher system on Œ0; 1� and for every x 2 L1 set Sx D .�1; �2; : : :/

where �n D R

�xrn d� for each n 2 N. By Theorem 11.51, since S can be ex-
tended to a continuous linear operator OS 2 L.L1; c0/, it is order-to-norm continuous.
Since the Rademacher system is an order bounded set in L1 which is sent by S to a
nonrelatively compact subset of c0, the operator S is not AM-compact.

Now we show that not every order-to-norm continuous operator from L1 to c0 can
be extended to Lp for some p < 1. Therefore, Theorem 11.56 cannot be deduced
from the results of [56].

Example 11.57. There exists an order-to-norm continuous operator T 2 L.L1; c0/
which cannot be extended to Lp for any p < 1.



298 Chapter 11 Some variants of the notion of narrow operators

Proof. First observe that it is sufficient to construct for each given p 2 Œ1;C1/, an
order-to-norm continuous operator T D Tp 2 L.L1; c0/ that cannot be extended
to Lp, because then the desired operator can be easily obtained as the direct sum of
such operators for any sequence of pn tending to infinity.

Therefore, we fix p 2 Œ1;1/. For any sequence .An/ of disjoint sets from † and
any g 2 L1, we define for every x 2 L1

T x D .�1; �2; : : :/; where �n D
Z

An

gx d� :

Since gx 2 L1 and �.An/ ! 0, we have that T x 2 c0 by the absolute continuity of
the Lebesgue integral. Therefore, T W L1 ! c0 is a linear operator. Furthermore,
given any x 2 L1, one has that

R

An
jgjjxj d� � kgkL1

kxkL1
for every n 2 N,

hence T is bounded with kT k � kgkL1
.

To show that T is order-to-norm continuous, we consider any sequence .xn/ in
L1 order converging to zero (i.e. jxnj � yn # 0 for some sequence .yn/ in L1).
By Proposition 1.18, .yn/ tends to zero a.e. on Œ0; 1�. Thus, the sequence .jgjyn/ is
decreasing and tends to zero a.e. By the Lebesgue theorem, Gn D R

�jgjyn d� ! 0

as n ! 1. On the other hand, for each n;m 2 N we have that

ˇ

ˇ

ˇ

Z

Am

gxn d�
ˇ

ˇ

ˇ

�
Z

�

jgjjxnj d� �
Z

�

jgjyn d� D Gn ;

from which it follows that kT xnk � Gn ! 0 as n ! 1. Thus, by Theorem 11.51, T
is order-to-norm continuous.

We now choose a suitable sequence .An/ and g 2 L1 as follows. Let .An/ be any
disjoint sequence in † with

�.An/ D 1

˛ n3p
; where ˛ D

1
X

kD1

1

k3p

for each n 2 N and g D P1
nD1 n3p�21An

. Note that

Z

�

g d� D
1
X

nD1
n3p�2�.An/ D 1

˛

1
X

nD1
n3p�2n�3p D 1

˛

1
X

nD1
n�2 D 
2

6˛
< 1 :

We show that T cannot be extended continuously to Lp in this case. Indeed, putting
xn D .�.An//

�1=p1An
, we have kxnkLp

D 1 and

Z

An

gxn d� D n3p�2��.An/
�� 1

p�.An/ D n3p�2��.An/
�1� 1

p

D n3p�2 1
�

˛ n3p
�1� 1

p

D ˛
1
p

�1n ! 1 as n ! 1.
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By Theorem 11.56, every order-to-norm continuous operator from L1.�/ to c0.�/
is narrow.

Let us now discuss possible extensions of this result for operators from L1 to `p.
For 1 � p < 2, every operator T 2 L.L1.�/; p̀/ is compact. Indeed, every

operator T 2 L.L1.�/; p̀/ factors through a Hilbert space [77, Corollary 1, p. 285
and Corollary 2, p. 291], and hence is compact by Pitt’s theorem [3, Theorem 2.1.4].
Since compact operators are AM-compact, this fact and Theorem 11.50 give that for
1 � p < 2, every order-to-norm continuous operator T 2 L.L1.�/; `p/ is narrow.

The existence of noncompact operators from L1 to p̀ with 2 � p < 1 follows
immediately from the fact that L1 contains subspaces isomorphic to `q for 1 < q �
2 [3, Theorem 6.4.18] and so, L1 contains quotient spaces isomorphic to p̀ for
p � 2.

Moreover, for 2 � p < 1, there exists an order-to-norm continuous operator
T 2 L.L1; p̀/ which is not AM-compact. Indeed, the same operator T generated
by the Rademacher system as in the last part of the proof of Theorem 11.56 maps
L1 to `2, is not AM-compact but is extendable to an operator from L2 to `2, so it is
order-to-norm continuous. For p � 2, `2 is continuously embedded in p̀ and so the
same example works.

However the following is unknown.

Open problem 11.58. ([72]) Let 2 � p < 1. Is every order-to-norm continuous
operator T 2 L.L1; `p/ narrow?

A sum of two narrow operators on L1 need not be narrow

By Theorem 5.2, if an r.i. space E on Œ0; 1� has an unconditional basis then every
operator T 2 L.E/ is a sum of two narrow operators. As noted by Krasikova in [71],
for E D L1 a weaker assertion is true.

Theorem 11.59. A sum of two narrow operators on L1 need not be narrow.

The proof uses Theorem 5.2 and a factorization through Lp.

Lemma 11.60. For each p 2 Œ1;1/ the identity embedding Jp W L1 ! Lp is a sum
of two narrow operators T; S 2 L.L1; Lp/.

Proof. Suppose first that p > 1. By Theorem 5.2, the identity map Ip W Lp ! Lp is
a sum of two narrow operators P;Q 2 L.Lp/. Let T D P ıJp and S D Q ıJp . We
claim that T and S are narrow operators. Indeed, given any measurable setA � Œ0; 1�

and " > 0, let x 2 Lp so that x2 D 1A,
R

Œ0;1� x d� D 0 and kPxk < ". Since
x 2 L1, we have that kT xk D kPxk < ", thus, T is narrow. Likewise, S is narrow.
Furthermore,

T C S D P ı Jp CQ ı Jp D .P CQ/ ı Jp D Jp :
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Now let p D 1. Observe that J1 D J ı J2 where J W L2 ! L1 is the identity
embedding. Let J2 D TCS , where T; S W L1 ! L2 are narrow. By Proposition 1.8,
J ı T and J ı S are narrow operators from L1 to L1. Thus,

J1 D J ı .T C S/ D J ı T C J ı S
is the desired representation.

Proof of Theorem 11.59. Let U W L2 ! L1 be any isomorphic embedding and
T; S 2 L.L1; L2/ be any narrow operators such that T C S D J2 where J2 W
L1 ! L2 is the identity embedding (see Lemma 11.60). By Proposition 1.8, the op-
erators U ı T and U ı S are narrow members of L.L1/. We show that their sum V

is not narrow. Indeed,

V D U ı T C U ı S D U ı J2 ;
and hence for each x 2 L1 with x2 D 1Œ0;1� we have

kVxk � kU�1k�1kJ2xk D kU�1k�1
Z

Œ0;1�

x2 d� D kU�1k�1 ;

and thus V is not narrow.

Open problem 11.61. Is the identity operator onL1 a sum of two narrow operators?

If yes, then by Proposition 1.8, every operator from L.L1/ equals a sum of two
narrow operators.

By Theorem 10.5, the set of all narrow regular operators on L1 is not a band in
the vector lattice of all regular linear operators on L1. However, we do not know
whether it is a linear subspace.

Open problem 11.62.1 Is a sum of two regular narrow operators from L.L1/ nar-
row?

Even the following is unknown (see also Open problem 5.6).

Open problem 11.63. Is a sum of two narrow functionals from L�1 narrow?

Recall that we do not know whether the set of all regular order narrow operators on
L1 is a band (see Open problem 10.43).

1 This problem has been recently solved in the negative by Mykhaylyuk and the first named author in
the paper “On sums of narrow operators on Köthe function spaces”. Preprint
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11.5 Narrow 2-homogeneous polynomials

In this short section we observe that every 2-homogeneous scalar polynomial on Lp,
1 � p < 2 is narrow. Polynomials on Banach spaces, according to Aron [10], play
a crucial “intermediate” role between linear mappings and arbitrary continuous or
differentiable functions. They have been actively studied by many mathematicians.
For a brief engaging introduction to the subject we refer the reader to [10], and for the
general work and bibliography on polynomials in infinite dimensional Banach spaces
to [30]. Here we present just one result concerning narrowness of polynomials. We
are not aware of any other results in this direction, but we feel that there may be some
attractive problems in this area.

Let X;Y be Banach spaces and n 2 N. A map L W Xn ! Y is called polylinear
(more exactly, n-linear) if for any k, 1 � k � n, and all x1; : : : ; xk�1; xkC1; : : : ;
xn 2 X the map T W X ! Y defined by

T x D L.x1; : : : ; xk�1; x; xkC1; : : : ; xn/ ;

is a linear continuous map. If L W Xn ! Y is a polylinear map then the diagonal map
Px D L.x; x; : : : ; x/ is called an n-homogeneous polynomial. An n-homogeneous
polynomial P W X ! K, K D R or C, is called an n-homogeneous scalar polyno-
mial.

In particular, for n D 1, the 1-homogeneous scalar polynomials are exactly the
linear functionals. Observe that for any T 2 L.X;X�/ the map

P.x/ D .T x; x/ D T x.x/; x 2 X (11.37)

is a 2-homogeneous scalar polynomial. By [40], the converse is also true: for every 2-
homogeneous scalar polynomial P onX , there exists T 2 L.X;X�/ that generatesP
by (11.37).

Proposition 11.64. Let 1 � p < 2. Then every 2-homogeneous scalar polynomial
P W Lp ! K is narrow.

Proof. Assume first that 1 < p < 2 and set q D p=.p � 1/. Let T 2 L.Lp; Lq/. By
Theorem 9.7, T is narrow. This yields that the polynomial P is also narrow, defined
by (11.37), because of the following inequalities:

jP.x/j D
ˇ

ˇ

ˇ

Z

Œ0;1�

T x � x d�
ˇ

ˇ

ˇ

�
�

Z

Œ0;1�

jT xjq d�
�1=q�

Z

Œ0;1�

jxjp d�
�1=p

D kT xk � kxk :
Assume now that p D 1. Let P W L1 ! K be any 2-homogeneous scalar

polynomial. Fix any r 2 .1; 2/ and consider a 2-homogeneous scalar polynomial
P1 W Lr ! K defined by

P1.x/ D P.x/; x 2 Lr
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where P1 is well defined by the continuity of the inclusion Lr � L1. By part one of
the proof, P1 is narrow, and hence, so is P .

The elegant proof shown above of Proposition 11.64 for p D 1 is due to V. Kadets.
Observe that the assertion of Proposition 11.64 is false for p � 2 because of the

following obvious example

P.f / D .f; f / D
Z

Œ0;1�

f 2 d� :



Chapter 12

Open problems

In this chapter, for the convenience of the reader, we list all the open problems that
were stated throughout the book. In this chapter we number them consecutively and,
for easy reference, in parenthesis we provide the original number from the text. We
refer the reader to the statement in the text for comments on the context of the listed
problems and for any relevant partial results. In square brackets we reference the
original source where the problems were first posed. If that reference is not present, it
means that this book is the first to pose the problem.

We group the problems by subject.

Definition of a narrow operator

Open problem 1. (1.10) [72] Does Definition 1.5 remain the same for E D L1 if
the condition on a sign to be of mean zero is omitted?

Open problem 2. (10.3) [117] Are Definitions 1.5 and 10.1 equivalent for every
Köthe–Banach space E on a finite atomless measure space, and every Banach
space X? What if E D L1?

Strict singularity versus narrowness

Open problem 3. (2.6 and 7.1(a)) [110] Let E be a Köthe–Banach space with an
absolutely continuous norm, not isomorphic to an L1.�/-space, and X be a Banach
space. Is every strictly singular operator T 2 L.E;X/ narrow?

Open problem 4. (2.7 and 7.1(b)) [110] Let E be a Köthe–Banach space with an
absolutely continuous norm, and X be a Banach space. Is every `2-strictly singular
operator T 2 L.E;X/ narrow?

Open problem 5. (7.1(b)) Let T be an operator from E to X . Does T have to be
narrow, provided that T is Z-strictly singular for an appropriately chosen infinite
dimensional subspace Z of E?

Open problem 6. (7.1(c)) Let T be an operator from E to X . Does T have to be
narrow, provided that T is non-Enflo, that is, T is E-strictly singular?
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Strictly narrow operators

Open problem 7. (2.17) Let E be a Köthe F-space with an absolutely continuous
norm on .�;†;�/ and X be an F-space. Suppose that densE.A/ > densX for
every A 2 †C. Does it follow that every operator T 2 L.E;X/ is strictly narrow?

Invariant subspaces for narrow operators

Open problem 8. (2.18) Let E be a Köthe–Banach space on .�;†;�/. Does every
narrow operator T 2 L.E/ have a nontrivial invariant subspace?

Numerical index of a Banach space

Open problem 9. (5.12) [90] Let 1 < p < 1, p ¤ 2 .

nnar.Lp/ D inf¹v.T / W T 2 L.Lp/; kT k D 1; T is narrowº :
Does n.Lp/ D nnar.Lp/?

Generalizations of results from the setting of L1-spaces to Lp-spaces

Open problem 10. (7.51) Characterize Banach spaces X for which a sum of two
narrow operators in L.L1; X/ narrow.

Open problem 11. (7.52) [102] Suppose an operator T 2 L.Lp/, 1 < p � 2, is
such that for every A 2 †C the restriction T jLp.A/ is not an isomorphic embedding.
Does it follow that T is narrow?

Open problem 12. (7.81) Suppose 1 < p < 1, p ¤ 2. Let X be a Banach space
and suppose that T 2 L.Lp; X/ fixes a copy of Lp. Do there exist A0 2 †C and an
atomless sub-� -algebra †0 of †.A0/ such that the restriction T jLp.A0;†0/ is an into
isomorphism? What if X D Lp?

Weak embeddings of L1

Open problem 13. (8.7) [101]

(a) Suppose that L1 sign-embeds in X . Does L1 Gı -embed in X?

(b) Suppose that L1 Gı -embeds in X . Does L1 sign-embed in X?

(c) Suppose that L1 sign-embeds in X . Does L1 semi-embed in X?
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Open problem 14. (8.10) [101]

(a) Assume that L1 semi-embeds in X , and Y is a subspace of X . Does L1 semi-
embed either in Y or in X=Y ?

(b) Assume that L1 Gı -embeds in X , and Y is a subspace of X . Does L1 Gı -embed
either in Y or in X=Y ?

Regularly complemented subspaces of Lp

Open problem 15. (10.45) [93] Let 1 � p < 1, p ¤ 2. Is every regularly comple-
mented subspace of Lp isomorphic to either p̀ or Lp?

Narrow operators on vector lattices

Open problem 16. (10.42) [93] Is Theorem 10.40 true for regular operators, which
are not order continuous?

Open problem 17. (10.43) [93] Is the set of all order narrow regular operators T W
L1 ! L1 a band in the vector lattice Lr .L1/ of all regular linear operators on
L1?

Open problem 18. (10.46) [93] Let E be an order continuous Banach lattice and
T 2 Lr.E/ be a regular operator. Suppose that for each band F � E the restriction
T jF is not an isomorphic embedding. Must T be narrow?

Rich subspaces

Open problem 19. (6.14) (Semenov, [118]) LetE be an r.i. space on a finite atomless
measure space, E ¤ L2. Does there exist a constant kE > 1 such that if P ¤ I is a
projection onto a rich subspace of E then kP k � kE?

Open problem 20. (7.54) [110, p. 73] Let E be an r.i. Banach space on Œ0; 1�, E ¤
L1. LetX be a subspace ofE such that �.L1.A/;X/ D 0 for everyA 2 †C. MustX
be rich?

Hereditarily narrow operators

Open problem 21. (11.9) Let 2 < p < 1. Is the orthogonal projection P , defined
by (11.1), from Lp onto the span R of the Rademacher system .rn/, hereditarily
narrow?

Open problem 22. (11.6) Let 1 < p < 2. Is every hereditarily narrow operator
T 2 L.Lp/ non-Enflo?
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Narrow operators on L1.�/

Open problem 23. (11.47) [117] Does there exist a narrow functional f 2 L�1
which is not strictly narrow?

Open problem 24. (11.58) [72] Let 2 � p < 1. Is every order-to-norm continuous
operator T 2 L.L1; p̀/ narrow?

Open problem 25. (11.61) Is the identity operator on L1 a sum of two narrow op-
erators?

Open problem 26. (5.6) Is the sum of two narrow operators from L.L1/, at least
one of which is compact, narrow?

Open problem 27. (11.63) [117] Is the sum of two narrow functionals from L�1
narrow?

C-Narrow operators on C Œ0; 1�

Open problem 28. (11.45) Is the subspace of L.C Œ0; 1�/ consisting of all C-narrow
operators, complemented in L.C Œ0; 1�/?
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