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Preface

Most classes of operators that are not isomorphic embeddings are characterized by
some kind of a “smallness” condition. Narrow operators are those operators defined
on function spaces that are “small” at signs, i.e. at {—1,0, 1}-valued functions. The
idea to consider such operators has led to many interesting problems that can be ap-
plied to geometric functional analysis, operator theory and vector lattices.

Narrow operators were formally defined and named by Plichko and Popov in 1990
(see [110] and [115]) for operators acting from a rearrangement invariant function
F-space with an absolutely continuous norm to an F-space. However, several au-
thors studied this type of operators earlier, including Bourgain [19] (1981), Bour-
gain and Rosenthal [20] (1983), Ghoussoub and Rosenthal [44] (1983), and Rosen-
thal [126, 127, 128] (1981-1984). In [44] the so-called norm-sign-preserving oper-
ators on L were considered, which are exactly the nonnarrow operators. There are
also two citations that have an essential influence on the theory of narrow operators,
even though they do not explicitly mention narrow operators: the book by Johnson,
Maurey, Schechtman and Tzafriri [49], and Talagrand’s paper [138].

The first systematic study of narrow operators was conducted by Plichko and Popov
in the memoir [110] mentioned above. In 1996 V. Kadets and Popov [57] extended the
notion of narrow operators to operators on C (K )-spaces. In 2001 V. Kadets, Shvidkoy
and Werner [63] introduced another notion of narrow operators with domains equal to
Banach spaces with the Daugavet property. In 2005 V. Kadets, Kalton and Werner [53]
introduced hereditarily narrow operators. In 2009 O. Maslyuchenko, Mykhaylyuk and
Popov [93] extended the definition of narrow operators to operators defined on vector
lattices.

This book describes the current theory of narrow operators defined on function
spaces and vector lattices. We aim to give a comprehensive presentation of known
results and to include a complete bibliography. The only topic that we do not de-
scribe in detail are the operators introduced by V. Kadets, Shvidkoy and Werner [63],
which are also called narrow operators, but which are very different from our nar-
row operators. Their theory is based on a completely different idea and is actually a
part of the modern theory of Banach spaces with the Daugavet property; we suggest
that this class of operators should be named Daugavet-narrow. These operators are
of great interest, but they deserve a monograph of their own, and there is not enough
space here to present all necessary background information for their study. We briefly
mention them in Section 11.3 without giving any details, but do provide the relevant
bibliography.
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Chapter 1 contains preliminaries on F-spaces, Kothe function spaces, operator the-
ory and vector lattices, including the definition and initial properties of narrow opera-
tors defined on a Kothe function F-space on an atomless measure space (2, X, ).

In Chapter 2 we show that the class of narrow operators contains compact and AM-
compact operators, Dunford—Pettis operators, operators whose ranges have smaller
density than the domain space, and some other classes. We also show that every
narrow operator from E to a Banach space can be restricted to a suitable subspace
isometrically isomorphic to E, in such a way that the restriction is compact and has
an arbitrarily small norm.

It turns out that for a large class of strictly nonconvex Kothe function F-spaces E
including L, () with 0 < p < 1, the only narrow operator defined on E is zero.
Using this fact, in Chapter 3 we show that a homogeneous nonseparable L, (it)-space,
with 0 < p < 1, has no nontrivial separable quotient space; we also give an elegant
isomorphic classification of a class of spaces, which we call strictly nonconvex Kothe
function F-spaces.

Chapter 4 is devoted to an example of a narrow projection of a rearrangement invari-
ant (r.i.) space E onto a subspace isomorphic to £, showing that the class of narrow
operators is not contained in any other class of “small” operators, including compact
operators and strictly singular operators. In the separable case, this projection is de-
scribed as the integration operator with respect to one variable acting on functions of
two variables. This operator also plays an important role in other counterexamples.

In Chapter 5 we deal with the following natural questions about narrow operators:
What subsets of the complex plane could be spectra of narrow operators? Is the con-
jugate operator of a narrow operator, narrow? Is the sum of two narrow operators
narrow? Does the set of all narrow operators have the right-ideal property? Do nu-
merical radii of narrow operators approximate the numerical index of Lj?

It is well known that L has the Daugavet property, that is, the Daugavet equation
I/ + K|| = 14| K]|| is satisfied for every weakly compact operator K on L where /
is the identity of L. In Chapter 6 we show that the Daugavet property and some of its
generalizations hold for narrow operators, and present applications to the geometric
structure of L, (u)-spaces. In particular, for each 1 < p < oo, p # 2, there is a con-
stant k, > 1 such that if X is a complemented subspace of L, and the projection P
from L, onto X satisfies ||/ — P|| < kp then X is isomorphic to L. Further, if the
Banach-Mazur distance between two spaces L, (1), 1 = 1,2, is less that k, then the
corresponding measure spaces have isomorphic homogeneous parts are isomorphic,
up to constant multiples, for details see Section 6.4.

We showed in Chapter 4 that narrowness does not imply strict singularity. In Chap-
ter 7 we study in what situations various versions of strict singularity imply narrow-
ness. This chapter contains some of the deepest results of this book. Many of them
were obtained before the notion of narrowness was formally defined. We present
the theorem of Bourgain and Rosenthal [20] that every {-strictly singular operator
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from L to a Banach space X is narrow and the very deep Rosenthal’s characteriza-
tion of narrow operators on L [128], which in particular implies that every L ;-strictly
singular operator on L1, also called a non-Enflo operator on L1, is narrow. We present
this result together with its connections with pseudo-embeddings, pseudonarrow op-
erators and the Enflo—Starbird maximal function A. This combines results of Enflo
and Starbird [37], Kalton [66] and Rosenthal [128]. We also present the theorem of
Johnson, Maurey, Schechtman and Tzafriri’s that every L ,-strictly singular operator
on L, i.e. every non-Enflo operator on L, is narrow. We finish the chapter with some
applications of these results. The study of £,-strictly singular operators logically be-
longs in this chapter, but the two known partial results require additional techniques
so we present them in Chapters 9 and 10, respectively.

In Chapter 8 we discuss different notions of “weak” embeddings of L, namely
semi-embeddings, Gg-embeddings and sign-embeddings. We also present Talagrand’s
[138] construction of a subspace X of L such that L does not isomorphically embed
in either X or L;/X. This is interesting for us, because the corresponding quotient
map is a nonnarrow operator from L; to a Banach space that contains no isomorphic
copy of L;. Thus, an L-strictly singular operator defined on L1, that is, a non-Enflo
operator defined on L1, does not have to be narrow if the range space is an arbitrary
Banach space.

Chapter 9 contains all known information concerning the Banach spaces X for
which every operator from L, to X is narrow. Here two facts should be mentioned.
Every operator from L, to L, is narrow if 1 < p < 2 and p < r < oo, and
this is no longer true for any other values of p and r. The second result asserts that
every operator from L, to £, is narrow if r # 2. The techniques developed in this
chapter, which are quite interesting and include a probabilistic approach, allow us to
prove a partial result concerning narrowness of £»-strictly singular operators, which
is presented in Section 9.5.

One of the most striking facts concerning narrow operators is that, if an r.i. function
space E has an unconditional basis then every operator on £ is a sum of two narrow
operators. In contrast, the sum of two narrow operators on L is narrow. These
phenomena are explained through the extension of the notion of narrow operators to
vector lattices. O. Maslyuchenko, Mykhaylyuk and Popov [93] (2009) proved that
the set of all narrow regular operators (i.e. differences of positive operators) between
lattices that are “nice enough,” including L, form a band, and so, in particular a
sum of two narrow regular operators is narrow, like for operators on L;. In fact all
operators on L are regular, so the phenomenon of sums on L is a special case of the
general behavior of regular narrow operators on “nice” vector lattices. In Chapter 10
we present a generalization of Kalton’s and Rosenthal’s representation theorems for
operators on L to vector lattices, which was proved in [93]. The last Section 10.9
contains a generalization of a result of Flores and Ruiz [39] about narrowness of
regular £,-strictly singular operators.
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Chapter 11 contains some variants of the notion of narrow operators. One of them,
hereditarily narrow operators, allowed V. Kadets, Kalton and Werner [53] to prove
the strongest generalization of Pelczynski’s theorem on the impossibility of the iso-
morphic embedding of L; into a Banach space with an unconditional basis. Another
variant, gentle narrow operators introduced in [102], is used to give a partial answer
to the problem whether Rosenthal’s characterization of narrow operators on Lj can
be generalized to L, for 1 < p < 2. Next we present the notion of C-narrow opera-
tors on C(K)-spaces defined in [57]. Since C (K )-spaces do not contain characteristic
functions, the definition of C-narrow operators is based on Rosenthal’s characteriza-
tion of narrow operators on Lj. This approach proved quite fruitful and C-narrow
operators share many properties of narrow operators on Kothe—Banach spaces. The
last two sections are devoted to the usual notion of narrow operators but in somewhat
unusual settings. Most of the results on narrow operators use the absolute continuity
of the norm of the domain. Investigation of narrow operators defined on spaces with-
out this property, like Lo, leads to many surprising results. For example, there exist
compact operators and even linear functionals on L, that are not narrow. We present
the known results and open problems in this setting in Section 11.4. We finish the
chapter with a result that every 2-homogeneous scalar polynomial on Ly, 1 < p < 2,
is narrow. We think that it would be interesting to investigate the notion of narrowness
for polynomials on Banach spaces.

A number of proofs in this book are new, and some of them are due to our col-
leagues. Whenever we present their proofs, we gratefully credit the authors.

The concept of narrow operators, a subject of numerous investigations during the
last 30 years, gave rise to a number of attractive open problems. We state these prob-
lems throughout this book near the context from which they originate. For the conve-
nience of the reader, in the last Chapter 12 we list all open problems that were stated
in different chapters. We hope that the book will inspire new work on these problems.

This book was started during the visit of the first named author to Miami University
in Oxford, Ohio, USA, for the 2010/11 academic year. He thanks the Department of
Mathematics and Miami University for their hospitality and financial support.

We are grateful to our coauthors A. Dorogovtsev, V. Kadets, O. Maslyuchenko,
V. Mykhaylyuk and A. Plichko for their contributions to new proofs of different results
presented in the book, and to A. Kusraev, M. Ostrovskii and M. Pliev for their helpful
comments on preliminary drafts of the book. We also thank G.J. H. M. Buskes for
bringing to our attention the reference [99].

Chernivtsi/Oxford (Ohio), Mikhail Popov,
May 2012 Beata Randrianantoanina
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Chapter 1

Introduction and preliminaries

1.1 Background information

We assume that our readers are familiar with functional analysis in general, and the
well-known facts on Banach spaces. Standard texts on this material include books
by Lindenstrauss and Tzafriri [79, 80] and Albiac-Kalton [3]. Some sections require
elementary knowledge on vector lattices; we refer the reader to the books by Alipran-
tis-Burkinshaw [6] and Kusraev [74].

For the sake of generality, in a number of statements we consider the so-called
Kothe F-spaces as domain spaces for narrow operators. We understand that some of
the readers may not be interested in the non-Banach case. However, some signifi-
cant applications to the isomorphic structure concern the nonlocally convex F-spaces,
(these are contained in Chapter 3, and do not play a significant role in other chapters).
Our main reference in this direction is Rolewicz’s monograph [122].

1.2 Terminology and notation

Throughout the book, we consider K&the function spaces (for definitions see below)
on finite atomless measure spaces only. We concentrate on atomless spaces since, by
definition, a narrow operator must send any atom to zero, and hence a narrow operator
is a direct sum of the zero operator on the atomic part and a narrow operator on the
atomless part of a measure space. Furthermore, an operator defined on a Kothe F-
space on an infinite atomless measure space is narrow if and only if all its restrictions
to finite measure parts are narrow. Therefore, we consider finite atomless measure
spaces only.

Let (2, X, i) be a finite atomless measure space. For A € X, we set X(A4) = {B €
Y:B C A} and 2T (A) = {B € Z(A): u(B) > 0}. In particular, &7 = 1(Q). By
a sub-o-algebra of ¥ we mean a sigma-algebra X of subsets of 2 such that ¥; € X.
In particular, 2 € X for each sub-o-algebra £ of X¥. For A, A; € X,i € [ the
notation A = | |;; A; means that A = | J;; A; and simultaneously 4; N 4; = @
foreach i, j € I,i # j. For the o-algebra of Lebesgue measurable subsets of the
unit segment [0, 1] we use the same notations X and u as in the case of an arbitrary
measure space (2, X, ). By 14 we denote the characteristic function of aset A € X.

If M is a subset of a vector space X, then lin M denotes the linear span of M in X,
thatis, linM = {3 ;_,axxg:n € N,ap € K, xxp € M, k = 1,...,n}, where
K € {R,C} is a scalar field. The equality X = Y & Z for a linear space X and its
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subspaces Y, Z means that X is a direct sum of subspaces Y and Z, that is, for every
x € X there exist unique elements y € Y and z € Z, such that x = y + z.

For a Banach space X by By and Sx we denote the closed unit ball and the unit
sphere of X, respectively. The symbol [x,]32; (or simply [x]) denotes the closed
linear span of a sequence (x,);2;; and M denotes the closure of a subset M of X.

Let1 < p < oo andlet (X,,)32 ; be a sequence of Banach spaces. By (3_p—; Xx)p
we mean the £,-sum of X ns that i 1s the Banach space of all sequences x = (x,)52,
Xn € Xy such that ||x||—(zn 1 %, 12)YP < 0o if p < oo and for p = oo we set
61 sup, ey llnll < oo.

For Banach or F-spaces X and Y, the symbol £ (X, Y) stands for the linear space
of all continuous linear operators from X to Y. In the case when X,Y are Banach
spaces, £(X, Y) is a Banach space endowed with the standard norm. If X = Y then
we shorten £(X) = L£(X, X).

1.3 Narrow operators on function spaces

F-spaces

An F-space is a complete metric linear space X over a scalar field K € {R, C} with
an invariant metric p (i.e. p(x,y) = p(x + z,y + z) for each x,y,z € X). Any
complete metric linear space has an equivalent invariant metric [122, Theorem 1.1.1].
We set || x|| = p(x,0), and so, p(x,y) = |[x — y||, because p is invariant. Thus
defined map || - || : X x X — [0, +00) is called the F-norm of the F-space X.

A very important class of F-spaces that are not Banach spaces is the class of L, (u)-
spaces with 0 < p < 1. Given a finite measure space (2,%, ) and 0 < p < 1,
L, (1) is defined as the linear space (with respect to the natural operations of addition
and multiplication by scalars) of all classes of equivalent X-measurable functions

: Q — K such that ||x||p fQ |x|? du < oo. The space Lo(u) is defined as the
lmear space ¢ of all classes of equivalent X-measurable functions x : & — K with the
metric [|x[lo= fq|x[/(1 + |x]) die < co.

The space L,(u) for 0 < p < 11is an F-space with respect to the defined above F-
norm. It is well known and not hard to check that the metric convergence in Lo(u) is
equivalent to the convergence in measure.

For elements x,y of Lo(u) the inequality x < y means that x(w) < y(w) for
almost all w € 2.

An important class of Banach spaces, which are linear subspaces of Lg(u), are the
spaces L, (u) for 1 < p < oo defined by

1/p
L) = {x & Lo(u): x| = (/QIXIPdM) < oo} |
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and the space

L =J{x €L x| = inf sup |[x(#)| < ooy .
() { o(iliall = if | sup (3 0) }

Kothe F-spaces and rearrangement-invariant F-spaces

Let (2, X, 1) be a finite measure space. An F-space E of equivalence classes of
measurable functions on €2 is called a Kothe F-space if the following conditions hold:

(Ki) ifye€ Eand|x| <|y|thenx € E and | x| < [|y];
(Kii) 1g € E.

If, moreover, E is a Banach space and
(Kiii) E S Li(n)

then E is called a Kothe—Banach space.

Note that, in the terminology of Lindenstrauss—Tzafriri [80, p. 28], a K&the func-
tion space is a Kothe—Banach F-space in our terminology, without the assumption of
integrability of its elements.

Let E be a Kothe—Banach space. Using the closed graph theorem, one can show
that, by (Kj;;), the inclusion embedding of E to L1(u) is continuous. For the same
reason, every element y € Lj(u) such that x - y € L{(u) for every x € E, defines
anelement g € E* by

g(x) =/ xydu . (1.1)
Q

The set of all elements of E* of form (1.1) is denoted by E’. It is a Kéthe-Banach
space with respect to the norm || y ||E/d§ sup{[q xydu' : x € Bg}.

A Kothe F-space E is said to have an absolutely continuous norm provided that
lim, o0 [|x - 14, || = O for each x € E and every decreasing sequence of sets 4, €
> with ﬂzozl A, = 0. It is not hard to show that, if £ is a Kothe F-space on a
finite measure space (which is always assumed in this book) then the norm of E is
absolutely continuous if and only if lim,(4)—¢ [|x - 14]| = O for each x € E.

The majority of results on narrow operators are obtained under the assumption that
the norm of the domain space is absolutely continuous. However, it is possible to
replace this assumption with a weaker property, which is sufficient for most of these
proofs.

Definition 1.1. We say that a Kothe F-space E on a finite atomless measure space
has an absolutely continuous norm on the unit if lim 4y [|14]| = 0.

Observe that if a Kothe F-space E on (€2, X, ) has an absolutely continuous norm
on the unit, then £ has an absolutely continuous norm on “any essentially bounded
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element.” Indeed, let x € Lo, say, || x|, < no for some ng € N. Then for each
A € ¥ wehave ||x - 14| < |[nolall < nollal] = 0as u(A4) — 0.

Evidently, an absolutely continuous norm is an absolutely continuous norm on the
unit. The following example shows that the converse is not true.

Example 1.2. There exists a Kéthe—Banach space E on [0, 1] with an absolutely con-
tinuous norm on the unit, which is not absolutely continuous.

Proof. Let Eo be any Kothe-Banach space on [0, 1] with an absolutely continuous
norm, and let [0, 1] = | |72 | A, with A, € =7 for each n € N. Then the Kéthe—
Banach space E = (|J;—; Eo(A4x))oo has the desired properties. Indeed, since
Ialle = sup, [Lana, 50 < IL4llEe. we have that limy, oo | Lallz = O by
the absolute continuity of the norm of Eg. Thus, setting x = > oo |14, ||E(1) 14, . we
obtain that ||x-14, | = 1foreachn € N, and hence, the norm of E is not absolutely
continuous. O

The space L (u) has an absolutely continuous norm if 0 < p < oo and does not
have an absolutely continuous norm on the unit if p = oo.

For a function f € Lo(u), we define the distribution function dg: R — [0, u(£2)]
of f byds(a) = plw € Q: f(w) > a}.

We say that two functions f and g are equimeasurable if they have the same dis-
tribution function, that is, dy(a) = dg(a) for all a € R. Two functions f and g are
called equimeasurable in modulus if their moduli have the same distribution function,
that is, d| r|(a) = d|g|(a) foralla > 0.

Following Braverman [22], we will say that an F-space E on a finite measure space
(2, X, ) is rearrangement-invariant (r.i.) if

(a) if x € E and |y| < |x|ae.theny € E and ||y||g < ||x| E, and

(b) if x € E and d|,| = d|y| then y € E and ||y|g = ||x|E.

We note that in the literature, some authors include additional conditions in the
definition of an r.i. space. Some authors also use a term “symmetric space” in this
context.

We will always consider r.i. spaces on a finite atomless measure space (2, X, ).
All the spaces Lp(n) with 0 < p < oo are r.i. F-spaces. For more information on r.i.
F-spaces see [22, §80].

Some important systems of functions

We define the dyadic intervals as I,f = [kz_n1 , 2%) forn =0,1,...andk =1,...,2".

The Loo-normalized Haar system is the following sequence in Lo: hy=1and

h = 1,001 — 1,2
2" +k In-l—l In+1
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forn =0,1,2,...and k = 1,2,...,2". So_metimes it is convenient to enumerate
the Haar system in a different way, namely hgo = 1, hn =1 726~ 1,2« for
n—+1

n =0, 1,2 ..and k = 1,2,...,2". We reserve the notation (%, ) o2 or (hoo) U
(hn )50 k , for the normahzed Haar system in a Kothe space E on [0, 1].

It is well known that the Haar system is a monotone basis of every separable r.i.
Banach space E on [0, 1] [80, p. 150], and it is an unconditional basis of £ = L, for
any p € (1,00) [80, p. 155]. Moreover, it is an unconditional basis of a separable r.i.
space E on [0, 1] if and only if the Boyd indices of E satisty 1 < pg andgg < oo [80,
p. 157]. The Haar system is the “best” possible system in any r.i. space E in the
following sense: if £ embeds isometrically into a Banach space X with a basis (x;)
then, for each ¢ > 0 there exists a block basis (1) of (x,,), which is (1+¢&)-equivalent
to the Haar system in E (this property is called the precise reproducibility of the Haar
system [80, p. 158]). In particular, it follows that if £ embeds isomorphically into a
Banach space with an unconditional basis then the Haar system is unconditional in £,
and in this case the unconditional constant of the Haar system is the least possible
among all unconditional constants of unconditional bases of E.

Definition 1.3. Let (2, X, i) be a finite atomless measure space. A sequence of sets
(Gni)pe 0,: 1» Gnk € Xis called a tree of sets if

Gni = Gny1,2k—1 U Gt ok and (1(Gpi1ok—1) = w(Gri12k) = 5 (Gui) .

forn =0,1,...and k = 1,...,2". The corresponding system of functions (g;){,
defined by g1 = 1G,, and gonyx = 16, 6y — 16,40 forn = 0,1,... and
k =1,...,2" is called a Haar-type system.

As in the case of the Haar system, we will also sometimes use another notation for
a Haar-type system: (£0,0) U (gx,i) e iy k , and for a tree of sets (see Definition 7.5).
The following notion plays an important role in the book.

Definition 1.4. An element x € Lo(u) is called a sign if x takes values in the set
{—1,0,1}, and a sign on A € %, if it is a sign with suppx = A. A sign x is of mean
zero, provided [, x dju = 0.

Let (2, X, i) be a finite atomless measure space. Given A € T, by a Rademacher
system on A we mean any sequence of mean zero signs on A which are independent
random variables. In other words, a sequence (r,) of mean zero signs on A is a
Rademacher system on A if for any n € N and any n-tuple of sign numbers (6¢)_;>
Or = £1 we have u{w € Q : rp(w) = Ok, k = 1,...,n} = 27" u(A). Since p is
atomless, it is easy to construct such a sequence. The usual Rademacher system on
[0, 1], or just the Rademacher system, is the sequence defined using the Haar system
by

on on—1

n = Z Ek:ZEn—l,ky n=12,....

k=2n—141 k=1
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Note that r,, () = signsin(2"¢t) for each n € N and almost all ¢ € [0, 1]. If an r.i.
space E on [0, 1] is not equal to L, up to an equivalent norm, then () is a weakly
null sequence in £ [80, p. 160].

By N =% we denote the set of all finite subsets of the positive integers. The Walsh
system (Wy)jeN<e is defined as

wi =]

iel

where (7;,) is the Rademacher system (in particular, wg = 1, by convention). The
Walsh system with respect to the lexicographical order wg, wy1y, Wiz}, W1 2}, W3}
Wy1,3}> W{2,3}> W{1,2,3}--- 18 @ Schauder basis of L, for 1 < p < co. The Walsh
system is an orthonormal basis of L, a conditional basis of L, for p # 2, and a
Markushevich basis of Lj.

Conditional expectation operator

Let (2, X, ) be a measure space and let ¥ be a sub-o-algebra of . The conditional
expectation y = M¥ x of an x € Ly (or, generally, x € L1(X) where X is a Banach
space) with respect to ¥ is defined as the ¥ -measurable function y € L (¥) (respec-
tively, y € L1(X)) such that [, xdu = [, ydpu, for each A € ¥. The uniqueness
of the conditional expectation is obvious; its existence in the scalar case is guaranteed
by the classical Radon—Nikodym theorem; in the vector-valued case is proved in [29,
p. 123], and in the case when ¥ is generated by a finite partition Q = | [}, Ag,
Ay € X, is easily verified. Indeed, for each x € L1(X) we have

MF x = i(

k=1

du ) 14, . 1.2
i) Jy, ) 1 2

It is well known that the conditional expectation operator M ¥ with respect to any
sub-o-algebra ¥ of X is a contractive projection on L, (X), forany p € [1, +00) [29,
p. 122].

A typical example of a conditional expectation operator with respect to a nonatomic
sub-o-algebra is the integration in L 1[0, 1] over one of the variables

(M% x)(s,1) = / x(s,t')dr’,

s

where # = {A x [0,1]: A € X}.

Narrow operators and rich subspaces of Kothe spaces

For the rest of the book, unless specifically noted, by a Kothe F-space we mean a
Kothe F-space on a finite atomless measure space.
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Definition 1.5. Let £ be a Kothe F-space and X be an F-space. An operator T €
L(E, X) is called narrow if for each A € £ and each & > 0 there exists a mean
zero sign x on A such that | Tx|| < e. If for each A € 7 there exists a mean zero
sign x on A such that Tx = 0 then T is called strictly narrow.

The property for an operator to be strictly narrow is a property of its kernel. This
leads us to the notion of a strictly rich subspace.

Definition 1.6. Let E be a Kothe F-space. A subspace X of E is called strictly rich
if for every A € X there exists a mean zero sign x on A that belongs to X.

Obviously, X is strictly rich if and only if the quotient map from E onto E/X is
strictly narrow. On the other hand, an operator is strictly narrow if and only if its
kernel is strictly rich.

Definition 1.7. Let £ be a Kothe F-space. A subspace X of E is called rich if the
quotient map from E onto E/X is narrow.

In other words, X is rich if for every A € 7 and every & > 0 there exists a mean
zero sign y on A and x € X such that ||x — y|| < &.

The same definitions can be applied for a wider class of maps. In particular, to
prove that every order-to-norm continuous AM-compact operator (see Section 10.2)
from a vector lattice to a Banach space is narrow, we consider nonlinear narrow maps.

The following left-ideal property of narrow operators immediately follows from the
definition.

Proposition 1.8. Let E be a Kothe F-space and let X, Y be F-spaces. If T : E — X
is a narrow (resp., strictly narrow) continuous linear operator and S : X — Y isa
continuous linear operator then ST : E — Y is narrow (resp., strictly narrow).

However, the set of all narrow operators from a Koéthe F-space E to an F-space X,
as we will see later, very seldom forms a linear subspace in the space £(E, X) (see
Chapter 5).

If the domain space has an absolutely continuous norm on the unit then the con-
dition on signs to be of mean zero can be equivalently removed from Definition 1.5.
Moreover, the following conditions are sufficient for an operator to be narrow.

Proposition 1.9. Let E be a Kithe F-space with an absolutely continuous norm on
the unit, X an F-space and T € £(E, X). Then the following assertions are equiva-
lent:

(1) T is narrow.
(ii) Foreach A € =% and each & > 0 there exists a sign x on A such that | Tx|| < e.

(iii) For each A € ¥ and each ¢ > O there are B € X (A) and a sign x on B such that
p(B) = (A)/2 and ||Tx|| <e.
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Proof. (iii) = (ii). Fix A € ¥ and ¢ > 0. Choose B; € X(A) and a sign x{ on By so
that u(B1) > u(A)/2 and ||T x| < &/2. Then set Ay = A\ Bj, and choose B, €
3 (A1) and a sign x, on By so that u(Bz) > u(A1)/2 > n(A)/4 and | Txz| < /4.
Suppose Bji, ..., B, and x1, ..., x, have been chosen. Put A, = A\ (B1U...UBy)
and choose Bj4+1 € X(Ay) and a sign x,4+1 on Byt so that w(By+1) > u(An)/2
and || Txp+1] < &/2"F1. Then put x = Y 72 | x, (the series converges because E
has an absolutely continuous norm on the unit). Since (x,) are disjoint signs and
w(A\ Upey Bn) =0, x isasignon A and || Tx|| < & by the construction.

(i) = (1). Fix A € ¥ and ¢ > 0. The absolute continuity of the norm on the unit
yields that there is § > 0 such that for every B € X the condition p(B) < §/2 implies
I2-1p || < &/Q||T||) (for general F-spaces we cannot take a constant out of the norm,
however |au,| — O as |u,| — O is still true). Now we choose n € N so that
w(A)/n < § and partition A into n subsets Ay, ..., A, of measure p(A)/n. For each
k =1,...,n choose a sign xz on Ax with |Txx| < &/(2n) and setay = [q xx dpt.
Since |ag| < w(A)/n for all k, we can inductively choose sign numbers 6, = £1 so
that

Then X = ) y_, Okxx is asign on A with | TX|| < &/2 and

A
Q n

Now we put AT = {w € Q : X(w) = 1} and A~ = A\ AT. Observe that
X = Iy — 14— and |u(A1) — w(A7)| < u(A)/n. Without loss of generality we
may and do assume that (A) > u(A7). Choose Ag € Z(A™) so that 2u(A4g) =
w(A1) — (A7) and set

@ =]l ifocd
HOTZN F(w) if w e Q\ Ao,

It remains to observe that x is a mean zero sign on 4 and
- - £
I7x] < | TG =D + 173 < ITH2 1o | + 5 <.

The implication (i) = (iii) is obvious. O

We do not know whether Definition 1.5 remains the same if for operators from
£(Loo, X), the condition on a sign to be of mean zero, is omitted.

Open problem 1.10. Does Definition 1.5 remain the same for £ = L if the condi-
tion on a sign to be of mean zero is omitted?
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Theorem 11.55 below provides a partial answer to this problem.
The following lemma is a useful characterization of narrow operators.

Lemma 1.11. Let E be a Kothe F-space, X an F-space, and T € £(E, X)) a narrow
operator. Then for each A € 3, ¢ > 0 and any integer n > 1 there exists a partition
A = A’ u A" into disjoint subsets of measures 1(A") = (1—=2"")u(A) and p(A”") =
27" (A) such that |Th|| < &, where h = 14 — (2" — 1)14.

For the proof one should use the definition 7 times.
We will also use the following elementary fact.

Lemma 1.12. Let E be a Kéthe—Banach space on [0, 1] with an absolutely continuous
norm on the unit, X a Banach space and T € £(E, X). Assume that for any dyadic
interval I,]f and any ¢ > 0, there exists x € E such that x> = 1,k and | Tx|| < e.
Then T is narrow. !

Proof. Givenany A € ¥ and ¢ > 0, we choose n € N and J C {1,...,2"} so that

for I = Ujeys I;] we have |[14a7] < ﬁ Then for each j € J we find x; € E

£

2 . —
such that x7 = 111{ and [|Tx;| < where m = [J|. Then settingX = }_;c; x;

2m
we have that x2 = 17 and | TX|| < 2 jer ITxjll <e/2.
Finally, setting x = 14\; + X - 1407 we obtain x* = 14 and ||x — X = [[14az]-

Thus, by the above,

ITx]| < 17X + [T Mllx =] <

N ™

By Proposition 1.9, T is narrow. m|

1.4 Homogeneous measure spaces and Maharam’s theorem

When considering an r.i. space £ on a general measure space (€2, X, i), sometimes it
is convenient to consider £ over an isomorphic measure space of a special kind which
is provided by the Maharam theorem, as we describe below.

Some set-theoretical terminology

For the set-theoretical terminology we refer the reader to Jech’s book [48]. A set A4 is
called transitive if the relations C € B € A imply C € A. A transitive set which is
well ordered by the relation € is called an ordinal. For example, the sets

0y, 1€0y = (0. 2&0. 1} = (0. {0}). 3&70.1.2} = {@,{0}, {@,{@}}},...

are ordinals. The set {0, {0}, {{@}}} is transitive but is not an ordinal. The axioms of
ZFC (more precisely, the axioms of choice and regularity) imply that, if a transitive
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set is linearly ordered by the relation € then it is an ordinal. Any well-ordered set A
is isomorphic to a unique ordinal y (i.e. there exists a monotone bijection between A
and y). For any two ordinals 8,y one of the following mutually exclusive relation
holds: B € vy, B = v,y € B. So, the natural well ordering of ordinals is defined as
B < y ifand only if B € y. In particular, an ordinal y equals the set of all ordinals
less than y.

The cardinality of a set A is denoted by |A|. A cardinal is any ordinal y having
the property that || < |y| for every B € y. An infinite cardinal y is denoted by wy,
where « is the ordinal which is isomorphic to the set of all infinite cardinals, less
than y. For example, wq is the least (countable) infinite cardinal; w;p is the least
uncountable cardinal. For every ordinal « there exists the cardinal w,. The cardinality
of the cardinal wy is denoted by Ry, i.e. |wy| = R

Isomorphisms of measure spaces, homogeneous spaces

Given a measure space (2, X, u), by S we denote the Boolean o-algebra of sets
from X, equal up to a set of measure zero, with respect to the natural operations Vv
and A. Two measure spaces (£2;, Xi, i), i = 1,2 are called isomorphic, if there
exists a Boolean measure-preserving isomorphism between the Boolean algebras ol
and 22 We say that an isomorphism 7 : (21, i) — (22 W2) is induced by a map
J 1 Q1 — Q; provided that 1(¢1(A)) = ¢2(J(A)) for every A € X1, where ¢; is
the quotient map from X; to 3 fori =1,2.

Note that r.i. spaces defined on isomorphic measure spaces are isometric. In-
deed, for every f € E(21, X1, 1), if T is an isomorphism between (21, X1, 1)
and (2,25, u2) then Tf(t) = f(r~1(t)) defines an equimeasurable function on
E(Q2, X2, 12).

The density dens X of a topological space X is defined to be the least cardinality
of a dense subset of X. Let (2, X, i) be a measure space. By dens ¥ we denote the
density of the metric space (Ef, p) where p(A, B) = u(AAB). One can show that
dens ¥ = dens L, (2, X, u) forevery p € [0, 00).

A measure space (2, X, u) is called homogeneous if dens X (A) = dens X for
each A € 7. By the Maharam theorem [87], [75, p. 122], [110, p. 17], a homoge-
neous measure space (€2, X, 1) is isomorphic to the measure space (D, Xy, , hw, )
where D®« is the wyth power of the two-point set D = {—1, 1} with the Haar measure
Hw, on the compact Abelian group D®* where 8, = dens X.

If the reader has never considered this measure space, it is worthwhile to outline
some details of the construction. Given any nonempty set J, the set DY is the set of
all J-sequences of sign numbers & : J — D. For any finite subset F C J and a
collection ® = (6;);jeF of sign numbers 6; € D we define the cylindric set

Ape =16 e D’ :£(j) =0; foreach j € F}
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of measure uj(Afr.@) = 2~ 1FI. The collection of all disjoint unions of cylindric sets
is an algebra, called the cylindric algebra, to which the measure p ; is extended in the
obvious manner. Then X ; is defined to be the least o-algebra containing the cylindric
algebra, with the extended measure 1.

Definition 1.13. We say that a function x : D7 — K depends on the coordinate
j e Jiftheset {& € D/\UY : x(& x {1}) # x(& x {—1})} is not a null set with
respect to the measure s\ (;}-

A measurable function x : D% — K depends on, at most, countable set of coor-
dinates [36].

The Maharam theorem

By a disjoint union of sets (A;)ie; we mean a union of “disjoint copies” of these
sets, for example | ;7 (4; x {i}). Let (;, X;, 1), i € I be any family of measure
spaces. Denote by €2 the disjoint union of the sets = | J;<; ©2; x {i} and let

Qi =Qix{i} and ¥ ={Bx{i}: Be¥;}, foral iel.

Define a o-algebra X of subsetsof Qas X ={A CQ: (Viel)(4AN Qi € fi)},
and a measure p on X by pu(A) =) iy ni(AN 5,-).

The measure space (2,X,u) is called the direct sum of measure spaces
(2;,%;, i), i € I and is denoted by

(Q.3.0) =) & (. Zi. i) -

iel

We denote the measure space (2, X,¢e- ) by e (2, X, ).
As a consequence of the Maharam theorem we obtain the following result, which
is also called the Maharam theorem.

Theorem 1.14 (Maharam [87] (1942)). For arbitrary finite atomless measure space
(2, X, ) there exists a unique, at most, countable collection of ordinals M and a
decomposition Q@ = | |yep Qo with Qy € ST, which is also unique, up to measure
zero sets, such that (R, X(Qa). 1|5 (Q,)) IS isomorphic to &y - D%, where gy =
w(Qa). In other words, (2, X, ) is isomorphic to the direct sum ) ,c 0 D €q -
(D®, Epy s g )-

__ Observe that the isomorphism of the corresponding Boolean algebras f(Qa) and
¥, 1s induced by a map from Q¢ to D® in the proof of Maharam’s theorem.

Definition 1.15. The collection of ordinals M that appears in Theorem 1.14 will be
called the Maharam set of the measure space (2, X, ().
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A very important special case of the Maharam theorem is the Carathéodory theorem
(see [75, p. 127]):

Theorem 1.16 (Carathéodory). Every two separable atomless probability spaces are
isomorphic.

As a consequence, an r.i. space which is defined on [0, 1] can be considered, iso-
metrically, as defined on [0, 1] or %, whichever is more convenient.

1.5 Necessary information on vector lattices

For more information on vector lattices we refer the reader to [6] and [74]. A vector
space (over the reals) E with a partial order < is called an ordered vector space if

o forallx,y e Fifx <ythenx +z <y + zforeveryz € E;

e forallx,y € E,if x < y then ax < oy for every & > 0.

An element x of an ordered vector space E is called positive if x > 0, and the set of
all positive elements of E is denoted by ET = {x € E : x > 0}. A subset X of
a partially ordered set E is called order bounded if there exists M € E™ such that
|x| < M foreachx € X.

An element x¢ of a subset A of a partially ordered set E is called the least upper
bound of A (and is denoted by x¢ = sup A) if

e x < xo forevery x € A;

e forevery y € E,if x < y forall x € A then xg < y.

Analogously (by replacing the order direction < in the inequalities with >), we define
the greatest lower bound of a subset A of a partially ordered set E, which is denoted
by inf A. An ordered vector space E is called a vector lattice (or, Riesz space) if for
any two elements x,y € E there exists the least upper bound x Vv y = sup{x, y}
and the greatest lower bound x A y = inf{x, y} of the two-point set {x, y} in E.
Due to the vector structure, one may require the existence of the least upper bound of
any two-point set in E in this definition. A vector lattice is called Dedekind complete
if each bounded from above set has the least upper bound. A vector lattice E is
called Archimedean if inf{n='x : n € N} = 0 for each x € E*. We will only
consider Archimedean vector lattices, which include all Dedekind complete vector
lattices [129, p. 64]. A subset F' of a vector lattice E is called order closed, if for any
subset G C F the existence of y = supG € E (or y = inf G € E) implies that
yelF.

Let E be a vector lattice. For every x € E the elements x™ = xV0, x~ = (—x)V0
and |x| = x Vv (—x) are called the positive part, the negative part, and the modulus
of x, respectively. Observe that x = x* — x~ and |x| = x™ + x~. Two elements
x,y € E are called disjoint (or orthogonal) if |x| A |y| = 0 and this fact is written as
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xL y. Itis not difficult to see that x ™ Lx~ for each x € E. In general, x = x* — x~
is not a unique representation of x as a difference of two positive elements. However,
it is a unique representation of x as a difference of two disjoint positive elements.
Two subsets A, B C FE are disjoint if x L y for all x € A and y € B. For any subset
A C E by A% we denote the set A2 = {x € E : A and {x} are disjoint}. The
notation x = | | _; xx means that x = Y j_, xz and x; L x; if i # j.

Following [2, p. 86] we say that an element ¥ > 0 of a vector lattice E is an atom,
whenever 0 < x <u,0 <y <wuand xAy = 0imply that either x = O or y = 0. For
a Dedekind complete vector lattice £ we can equivalently reformulate this definition
as follows. A nonzero element x of a Dedekind complete vector lattice E is an atom
if for each y € E the equality |x| = |y| is possible only if y = x or y = —x. A
vector lattice E is atomless if there is no atom x € E.

An element y of a vector lattice E is called a fragment (in other terminology, a
component) of an element x € E, provided y L (x — y). The notation y C x means
that y is a fragment of x. Evidently, a nonzero element x € FE is an atom if and
only if the only fragments of x are 0 and x itself. Hence, a Dedekind complete vector
lattice E is atomless if each nonzero element x € E has a proper fragment y T x,
that is, 0 # y # x. Clearly, any Kothe F-space on an atomless measure space is an
atomless vector lattice.

A disjoint tree on a positive element of a vector lattice. The following object will
be used in different constructions below. Let E be a vector lattice and 0 # ¢ € E™T.
A sequence (e,);2; in E is called a disjoint tree on e if ey = e and 0 < e, =
exn Uezp41 foreach n € N. Clearly, all e, are fragments of e.

The order convergence

We shall consider the order convergence in vector lattices. Here we give a brief intro-
duction; for more details we refer the reader to [5].

Let E be a vector lattice. By a net in E we mean any function ¢ : A — E from a
directed partially ordered set A (that is, for each o, 8 € A there is y € A such that
a <yand B < y)to E. Such anet is denoted by (xq)gea, Where xo = ¢ (), or just
by (x4 ) if we are not interested in paying attention to a concrete set of indices A. A net
(Xa)aen is called increasing (resp., decreasing) provided xo < xg (resp., Xo > Xg)
for all indices @ < 8 from A. In this case we write xo 1 (resp., Xy {).

A decreasing net (xy) order converges to zero in E (notation x4 | 0) if infy x4 =
0. More generally, a net (xq)qea in E order converges to an element x € E (notation

Xo N x) if there exists a net (4g)gen in E such that ug | 0 and [xg — x| < ug
forall B € A. Amap f : E — F between vector lattices is called order continuous
at a point xg € E if for any net (xy) in E the condition x, 2 x implies that
f(xa) = f(x)in F. Amap f : E — F is called order continuous if it is
order continuous at each point xo € E. We remark that the lattice operations of two
variables x4y, x—y, ax (wherea € R), xVy and xAy and of one variables x — x™,



14 Chapter 1 Introduction and preliminaries

x — x~ and x — |x| are order continuous (to see that, one first needs to prove the
inequalities |x + y| < |x[ + [y], |[[x| = [y[| = [x = y|. [(x Vz) = (y v 2)| < [x — I,
and the same with Vv and A for any x, y,z € E). In particular, the order continuity of
the first of these operations implies that, a linear map between vector lattices is order
continuous if and only if it is order continuous at the origin. For the order convergence,
one can also use the Squeeze theorem, and pass to a limit in an inequality for order
convergent nets.

There is another way, in more natural terms for analysts, to introduce the notion
of order convergence. The lower and the upper order limits of an order bounded net
(x¢) in a Dedekind complete vector lattice £ are defined as follows

liminf xo = sup inf xg = XxXg, limsupxy = infsup xg = Xg .
pinfxe = sup inf g = /\ \/ g, Jimsupra = infsup xg = \/ A\ xg

@ Bra * o B>a

It is a useful exercise to show that liminfy x4 < limsup, xq for any order bounded
net (xq). We remark that an order convergent net need not be order bounded (consider,
for example, the net of real numbers (x,,),cz defined by x, = —n forn = —1,-2,...
and x,, = 0forn = 0,1,2,...). However, it is not an essential restriction to consider
only order bounded nets.

Proposition 1.17. For an order bounded net (xy) in a Dedekind complete vector
lattice E the following conditions are equivalent:

(a) (xq) is order convergent;

(b) liminfy x4 = limsup, xq.

Moreover, if these conditions hold, the order limit equals the lower and the upper
limits.

One can find a proof of Proposition 1.17 in [5, p. 323].
We will use the following characterization of the order convergence in Kéthe F-
spaces.

Proposition 1.18. Let E be a Kithe F-space on a finite atomless measure space
(2,2, n). A sequence (xp,) in E order converges to an element x € E if and only if
(xp) is order bounded in E and x,, — x a.e. on Q.

Proof. 1t is not a difficult technical exercise to show that for a decreasing sequence
yn | in E, the conditions inf, y, = 0 and y, — 0 a.e. on Q are equivalent. So,
the condition |x, — x| < y, | O implies the order boundedness of (x,) and that
X, — x a.e. on . Now let (x;) be order bounded and x,, — x a.e. on . We set
Yn(t) = sup,,s, |Xm() — x(t)| for each t € Q. Then |x, — x| < y, and y, |. By
the above, y, IO. O
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Definition 1.19. Let £ be a vector lattice. For an arbitrary set J a series ) ;¢ X;
of elements x; € E is called order convergent and the family (x; ), e is called order
summable if the net (ys)sej<o, Vs = Zjes xj order converges to some yg € E,
where J =% is the net of all finite subsets s C J ordered by inclusion. In this case yq
is called the order sum of the series ) _;cy xj and we write yo = > ;e Xj. A se-
ries D ;¢ x; is called absolutely order convergent and the family (x;);ey is called
absolutely order summable if the series ;¢ ; |x;| order converges.

We shall use some elementary properties of the above notions.

Proposition 1.20 ([92]). Let E be a Dedekind complete vector lattice, x;j € E +
j € J. Then we have the following:

(i) The order convergence of »_ jeJ Xj is equivalent to the order boundedness of
. 2. s _
{2 jer Xj it € J=C) inthis case Y jcy Xj = SUPseg<w D_jer Xj-

(i1) If the series Zje] x; order converges and y; € E are such that |y;| < xj,
for j € J, then the series Zjej y;j is also order convergent and | Zje] vl <

Zje] Xj-

Proof. To prove (i), it suffices to observe that, by positivity of the elements, for each
s € J=% we have sup;>¢ > ;e Xj = SUPsej<w ) Xj if both corresponding sets
are bounded. Moreover, the boundedness of these sets are equivalent.

(i) Assume first that y; > O for every j € J. Then the set {Zjet yj i telJ=¢)
is bounded by > jes Xj. Since E is Dedekind complete, there exist the least upper
bound ¢y yj = SUprej<w S Xje; Vi < SUPrej<o X e xJ =2 jes Xj-

Now we consider the general case |y;j| < xj. Let y = Zjej yf, y-
djes Vi y = yT — y~. Then for each 5o € J =% we obtain

sglsfo ?UPZ)}] = ,inf Sup(z y] Zyj) = sglsfo ?Up( _Zyj_)

$ZS50 t>g jet JEs

— — T = + —y =

=i (=) =t =

Analogously,
_ g 7)) > ( )
Dm0 D

= sup(Zyj -y ) =yt —y =y,

§>50

Thus, we have proved that SUPg>g, inf;>g Zjet yj =z y = infg>g SUP;s g Zjet Vi
On the other hand ,

inf supZy] > 1nf sup(Zyj -y )— inf(yt —y)=y.

5250 t>¢ $>50
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Hence, infy>g, sup,s Zjet yj = y. Analogously, supy, inf;>s Zje, i =y
Finally, using (i), we obtain that

‘Zy;) ==y <y +y =D 0+ D 05

jeJ jeJ jeJ

=Y 0F+y) =) il =) %

jeJ jeJ jeJ O

Corollary 1.21. An absolutely order convergent series y jeJ Xj in a Dedekind com-
plete vector lattice is order convergentand | 3 iy Xj| < ey |%j.

We shall show later that the absolute order convergence of a series of operators
in L1 is equivalent to the strong £1-sum of operators introduced by Rosenthal in [128].
But first we need to introduce the lattice structure in the operators space.

Lattices of linear operators and the modulus of an operator

Given vector lattices £ and F, by L(E, F') we denote the vector space of all linear
operators 7 : E — F. Anoperator T € L(E, F) is called:

e positive (we write T > 0) if Tx € F7 for every x € Et:
e regular if T is a difference of two positive operators 7 = S; — S2, S1, 52 > 0;

e order bounded if T sends order bounded sets in E to order bounded sets in F.

The symbols LT (E, F), L,(E, F) and Ly(E, F) will be used to denote the sets
of all positive, regular and order bounded linear operators from an ordered vector
space E to an ordered vector space F. Since every positive operator is obviously order
bounded, we have that L, (E, F) € L (E, F) for arbitrary ordered vector spaces E
and F.

We define an order on L(E, F) by setting S < T ifand only if 7 — § > 0. Itis
an easy exercise to show that L(E, F) is an ordered vector space with respect to the
defined above order. However, this ordered vector space need not be a vector lattice,
in general. The problem is, that S v T and S A T may not exist. It is interesting
to notice that the lattice operations v and A can be described by the modulus of an
element. More precisely,

() xvy=3s@x+y+|x—y)
(i) xAy=3x+y—|x—y)
hold for each x, y € E. Indeed,
X+y+lx—yl=x+y+x—-y)Vv((y—x)
=+ +E=»)V(x+y+»-—x)
= (2x) V (2y) = 2(x Vv y),
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and (ii) is proved analogously. Thus, if for every element x of an ordered vector
space E there exists its modulus |x| = x Vv (—x) then E is a vector lattice.

An answer to the question of when does the ordered vector space of all order
bounded linear operators is a vector lattice, is given by the following theorem, see [6,
p- 12].

Theorem 1.22 (Riesz—Kantorovich’s theorem). Let E, F be vector lattices with F
Dedekind complete. Then the ordered vector space Ly (E, F) is a Dedekind complete
vector lattice. Its lattice operations satisfy the following equalities for every S, T €
Ly(E,F)yandx € E*

(S\/T)x = sup{Sy+ Tz:y,zeET, x=y —I—Z};

(S/\T)x :inf{Sy+ Tz:y,zeET, x=y +Z}.

Thus, if E, F are vector lattices with F Dedekind complete, then for any operator

T € L(X,Y) the following assertions are equivalent:

(a) T isregular.

(b) T is order bounded (in particular, | 7’| exists by Dedekind completeness of F).
Moreover, if these conditions are satisfied then |T'|x = sup{|Ty| : |y| < x} for each
xeET,

The following statement gives useful formulas for evaluating the modulus of an
operator (see [6, p. 15] and [6, p. 39]).

Lemma 1.23. Let E and F be vector lattices with F Dedekind complete. Then for
every T € Ly(E, F) and every x € E™* we have

n n
|T|x=sup{Z|Txi|: x=2xk, xp € ET, neN}. (1.3)
k=1 k=1

If, moreover, E is Dedekind complete then

n n
|T|x=sup{Z]Tx,-|:x= I_lxk, xp € ET, neN}. (1.4)
k=1 k=1
Furthermore, the expression in the braces of the right-hand side of both equalities is
an increasing net with respect to the directed set of all finite partitions of x into disjoint
fragments, ordered as follows: (x;)ie; < (yj)jes if and only if x; = Lljeji yj for
eachi € I and some subset J; C J.

Ideals and bands

A sublattice of a vector lattice E is a vector subspace F of E which is a lattice itself
with respect to the same ordering. A subset A of a vector lattice E is called solid if
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for any x € A and y € E the condition |y| < |x| implies that y € A. A solid vector
subspace is called an ideal. An order closed ideal is called a band. A band I of a
vector lattice E is called a projection band if E = 1 & 1 d

For an arbitrary vector lattice £ and any subset A € E by Band(A4) we denote
the least band in £ which contains A (obviously, the intersection of bands is a band,
so, Band(A) equals the intersection of all bands of E containing A). The following
useful result is well known, see [6, p. 33], [129, p. 62].

Lemma 1.24. Let E be a Dedekind complete vector lattice, A C E be any subset.
Then A% is a band and E = Band(A) & A% In particular, each band is a projection
band.

Let A be a solid subset of a vector lattice E. We denote by Abs (A4) the set of all
sums of absolutely order convergent series ) ;¢ ; x; of elements x; € A.

We will frequently use the following result. It should be noted that the idea of the
statement was implicitly used by Rosenthal in [128] for the case of the lattice £(L)
to obtain a decomposition of any operator T € £(L1) asasum 7 = T, 4+ T, of
a purely atomic and a purely continuous operators, however for the setting of vector
lattices it appeared in papers of O. Maslyuchenko, Mykhaylyuk and Popov [92, 93].

Theorem 1.25. Let A be a solid subset of a Dedekind complete vector lattice E. Then
(i) A2 ={xe€E:forallye A, 0<y<|x| implies y =0);
(i) Band(A) = Abs(A).

In particular, E = Abs(A) & A% is a decomposition into mutually complemented
bands.

Proof. Let B denote the set in the right-hand-side of (i).

(i) Suppose that x € A%, y € Aand0 <y < |x|. Then 0 = |x| Ay = y and
hence x € B.

Now suppose that x € B and y € A. Since A4 is solid and 0 < |x| A |y| < |y], we
have that |x| A |y| € A. By the definition of B and 0 < |x| A |y| < |x| we have that
|x] A ]y| = 0 and hence x € A¢.

(i) By Lemma 1.24,

E = Band (4) & A% . (1.5)
We claim that
E = Abs (A) @ A% . (1.6)

First we prove the existence of an expansion. Let x € E. Since x = x+ — x7, it s

enough to consider the case x > 0. Observe that for each summable family ), .; x;,
x; € E,andeacha € E,a # 0,theset I, = {i € [ : x; = a} is finite. Let S be a
set of cardinality card(S) > card(E). Consider the collection

Ay = {(xj)jes: J S5, xj €4, xj >0, ijfx},
jeJ
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with the order (x;)ie; < (yj)jes if I € J and x; = y; fori € I. Obviously,
I # S for each family (x;);je; € sAx. If Ax = @ then it is easy to see that x € B.
Therefore, (i) implies that x € A% and x = 0 4+ x is the desired expansion. Let
now 4y # @. Since the inequality ) jes Xj = x is equivalent to the inequalities
> jedoXji =X for any finite subset Jo € J then the family (Ay, <) is inductively
ordered. By the Zorn lemma, there exists a maximal element (a;);eys in /Ay. Then
xX; = Zjej aj € Abs(A) and x; < x. Using (i) and the maximality of (a;);ecs
we obtain that x, = x — x1 € A4, Thus, x = X1 + x is the desired expansion.
Since Abs (4) € Band (A4), (1.5) implies that Abs (4) N A4 = {0}. Thus, (1.6) is
proved. It remains to note that Abs (4) € Band (A), (1.5) and (1.6) together imply
that Abs (4) = Band (A). |

We remark that since Abs (A) is a band, it is equal to the set of all sums of (not
necessary absolutely) order convergent series ) ;¢ ; X; of elements x; € A.

Banach lattices

A Banach space X which is a vector lattice with respect to an order < is called a
Banach lattice if for each x, y € X the inequality |x| < |y| implies that || x|| < | y|.
By definition, every Kothe—Banach space is a Banach lattice with respect to the
order x < y whenever x(t) < y(t) a.e. Conversely, every Banach lattice, under
minor assumptions, in certain sense can be considered as a Kéthe—Banach space. To
make it precise, we recall some definitions. Let F' be an ideal of a Banach lattice E.
Anelement e € F is called a weak unit of F provided for every x € F the condition
x1le = 0 implies that x = 0. Two Banach lattices are called order isometric if there
is an order-preserving linear isometry between them, called an order isometry. A
Banach lattice E is called order continuous if for each net (xy) in E the condition

. o . 0
Xq | 0 implies that ||x,|| — 0. Note that in this case the condition x, —> 0 also
implies that ||xy || — 0. If the same is true for sequences only, E is said to be o -order
continuous.

Proposition 1.26. Let E be a Kothe—Banach space on a finite atomless measure
space (2, X, ). Then the Banach lattice E is o-order continuous if and only if E
has an absolutely continuous norm.

Proof. Assume E is o-order continuous. Then, given any x € E, A, € X, Ap41 C
An, (nei An = 0, then |x| - 14, | 0 and hence, ||x - 14, | — O, that is, £ has an
absolutely continuous norm.

Let £ have an absolutely continuous norm, x, € E, x, | 0. We prove that
x| — 0. Assuming the contrary, we choose a subsequence (y,) of (x,) so that
lyn|l = & for all n and some § > 0. Since x, | 0, by Proposition 1.18, y, — 0 a.e.

on 2, hence, there is a subsequence (z;) of (y,) such that z, 20 particular,
w(Ay) — 0 where A, = {t € Q : |z,(¢)] = §/2}. By the absolute continuity of



20 Chapter 1 Introduction and preliminaries

norm, [xy - 14, || — 0. Let no be such that |[xy - 14, || < 8/2. Since |zp,| < [x1], we
have that ||z, - 14, II<1lx- 14,, || < &/2 and hence,

5§ 6
[znoll = llzn0 * Lany | + 200 - 1204, | < ;T3 s,

a contradiction. O

Below we mention two results which imply that the notion of a Banach lattice is
not far from K&the—Banach spaces.

Theorem 1.27. (Kakutani, [80, Proposition 1.a.9]) Every order continuous Banach
lattice X can be decomposed into an unconditional direct sum of a (generally un-
countable) family of disjoint ideals (X3 )yep, each X) having a weak unit e, > 0.
More precisely, every x € X has a unique representation X = Y ;ca X3, with
X) € Xy forall A € A, where the series has, at most, countably many nonzero
terms and converges unconditionally. Moreover, if Z is a separable subspace of X
then one of the indices, say Ao, can be chosen so that Z C X,

Corollary 1.28. Every separable subspace Z of a Banach lattice X is contained in
some ideal Xo of X with a weak unit.

Theorem 1.29. ([80, Theorem 1.b.14]) Let X be an order continuous (= o-Dedekind
complete and o-order continuous) and Banach lattice with a weak unit. Then there
exists a probability space (', %', 1), an ideal (not necessarily closed) Y of L1(i")
and a lattice norm || - ||y on'Y such that

(a) there is an order isometry J . (Y, | - |ly) — X;
(b) Loo(it) is dense in Y, and Y is dense in L1(i');
© lxll = lIxlly = 2lx[loo forall x € Loo(1t');

(d) The dual Y* to (Y, | - |ly) has the following representation: for every G € Y*
there exists a unique element g € Y' such that G(y) = fg, ygdu' for every
y €Y, and moreover, |G| = | g]|.

Combined Theorems 1.27 and 1.29, give a representation of an order continuous
Banach lattice as a Kothe—Banach space.
The following simple observation is very useful.

Proposition 1.30. If Y and Z are mutually complemented bands in a Banach lat-
tice X then the decomposition X =Y @ Z generates contractive projections, that is,
ifx=y+4+zwithy € Y and z € Z then max{|y|, |z|I} < |Ix]-

Indeed, it is a useful exercise to show that if u L v in a vector lattice then |u + v| =
|u| + |v|. In particular, |x| = |y| 4+ |z| and hence, |y| < |x| and |z| < |x|. By the
definition of a Banach lattice, || y|| < ||x| and ||z] < |x]|.
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1.6 Kalton’s and Rosenthal’s representation theorems for
operators on L and their generalization to vector
lattices

It is a very special and very important property of operators on L that every operator
T e £(Ly) is regular [129, p. 232], that is, it is equal to a difference of two positive
operators. As a consequence, we obtain that for any operator 7' € £ (L) the modulus
|T| € £(L1) exists and could be defined by (1.3) (or equivalently, by (1.4)). More-
over, ||T||| = IT|| forevery T € £(L1) [129, p. 232]. This latter fact yields that the
vector lattice £(L1) is a Banach lattice with respect to the operator norm.

The following representation of an operator on L as a sum of its “large” and
“small” parts was obtained by Kalton in [66] (1978).

Theorem 1.31 (Kalton’s representation theorem). For any operator T € L£(L1) there
exists a weak™-measurable function ju; from [0, 1] to the set M [0, 1] of all regular
Borel measures on [0, 1], such that for each x € L

Tx(t):/ x(t)dus(r) a.e. (1.7)

5

Conversely, every weak™-measurable function ji; : [0, 1] — M0, 1] defines an oper-
ator T € £(Ly) by (1.7).

Once we decompose the measure ; which defines an operator 7 € £(L;) as a
sum of the atomic part u¢ = Y 72, an(t)8s, () (Where 8 is Dirac’s measure) and
the atomless part 1§, we get the following representation of 7'

Tx0 = Y an@xon o) + [ x(oavio), (18)

n=1 ’

(see also [45]).

In the proof of the main result of [128] Rosenthal used a theorem which we call
Rosenthal’s version of the Kalton representation theorem. For some purposes it ap-
pears to be more convenient than the original Kalton’s theorem. As noted by Rosen-
thal in [128], his version could be formally obtained from Kalton’s theorem. This
theorem of Rosenthal can be stated as follows. Each operator T € £(L;) can be
uniquely represented as T = Ty, + T, where Tpq, Tc € £(L1) are purely atomic
and purely continuous operators, respectively (for the definitions see below).

We present below a generalized version of Rosenthal’s representation theorem.
This version (Theorem 1.33) is a partial case of Theorem 1.25 applied to the set
A = Lgpo(E, F) of disjointness-preserving operators acting from a vector lattice £
to a Dedekind complete vector lattice F, as a solid subspace of the lattice L, (E, F) of
all regular linear operators from E to F. Thus, we have a decomposition of L, (E, F)
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into mutually complemented bands L, (E, F) = Lpe ® Lpn, where L, is the band
generated by disjointness-preserving operators (notation L, will be explained in Def-
inition 1.32 below), and L is the band of the so-called pseudonarrow operators (see
Definition 1.32 below). It is an amazing and deep result that the band L, coincides
with the set of all regular narrow operators from E to F (for details see Chapter 10).
This last result for £ = F = L; was established by Kalton and Rosenthal, using
another terminology.

A generalization of Rosenthal’s theorem to regular operators on any
lattice

Recall that an operator T € L(E, F) is called disjointness preserving (d.p.o., in short)
if 7 maps disjoint elements to disjoint elements. The set of all disjointness-preserving
regular operators is denoted by Lg,,(E, F).

Definition 1.32. Let E, F be vector lattices with ' Dedekind complete. An operator
T € L,(E, F) is called

e a pseudo-embedding if there exists an absolutely order summable family (7}),es
of dp.o.in L,(E, F)suchthat T =} ;. T};

e pseudonarrow if there is no nonzero d.p.o. S € L (E, F) with S < |T|.

A linear operator between two vector lattices is a positive d.p.o. if and only if it is a
lattice homomorphism, that is, a linear operator which preserves the lattice operations
(see [6, p. 88]).

Our terminology “pseudo-embedding” and “pseudonarrow operator” will become
clear in Chapter 7 due to two theorems of Rosenthal concerning operators on L. One
of them (Theorem 7.39) asserts that a nonzero operator is a pseudo-embedding if and
only if it is a near isometric embedding when restricted to a suitable L (A)-subspace.
The other one (Theorem 7.45) implies, in particular, that an operator in L1 is narrow
if and only if it is pseudonarrow.

The set of all pseudo-embeddings from E to F will be denoted Ly (E, F). Thus,
Lpe(E, F) = Abs(L g4, (E, F)) by definition. The set of all pseudonarrow operators
T € L,(E, F) will be denoted L, (E, F).

Theorem 1.33. Let E, F be vector lattices with F Dedekind complete. Then
() Lgpo(E, F)issolidin L,(E,F);

(ii) Band (Lapo(E, F)) = Lpe(E, F);

(iii) Lapo(E. F) = Lpn(E, F);

(iv) Lpe(E, F) and Ly, (E, F) are mutually complemented bands, hence
L (E.F)=Lpe(E,F)® Lpy(E, F).
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Proof. By Theorem 1.25, it is enough to prove (i). Suppose 0 < A € Lg,,(E, F),
B € L,(E,F)and |B| < A. We prove that B € Ly,,(E, F). Letx1,x2 € E,xLy.
Since |Bx;| < |B||xi] < A|x;j|, i = 1,2, we obtain that 0 < |Bxy| A |Bxz| <
Alx1| A Alxz| = 0. Thus, Bx; L Bx». O

Observe that Band (Lg,0(E, F)) = Lpe(E, F) is equal to the band generated by
the lattice homomorphisms 7 : E — F.

By the Ogasawara theorem [6, Theorem 4.4], the set L7 (E, F) of all order contin-
uous order bounded operators from E to F isabandin Ly (E, F) = L,(E, F). Since
an intersection of bands is a band, we obtain the following version of Theorem 1.33
for order continuous operators.

Corollary 1.34. Let E, F be vector lattices with F Dedekind complete. Then

(1) set Lg;O(E, F) is solid in L°°(E, F);

(ii) Band (L3 (E.F)) = Lyg(E. F);
(iii) L9 (E, F)? = L (E.F);

(iv) the sets Log(E, F) and Ly; (E, F) are mutually complemented bands, hence

LO(E,F) = LS(E, F) & L3%(E, F).

Here, Lfi; O(E.F), Log(E, F) and L7 (E, F) denote the corresponding intersec-
tions of Lgpo(E, F), Lpe(E, F) and Lpn(E, F) with L°(E, F) = L{°(E, F).



Chapter 2

Each “small” operator is narrow

In this chapter we identify classes of “small” operators which are contained in the class
of narrow operators. The results are valid for operators on Kothe F-spaces with abso-
lutely continuous norms. An absolute continuity assumption can be slightly relaxed
(see Section 2.1) but it cannot be omitted: as we will see later, there are continuous
linear functionals on Lo that are not narrow (see Section 10.2).

We also show that, on the one hand, narrow operators are very “small,” since they
allow a restriction which is a compact operator on a suitable subspace of the domain
space. On the other hand, they are “large” in a sense that on some spaces (e.g. Ly, 1 <
p < 00), asum of two narrow operators can be an arbitrary operator (see Section 5.1).

Further analysis of what notions of “smallness” imply that the operator is narrow,
is presented in Chapter 7.

2.1 AM-compact and Dunford-Pettis operators are narrow

A linear operator T from a vector lattice (in particular, from a Kothe function F-
space) E to an F-space X is called AM-compact if T sends order bounded sets in E
to relatively compact sets in X . If E is a Banach lattice then an AM-compact operator
to a Banach space is automatically continuous. Obviously, each compact operator is
AM-compact, but the converse is not true (for example, the conditional expectation
operator in L, () for 1 < p < oo with respect to a purely atomic sub-o-algebra).

Proposition 2.1. Let E be a Kithe F-space with an absolutely continuous norm on
the unit, and let X be an F-space. Then each compact and each AM-compact operator
T € £(E, X) is narrow.

Proof. Given any A € X% and ¢ > 0, we consider a Rademacher system (r,,) in
E(A). Then the set {T'r, : n € N} is relatively compact and hence, there are numbers
n # m such that ||Th| < e, where h = (r, — rpy)/2. Since h is a sign on some
B € X(A) with u(B) = u(A)/2, by Proposition 1.9, T is narrow. O

Let X and Y be separable Banach spaces. Using a standard technique, one can
construct a compact injective operator 7 € £(X,Y). Thus, we obtain the following
consequence of Proposition 2.1.



Section 2.1 AM-compact and Dunford—Pettis operators are narrow 25

Proposition 2.2. Let E be a Kothe—Banach space with an absolutely continuous
norm on the unit, and let X be a Banach space. Then there exists a narrow oper-
ator T € £(E, X) which is not strictly narrow.

An operator T € £(X,Y) between Banach spaces X and Y is called a Dunford—
Pettis operator if T sends weakly null sequences in X to norm null sequences in Y.

Proposition 2.3. Let E be an r.i. Banach space on [0, 1] which is not equal to Lo,
up to an equivalent norm, and let X be a Banach space. Then every Dunford—Pettis
operator T € £(E, X) is narrow.

Proof. Given any A € X7, consider a Rademacher system (r,) in E(A). Since
Fu —> 0 [80, p. 160], we have that || Tr,|| — 0. O

Let X be a Banach space. Anoperator T € £(L1(u), X) is said to be representable
if there is y € Loo(X) such that Tx = [ xy du forall x € Ly(u). Note that in this
case ||T|| = ||y||. For more information on representable operators we refer the reader
to [29].

Proposition 2.4. Let X be a Banach space. Then each representable and hence, each
weakly compact operator T € £(L1(n), X) is narrow.

Proof. Each representable operator is Dunford—Pettis [29, p. 74], and each weakly
compact operator defined on L1 () is representable [29, p. 75]. |

Let X and Y be Banach spaces. An operator T € L(X,Y) is called absolutely
summing if T sends unconditionally convergent series in X to absolutely convergent
series in Y.

Proposition 2.5. Let E be a Kéthe—Banach space and X be a Banach space. Suppose
that for each A € X there exists a Rademacher system on A which is equivalent to
the unit vector basis of £». Then each absolutely summing operator T € L(E, X) is
narrow.

Proof. Fix A € £, Let (r;) be a Rademacher system on A equivalent to the unit

oo 1

vector basis of £,. The unconditional convergence of the series Y ,~; - In implies

that 352 | 1||Tr,|| < oo and hence liminf, ||Tr,|| = 0. i

We remark that if £ is an r.i. space on [0, 1] with ¢g < oo then the assumption of
Proposition 2.5 is satisfied [80, p. 134].

Another well-known class of “small” operators is the class of strictly singular op-
erators.

Let X, Y, Z be Banach spaces. We say that an operator T € £(X,Y) fixes a
copy of Z provided there exists a subspace Xo of X isomorphic to Z such that the
restriction T'|y, of T to Xg is an isomorphic embedding. Otherwise we say that T
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is Z-strictly singular. An operator T € £(X,Y) is called strictly singular if it is Z-
strictly singular for every Banach space Z.

Clearly, every compact operator is strictly singular, however the converse is not
true: the identity operator from €, to £, with 1 < p < r < oo is strictly singular
and noncompact. We will see later (Section 4.2) that narrow operators do not have
to be strictly singular. However it is a very interesting problem whether every strictly
singular operator has to be narrow.

Open problem 2.6. Let £ be a Kothe-Banach space with an absolutely continuous
norm, and X be a Banach space. Is every strictly singular operator T € £(E, X)
narrow?

This problem will be studied in detail in Chapter 7. In particular we will show a
result of Bourgain and Rosenthal which says that the answer is affirmative for £ =
L1(p) (Theorem 7.2). There are also other partial results; however, in general the
problem remains open. A related problem was posed by Plichko and Popov in [110].

Open problem 2.7. Let E be a Kothe—Banach space with an absolutely continuous
norm, and X be a Banach space. Is every {»-strictly singular operator 7 € £(E, X)
narrow?

See Sections 9.5 and 10.9 for partial answers to this problem.

2.2 “Large” subspaces are exactly strictly rich

In the real case we have the following convenient criteria for a subspace to be strictly
rich.

Theorem 2.8 ([110] (1990)). Let E be a Kithe F-space over the reals on a finite
atomless measure space (2, X, ju) for which there exists a reflexive Kothe—Banach
space E1 on (2, %, u) with continuous inclusion embedding E1 C E. Then for a
subspace X of E the following assertions are equivalent:

(i) X N Loo(A) # {0} foreach A € £+,
(i1) X is strictly rich.

(iii) For each A € 7 and any number v > 0 there is (a “biased” sign) x € X of the
form x = 1p —vlc, where A= B U C and u(C) = u(A)/(v + 1).

Notice that all spaces E = L,(u) with 0 < p < oo satisfy the assumption of the
theorem, for example, with E1 = L,(u) where r = max{p,2}. Moreover, this is
also true for any r.i. Banach space with an absolutely continuous norm, because of a
result of Semenov from [130] (1968).
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For the proof of the theorem we need the following simple observation that will
also be used later.

A subset B = {e; : i € I} of a vector space E over a field K € {R,C} is
called a Hamel basis in E, if for every x € E there exists a unique collection of at
most, finitely many nonzero scalars (a;);es such that x = ) ;. aje;. As a direct
consequence of Zorn’s lemma, we have that any vector space has a Hamel basis. One
can prove that any two distinct Hamel bases of the space X are of the same (ﬁnlte or
infinite) cardinality «, that is defined to be the H-dimension of X, i.e. H-dim X &y
(see, e.g. [28, p. 3]). We use the notation H-dim X, because when X is a topological
vector space, dim X is the usual notation for the least cardinality of subsets of X
with dense linear span, that is not the same in the infinite dimensional case. The H-
codimension of a subspace Z of a vector space X is defined to be the H-dimension of
the quotient space H-codim Z¥H dim X /Z.

Lemma 2.9. Let X be a vector space, and let Y, Z be its subspaces. If dimY >
codim Z then Y N Z # {0}.

Proof of Lemma 2.9. Lett : X — X/Z be the quotient map and 7|y : ¥ — X/Z
its restriction to Y. Since dim Y > dim X/Z, thereis y € Y \ {0} with 7y = 0. This
means that y € Y N Z \ {0}. |

Proof of Theorem 2.8. Implications (iii) = (ii) = (i) are obvious. We prove (i) =
(iii). For every A € =T we set E%(4) = {x € E(A) : [qxdu = 0}. Since  is
atomless, (i) yields that X N Lo (A) is an infinite dimensional subspace of E(A), and
E°(A) is a 1-codimensional subspace of E(A). Thus, by Lemma 2.9,

X N LY (A) = X N Leo(A) N E®(A) # {0} . 2.1

Fix any v > O andset K4y = {x € X N L% (4) : —v < x < 1}. By (2.1)
K4 # {0}. Direct verifications show that K4 is a convex closed bounded subset
of E. From the definition of a K&the space we deduce that K4 is bounded in Eq,
and by continuity of the embedding £y € E we obtain that K4 is closed in E{. By
the Banach—Alaoglu theorem, K4 is a convex weakly compact subset of E1, and by
the Krein—Milman theorem, there exists an extreme point x € K4. We claim that,
x(w) # 0 for almost all w € A and, moreover, if x(w) > 0 then x(w) = 1, and if
x(w) < 0 then x(w) = —v a.e. Indeed, otherwise there exist § > 0 and B € 1 (A4)
such that —v(1 — §) < x(w) < 1 —§ forevery w € B. Choose any y € Kp \ {0} and
set 8 = min{8,8v,8/v}. Then x + &8y € K4 and x — 8’y € Ky4. This contradicts
the condition that x is an extreme point of K4. Set B = {w € 4 : x(w) = 1} and
C = A\ B. Then x = 1p — v1¢ and (iii) holds. m|

As a consequence, we obtain that, under the theorem assumptions on E, every finite
codimensional subspace F of E is strictly rich.
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2.3 Operators with “small” ranges are narrow

Here by “small” we mean that the density of the range of an operator 7 : E — X is
strictly less than the density of every subspace E(A4) with A € =T,

Before continuing to the main results, we establish a connection between absolute
continuity of the norm and the denseness of simple functions.

Proposition 2.10 ([69]). Let E be a Kothe F-space on a finite atomless measure space
(2,2, ). If the norm of E is absolutely continuous then the set of all simple (= finite
valued) functions is dense in E. Conversely, if the set of all simple functions is dense
in E and E has an absolutely continuous norm on the unit then the norm of E is
absolutely continuous.

Proof. Throughout the proof, S denotes the linear space of all simple functions in E.

Let the F-norm on E be absolutely continuous. Observe that for each x € Loo(1t),
since |x| < [[x[|Lo () - 1o a.e., we have that || x||g < |[1g]|llx|lz.,(x)- This implies
that, since S is dense in Lo (1) with respect to the norm of Lo (i), S is dense in
L oo (i) with respect to the F-norm of E. Thus, it is enough to prove that Lo (i) is
dense in £E. Fix any x € E and ¢ > 0. Foreachn € N we set 2, = {t € Q :
|x(¢)| < n}. By absolute continuity of the F'-norm on FE, there exists n € N so that
[x —x-1g, | = lx-1g\@, |l <e&. Since x - 1g, € Loo(it), Loo(it) is dense in E.

Now assume that the norm on E is an absolutely continuous norm on the unit,
and S is dense in E. Fix any x € E and ¢ > 0. Choose y € S so that |x — y| < ¢&/2
and set M = ||y |z (u)- Define xps € S by

[ x(0), if |x(0)] =M,
xpm (1) = { M signx(t), if |x(¢)| > M.

Observe that [x —xp7| < |x—y| a.e. Since lim,(4)—¢ [[14] = O, there exists § > 0
so that for every A € Q with u(A) < 8, |[M 14| < /2. Thus for every A € Q with
u(A) < § we obtain
2

&
IXLall = llxar Lall + 11Ge = xan)Lall = [MLa]] + flx =yl < 5 + 5

= & s
so the norm on E is absolutely continuous. |

Corollary 2.11. Let E be a Kithe F-space on [0, 1] with an absolutely continuous
norm. Then E is separable. Moreover, the linear span D of simple functions sup-
ported on dyadic intervals is dense in E.

Proof. Given any set A € X, let (By) be a sequence of dyadic intervals so that
lim, 500 w(AABy) = 0. By the absolute continuity of the norm, |14 — 1p,| =
lLlaaB, || = 0asn — oo. Thus, D is dense in the set of all simple functions which,
in turn, is dense in E by Proposition 2.10. O



Section 2.3 Operators with “small” ranges are narrow 29

We remark that the assumption of absolute continuity of the norm on the unit in the
second part of Proposition 2.10 is essential, since Loo(jt) is an example of a Kothe
F-space on (€2, X, i) in which the set of all simple functions is dense, however the
norm is not absolutely continuous.

Theorem 2.12. Let E be a Kothe F-space with an absolutely continuous norm on the
unit on a finite atomless measure space (2, 2, ) and X an F-space. If dens E(A) >
dens X for every A € X7 then every operator T € £(E, X) is narrow.

Proof. Using Maharam’s Theorem 1.14, we decompose Q = | |, 4 €« so that for
every a € M, the measure spaces (Qq, Z(Q4). |x(Q,)) and &y - (D", Xy, , hawg)
are isomorphic for some g4 > 0 such that ) . e« = (), where M is the
Maharam set of the measure space (2, X, ).

Fixany A € £7 and let A, = A N Qg for each a € M. Then fix any « € M with
p(Ae) > 0. By Maharam’s theorem, the measure space (A4, Zg, (4), Loy |54, (1))
is isomorphic to (D, Xy, , e, ). Hence, E(A) contains a “Rademacher system”
of cardinality Ry, that is, an wgy-sequence of probabilistic independent mean zero
signs (rg)g<w,- Since dens X < Ry, there are indices B # y < wy such that
I The| < () 'eqe where hy = (rg —1y)/2. Observe that hy is a sign on a subset
By C Aq of measure p(By) = (Ag)/2. For convenience, we set h, = 0 and
By = 0if u(Ay) = 0. By the absolute continuity of the norm on the unit, the series
h =73 yem ha convergesin E, and & is a sign on the set B = | |, 4 Ba of measure

1By =Y uBs) =Y. wide) _ p(A).

2 2
AEM AEM
Moreover, by the construction,

1T < D IThall < p(@)7'e Y sa =¢.

aEM aEM

By Proposition 1.9, T is narrow. m|

A similar argument allows to estimate the density of a Kothe F-space with an abso-
lutely continuous norm on the unit.

Proposition 2.13. Ler E be a Kithe F-space on D® with an absolutely continuous
norm on the unit. Then dens E(A) > Ry, for each A € E;ta. If, moreover, the norm
of X is absolutely continuous then dens E(A) = R,

Proof. Suppose A € E&. First we will show that dens E(A) > R,. Assume, on
the contrary, that dens £ (A4) < R,. Observe that the identity operator on E(A) is not
narrow. Then using Proposition 1.9, we choose ¢ > 0 and A1 € T, (4)" so that for
every B € Xy, (A1), if e, (B) > lw, (A1)/2 then ||x]|| > & for every sign x on B.
By Maharam’s theorem, the measure space (A1, X, (A1), Loy =, (4;)) 1S 150-
morphic to (D®, X, , e, ). Hence, E(A;) contains a “Rademacher system” of
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cardinality Ny, that is, an wy-sequence of probabilistic independent mean zero signs
(rg)g<w, On Ay. Since dens E(A1) < dens E(A) < R, there are indices B #
B2 < wq such that || x| < e, where x = (rg, —rp,)/2. Observe that x is a mean zero
sign on some set B € A with [t (B) = Hw,(A1)/2, a contradiction.

Let the norm of E be absolutely continuous. We prove the converse inequality. By
Proposition 2.10, the set S(A) of all simple functions on A is dense in £(A4). Using
the absolute continuity of the norm, one can show that the set Z(A) of all simple
functions of the form Y 7', ¢x14na4,,, where m € N and g are scalars from some
countable dense subset Q of K, and Ay, are cylindric sets from X, , is dense in S(4),
and thus, in £(A) (see Proposition 2.10).

It remains to observe that the set R of all cylindric sets from X, has cardinality 8.
Thus, dens E(A) < |Z(A)] < Rq - Q|- |R| = Rq. O

Using the Maharam theorem, Theorem 2.12 can be reformulated as follows.

Corollary 2.14. Let E be a Kothe F-space with an absolutely continuous norm on
the unit on a finite atomless measure space (2, X, ) with the Maharam set M and
« = min M. Let X be an F-space with dens X < Ry. Then every operator T €
L(E, X) is narrow.

Under a stronger assumption on X, we obtain a similar statement for strictly rich
subspaces.

Theorem 2.15. Suppose that E is a Kothe F-space on a finite atomless measure space
(2, X, ) for which there exists a reflexive Kéthe—Banach space E1 on (2, %, 1)
with continuous inclusion embedding E1 < E. Let M be the Maharam set of
(2,2, u) and o = min M. Then the following assertions hold.

(a) Let X be a subspace E with H-codim X < Nso. Then X is strictly rich.

(b) Let X be an F-space with H-dim X < &20. Then every operator T € £(E, X) is
strictly narrow.

For the proof, we need the following lemma.

Lemma 2.16. Let X be an infinite dimensional F-space. Then H-dim X = |X| =
(dens X )Xo,

Proof of Lemma 2.16. For infinite dimensional F-spaces of continuum cardinality ¢
the equality H-dim X = ¢ was proved by Drewnowski in [34]. Since for infinite
cardinal numbers k2 = k, we get that if H-dim X > c then

o0 o0
X| =) c¢-(HdimX)" = > c-H-dimX = 8o -c-H-dim X = H-dim X .

n=1 n=1

Finally, the equality |X | = (dens X)®0 was proved by Kurochkin in [73]. O



Section 2.3 Operators with “small” ranges are narrow 31

Proof of Theorem 2.15. Observe first that (a) and (b) easily imply each other. So, for
the real case we prove (a), and for the complex scalar case we prove (b).

The real case. Let X be a subspace satisfying the assumption of (a). We show
that X satisfies condition (i) of Theorem 2.8. Let A € ¥, Then by Lemma 2.16

H-dim L oo (A) = (dens Loo(A4))™ > (dens E(4))™ = 8% > H-dim X .

Thus, by Lemma 2.9, X N Ly (A) # {0}, and by Theorem 2.8, X is strictly rich.
The complex case. Let X be an F-space satisfying the assumption of (b), and let
T € £(E, X). Denote by Xg the F-space X considered as an F-space over the reals.
We show that
H-dim X < R3O . (2.2)

If X is finite dimensional then so is Xk, and therefore, (2.2) holds. Let X be infinite
dimensional, and let (e¢j);jcs be a Hamel basis of X. Then the linear span of the
system (¢j)jes U (i - €j)jes in Xg is Xg, and hence, H-dim Xg < |J|* = |J| =
H-dim X < &20. Consider E = {x € E:Imx =0} and E1 = {x € E1:Imx =0}
as real spaces. Obviously, E is a real Kothe F-space and El is a real K6the—Banach
space on (2, X, ). We show that El is reflexive using reflexivity of E; and the
following well-known criterion: a Banach space Z is reflexive if and only if its unit
ball Bz is weakly compact. We know that Bg, is compact with respect to the weak
topology generated by functionals f € E}. Define a map F : Bg, — B’EVl by
F(x) = Re x, and note that this map is onto. Since a continuous image of a compact
set is compact, it is enough to show that F is 0 (E], E*) continuous. Let (xy) be a
net in Bg, weakly converging to x. Our goal is to show that (Re x4) converges to
Re x in the weak topology of E 1. Indeed, given any g € E*, we define f € Ef by

f(y) = gRey) +ig(Imy). Then
|g(Re xq) — g(Rexg)| = [g(Re(xg —x))| = [ f(xa —x)| > 0.

Thus, we have proved that Fiso(E*, E *) continuous, and hence E 1 is reflexive.
Obviously, E 1 € E is a continuous inclusion. Hence, by (b) for the real case, the
restriction T'| % : :E — Xgpisa strictly narrow operator. Thus 7' is strictly narrow. O

Theorem 2.15 gives very restrictive conditions on the dimension of the range of
an operator to be strictly narrow. However, under weaker assumptions an operator is
narrow (see Theorem 2.12 and Corollary 2.14). Is it strictly narrow?

Open problem 2.17. Let E be a Kéthe F-space with an absolutely continuous norm
on (2,X, ) and X be an F-space. Suppose that dens E(A) > dens X for every
A € I, Does it follow that every operator T € £(E, X) is strictly narrow?

After Lomonosov’s elegant result that every compact operator T € £({3) has a
nontrivial invariant subspace, every class of “small” operators is checked whether it
has the same property. We do not know of any results in this direction.
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Open problem 2.18. Let £ be a Kothe-Banach space on (€2, X, u). Does every
narrow operator 7 € £(E) have a nontrivial invariant subspace?

2.4 Narrow operators are compact on a suitable subspace

The following proposition shows that for every narrow operator there exists a subspace
of the domain space so that the restriction of the operator to this subspace is compact.

Proposition 2.19. Let E be a Kothe—Banach space on a finite atomless measure
space (2, X, 1) with an absolutely continuous norm, and let X be a Banach space
and T € £(E, X) anarrow operator. Then for each A € £ and each & > 0 there ex-
ists an atomless sub-o-algebra X1 of ¥(A) such that the restriction Ty = T|go(x,)
of T to the subspace E°(Z1) = {x € E(Z)) : [yxdpn = 0} is compact and
IT1] < e

For the proof we need a known fact asserting that an operator is compact and has
“small” norm if it is sufficiently “small” at a Markushevich basis. A Markushevich
basis (or just an M -basis) of a Banach space X is a biorthogonal system (x;,x])ies
of pairs x; € X, x € X* with some index set / (i.e. xj’.“ (x;) = 6;,;) such that

(a) (xi)ier is complete (or, in another terminology, fundamental), that is, [x;] = X;
(b) minimal, i.e. x; ¢ [xil;er\{;) foreach j € I;

(¢) (x])iey is total in X*, i.e. the w*-closure of the linear span of (x;) equals X *.

Let X, Y be Banach spaces. An operator 7 € £(X,Y) is called nuclear if there
exist sequences (x)) in X* and (y,) in Y such that Y o2, [|x¥|||lya]| < oo and
Tx = Y o2, xk(x)yn for each x € X. Every nuclear operator is compact [29,
p- 170].

Lemma 2.20. Let (x,, ;)52 be an M-basis of a Banach space X, Y a Banach
space, T € L(X,Y), and ¢ > 0. If |Tx,| < &n for each n € N where ¢, =
27 ||x¥||"Ye then T is compact and ||T || < e.

The following elegant proof was communicated to us by Plichko.

Proof of Lemma 2.20. Fix any n € N. Observe thatif x = Y 7_; agxg and ||x|| = 1
then ||x7 || > |x; (x)| = |ag| foreachk = 1,...,n. Thus

17| < Z|ak|ek_ Zn k||2k|| o <e

so ||T| < e. And, since Y oo X[ Txx| < & < oo, T is a kernel operator, and
hence, is compact. |
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Proof of Proposition 2.19. Fix any ¢ > 0 and A € . Using the definition of a nar-
row operator, we construct a normalized Haar-type system, beginning with the second
term, (g,)3>, with supp g2 = A such that |Tg,| < 27" (u(supp gn)) " [lgn|le for
n =2,3,... Let £ be the sub-o-algebra of ¥(A) generated by (supp gn)pe,. By
Proposition 2.10, the set of all simple functions is dense in £, and by absolute conti-
nuity of the norm, we obtain that the system (g,)52; is complete in £(X1) and hence,
[gnlne, = E%(Z1). Observe that the system g = (j(supp g)) ‘gn.n = 2,3, ...
is biorthogonal to (g,);2, in E%(Zy). By Lemma 2.20, T = T|gocs,) is com-
pact. O

In the case of a separable r.i. space, even more is true.

Theorem 2.21 ([110]). Let E be an ri. Banach space on [0, 1] with an absolutely
continuous norm, X a Banach space and T € £(E, X) a narrow operator. Then for
each ¢ > 0 there exists a subspace Eg of E isometrically isomorphic to E such that
the restriction T |g, of T to Eq is a compact operator with ||T |g, | < e.

Moreover, for each ¢ > 0 and each sequence of positive numbers (,);2, there
exists a normalized Haar-type system (gn)o—; in E such that |Tgy|l < en forn =
1,2,..., and for the subspace Eq = [g,]32, we have that T | g, is a compact operator
with | T| £, | < e.

As in the proof of Proposition 2.19, one can construct a sequence (gp)5, iso-
metrically equivalent to the Loo-normalized Haar system in E, beginning with the
second term such that || Tg, || are small enough. However, this is not enough because
of the absence of the first term. Therefore, our goal is to construct such a sequence,
beginning with n = 1.

We need the following statement which follows easily from the definition of a nar-
row operator.

Lemma 2.22. Let y be a mean zero sign on A € . Then for each &1 > 0 there
exists a mean zero sign x on A such that ||T x|| < &1 and which is independent of y,
that is, for all sign numbers 01 and 6, one has p{t € A: x(t) =601 & y(t) = 6} =

pu(A)/4.

Proof of Proposition 2.21. Fix any ¢,&, > 0 forn = 1,2,.... Choose a mean zero
sign g; on [0, 1] so that || Tg,|| < 27! [1[0,17ll¢ and | T'gy || < 1. Now we are going
to construct a sequence (En),‘i‘;1 of signs such that foralln = 1,2,.. .,

_ _ _ —1,— _
ITg, Il <27"(u(suppg,)) g, lle and ||Tg,Il < én . (2.3)

and such that the sequence (Jg,)52; is isometrically equivalent to the Lo-norma-

lized Haar system in £, where J € £(F) is the onto isometry defined by Jx = g;-x,
xeE.
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By Lemma 2.22, we choose a mean zero sign g, on [0, 1] independent of g, so
that | Tg,| < 2_2”1[0’1]“8. To construct g5 and gy, let A1, = {t : g,(t) = 1}
and A1 = {t : g,(t) = —1}. Since g, is independent of g,, we have that f1; =
g, - 14, ; is amean zero sign on Ay ; fori = 1,2. Again by Lemma 2.22, we choose
a mean zero sign g5 on Ap,; independent of £ so that [Tg5] < 273 - 2||gs]le,
and a mean zero sign g, on A1 » independent of f1 5 so that || Tg,|| <27%-2|[g4]le.
Likewise, to construct g5, 84,87 and gg, we set Ao 1 = {t € A1 : 8,(t) = 1},
Az ={t € A11 : g,(t) = —1}, Aoz = {t € A12 : g,(t) = —1}and A2 =
{t € A12 : g,(t) = 1}. We remark that it is essential to define A3 3 in such a way
that g,(#) = —1 on this set, and g,(¢) = 1 on A 4, because when operator J acts
on the functions g5 and gg which are being constructed, it reverses their signs. The
independence of g5 of f1,1 and g4 of fi > yields that the functions

21=83 14y, 22=83 14, 21 =84 14r5. f2,1 =84 145,

are mean zero signs on the sets Az 1, Az, Az,3 and Aj 4, respectively. By
Lemma 2.22, we choose a mean zero sign gs on A ; independent of f>; with
ITgsll < 27°22|gslle, a mean zero sign ¢ on A, independent of f5, with
[Tgell < 27%22|g6lle, a mean zero sign g; on Ay 3 independent of f5 3 with
[Tg,|| < 27722||g;|le and a mean zero sign gg on Ay 4 independent of f> 4 with
[Tgsll <27822|g;|le. Then we continue the construction in the same manner.

The sequence (Jg;)72, is isometrically equivalent to the Loo-normalized Haar
system (E);’il in E since, for each n, the sequences (Jgy);_, and (Ek)zzl are
equimeasurable, that is, for every choice of 6; € {—1,0, 1},

At T () = 01, TG (1) = O} = it (1) = O Ton(0) = 6} .

Thus Eo = [gn];2 is isometrically isomorphic to E.
Normalizing g, = H%ﬁ’ by (2.3), we get that || Tg,|| < 27" (1u(supp ) "L llgnlle

for all n € N. Since the system g = (u(supp gn))~'gn,n = 1,2,... is biorthogo-
nal to (g,)5> . by Lemma 2.20, T'| g, is compact with || T'| g, || < e. O

Corollary 2.23. Let E be an r.i. Banach space on [0, 1] with an absolutely contin-
uous norm, and let X be a rich subspace of E. Then for each ¢ > 0 there exists a
subspace Xo of X which is (1 + ¢)-isomorphic to E and (1 + ¢)-complemented in E.

Proof. Let T : E — E/X be the quotient map. Since X is rich, T is narrow by
definition. Fix any ¢ > 0. Using [79, Proposition 1.a.9] (more precisely, the well-
known technique from there), we choose a sequence of positive numbers (g,)52;
such that if (x,) is a normalized monotone basic sequence in a Banach space Z so
that [x,] is 1-complemented in Z, and (y;) is a sequence in Z with ||x, — y,| < en
foralln = 1,2,..., then the subspace Y = [y,] is (1 4 &)-isomorphic to [x,] and
(1 + &)-complemented in Z. By Theorem 2.21, there exists a sequence (g) in E
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isometrically equivalent to the normalized Haar system in E such that | Tg,|| < en
foreachn = 1,2,.... Hence there is a sequence ( f;) in X such that || f;, — gnll < €n
foreachn = 1,2,.... By the above, Xo = [ f,,] satisfies the desired properties. |

Using Corollary 2.23, we obtain that, under a minor assumption, a complemented
rich subspace of E is isomorphic to E. Recall that an r.i. Banach space E is called s-
concave with 1 < s < oo if there is a constant M > 0 such that for eachn € N and
each x1,...,x, € E we have

(ké eel)" < (ki xel?)

1/s

The following statement is a consequence of Corollary 2.23 and [49, p. 240].

Proposition 2.24 ([110]). Let E be an r.i. Banach space on [0, 1] that is s-concave
for some 1 < s < oo. Suppose that the Boyd index pg > 1 and the Haar system is
not equivalent to a disjoint sequence in E. Then every complemented rich subspace
of E is isomorphic to E.



Chapter 3

Some properties of narrow operators with
applications to nonlocally convex spaces

In this chapter we apply narrow operator methods to study how small the space of
operators is on nonlocally convex spaces.

The classical theorem of Day [28, p. 3] asserts that the space L,(u) for0 < p <1
and an atomless measure p has trivial dual space L;([L) = {0}. Zabreiko [142]
(1964) posed a question whether there exist nonzero compact operators on Ly (i),
0 < p < 1. This question was answered negatively in 1973, independently by Pal-
laschke [104] and Turpin [139]. Later Kalton [64] (1976) proved that in fact there
do not exist nonzero compact operators from L,(i), 0 < p < 1, to any topological
vector space. Further, Kalton showed [67], see also [68], that there are no nonzero
compact operators from E to any topological vector space X, for a fairly large class
of r.i. F-spaces E which contains, in particular, all spaces having the following prop-

erty (q)

14

fim H—H —0.
w(A)—oll p(A)

Plichko and Popov [110] and Popov [115] gave a very short proof that there are no
nonzero narrow operators from absolutely continuous Kothe F-spaces with property
(g) to any F-space (see Theorem 3.5).

Definition 3.1. A Kothe F-space will be called strongly nonconvex if it satisfies prop-
erty (¢).

Every strongly nonconvex Kothe F-space E has trivial dual E* = {0} [122, p. 194].
Notice that L, (u)-spaces with 0 < p < 1 and an atomless measure j are strongly
nonconvex. The following statement (the proof of which is straightforward) gives
more examples of strongly nonconvex spaces.

Proposition 3.2. Ler (2, X, 1) be a finite atomless measure space, 2 = Q1 L Q2
and E; be strongly nonconvex Kothe F-spaces on (2, 2(2;), t|@;), i = 1,2. Then
foreach p € (0, 00] the space E = E1 @, E» is a strongly nonconvex Kothe F-space
on (2,%, ). If, moreover, E1 and E, have absolutely continuous norms then so
does E.

Clearly every strongly nonconvex Kothe F-space has absolutely continuous norm
on the unit. Thus, by Proposition 2.10 we obtain the following statement.
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Corollary 3.3. A strongly nonconvex Kothe F-space E has absolutely continuous
norm if and only if the set of all simple functions is dense in E.

However there do exist strongly nonconvex Kéthe F-spaces whose norm is not ab-
solutely continuous as demonstrated by the following example.

Example 3.4 ([69]). Let0 < p < 1. Then the Kothe F-space £ = (Z;'ZO:I Lp)oo on
[0, 1] is strongly nonconvex, however, the norm on E is not absolutely continuous.

Proof. To consider a concrete representation of £, we decompose [0, 1] = |_|72; An
with 4, € 7. Let E={x¢€ Ly: ||x||d:efsupn(fAn |x|? du)% < oo}. It is clear
that £ is a Kothe F-space on [0, 1]. Let x € E with fAn |x|? du = 1 foreachn € N.
Then lim, o0 || Xx-14, || = 1. Since limy, o0 (A,) = 0, this implies that the F"-norm

of E is not absolutely continuous.
1

It remains to show that E is strongly nonconvex. Fix any ¢ > 0, and set § = eT-».
For any A € X with u(A) < § we have for eachn € N

14 |7 /'L(A N An) 1— 1—
— | duy="———"L<pu(Ad) P <5 =¢.
/:4,1‘,“(14) p(A)P
Thus, ||%|| < & whenever p(A4) < 4. |

3.1 Nonexistence of nonzero narrow operators

In this section we use a method of narrow operators to give a very short proof of the
nonexistence of nonzero “small” operators on strongly nonconvex spaces.

Theorem 3.5 ([110, 115]). Let E be a strongly nonconvex Kothe F-space with an
absolutely continuous norm, and let X be any F-space. If T € £(E, X) is a narrow
operator then T = 0.

Proof. By Corollary 3.3, since simple functions are dense in £, it is enough to prove
that T14 = O for every A € 1. Givenany 4 € X1, by Lemma 1.11 there exists
a sequence (h,) in E such that lim, || Thy| = 0, hy = 14 — (2" — 1)1y, A, U
Ay = Aand j(Ay) = 27" 1(Ay). Then limy o0 14 — hnll = limp— oo 12714l =
limy, 00 2P~V 1(4) = 0. Since 14 = lim,, o0 i, We obtain that ||T14]| =

limy, o0 | Thy| = 0. |

The same proof gives for a more precise result.

Theorem 3.6 ([69]). Let E be a strongly nonconvex Kothe F-space, and X be an
F-space. If T € £(E, X) is a narrow operator then Tx = 0 for every essentially
bounded element x € E.



38 Chapter 3 Applications to nonlocally convex spaces

Corollary 3.7. Let E be a strongly nonconvex Kothe F-space with an absolutely con-
tinuous norm, and let X be an F-space. If T € L(E, X) is an AM-compact operator
then T = 0.

In particular, for £ = L, () with 0 < p < 1 we obtain the following statements.

Corollary 3.8. Let (2, X, i) be a finite atomless measure space, 0 < p < 1 and X
be an F-space.

() IfT € £(Lp(w), X) is a narrow operator then T = 0.

Q) IfT € £(Lp(), X) is an AM-compact operator then T = 0.

3.2 The separable quotient space problem

In the first edition of his book [122] (1972) Rolewicz asked whether there exists an
infinite dimensional F-space with no separable infinite dimensional quotient space.
This question was answered in [112] using techniques of narrow operators. Indeed,
the following immediate consequence of Theorem 3.5 and Corollary 2.14 implies, in
particular, that the space L,{—1, 1}*> with o« > 0 has no separable quotient space.

Corollary 3.9 ([110, 112]). Let E be a strongly nonconvex Kothe F-space with an
absolutely continuous norm on a finite atomless measure space (2, X, 1) with the
Maharam set M and « = min M. Let X be an F-space with dens X < Ry. Then
L(E, X) = {0}. Hence, the density of every nontrivial quotient space E/Y where Y
is a subspace of E satisfies dens E/Y > Ry. In particular, this holds for L,(u) if
O<p<l

See also [136] and [137] for new F-spaces without separable infinite dimensional
quotient spaces. We note, that it is still unknown whether there exists an infinite
dimensional Banach space with no separable infinite dimensional quotient space (see,
for example, [76, 137]).

3.3 Isomorphic classification of strongly nonconvex Kothe
F-spaces

The aim of this section is to prove the following theorem.

Theorem 3.10. Let E; be strongly nonconvex Kothe F-spaces with absolutely con-
tinuous norms on finite atomless measure spaces (2, Xi, i), i = 1,2 with the Ma-
haram sets M, respectively. If E1 and E, are isomorphic then M1 = M.

In particular, for L, (u)-spaces with 0 < p < 1 this fact implies more.
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Theorem 3.11 ([113, 110]). Let (2, X;, i), i = 1,2 be finite atomless measure
spaces with the Maharam sets M; and 0 < p < 1. Then the following assertions are
equivalent:

(i) Lp(n1) and Ly(u2) are isomorphic.
(1) Lp(pm1) and Ly(u2) are isometrically isomorphic.
(iii) M1 = Ms.

Implications (iii) = (ii) = (i) are obvious.
For the proof of Theorem 3.10, we need some auxiliary statements.

Lemma 3.12. Let X and Y be F-spaces, X = X1 ® X5, Y =Y, & Y, and suppose
that £(X5,Y1) = {0}. Then TX, C Y5 forevery T € £(X,Y).

Proof. Wesetm : Y — Y, w(y1 + y2) = y1, where y; € Y1, y» € Y. Then for
every T € £(X,Y) the operator S : X, — Y defined by Sx = n(Tx), for each
x € X, is linear and continuous. Hence, by the assumption, S = 0, thatis Tx € Y,
for each x € X>. O

Lemma 3.12 has the following two immediate consequences.

Corollary 3.13. Let X and Y be F-spaces, X = X1 @& X, ¥ = Y1 & Y,
E(X2,Y1) = {0} and £(Y2, X1) = {0}. Then TX, = Y, for every onto isomor-
phism T € £(X,Y).

Corollary 3.14. Let X and Y be F-spaces such that £(X,Y) = {0}, and let Z =
X @Y. Then TX = X for every automorphism T : Z — Z.

The following statement easily follows from the definition of a narrow operator.

Lemma 3.15. Let X be a Kothe F-space on a finite atomless measure space (2, X, |L),
Q= |_|3°=1 Q2 be any partition into measurable subsets, and Y be an F-space. Then
an operator T € L(X,Y) is narrow if and only if for every n € N the operator
Ty = T|x(g,) is narrow.

The main tool for the proof of Theorem 3.10 is the following statement.

Proposition 3.16. Let E; be Kiothe F-spaces with absolutely continuous norms on
finite atomless measure spaces (2, Xj, jui) with the Maharam sets M;, respectively,
i = 1,2. Assume, in addition, that E| has an absolutely continuous norm on the unit,
and B < o foreacha € My and B € My. Then £(Eq, E2) = {0}.

Proof. Fix T € &£(E1, E3). For every B € M let Tg be the continuous linear
operator Tg : E1 — E2(D®#) defined by Tgx = T'x - 1p0s. By Corollary 2.14, Ty
is narrow. By Theorem 3.5, we obtain Tg = 0 for each § € My. Thus T = 0. m|
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Now we are ready to prove the main result.

Proof of Theorem 3.10. Using Maharam’s theorem, for i = 1,2, we decompose
Q; = I_lﬂeM,- $2;,p such that (2; g, £($2; 8), Uz (Q; »)) is isomorphic to &; g - D®s
for every B € M; and some ¢; g > 0.

Let T € £(E1, E») be an isomorphism and let « be an ordinal. We set

Ai = |_| Q;p, Bi = |_| Qip, C = I_l Qip, Di= I_l i

M;idB<a M;i3B>a M;dB<a Mid38>a
fori = 1,2. By Proposition 3.16,

£(E1(B1). E2(A2)) = £(E2(B2). E1(A1)) = £(E1(D1). E2(C2))
= L(E2(D2). E1(Cy)) = {0}.

By Corollary 3.13, TE|(B1) = E>(B) and TE (D) = E>(D3). Thus, By # D,
if and only if B, # D». In other words, o € M if and only if & € M». ]



Chapter 4

Noncompact narrow operators

In this chapter we consider how “large” narrow operators can be. In previous chap-
ters we saw that all compact operators are narrow, but here we consider the question
whether the converse is true.

It turns out that on most Kéthe—Banach spaces E on a finite atomless measure
space (£2, X, i), there do exist noncompact narrow operators. In fact even condi-
tional expectation operators may be narrow. Surprisingly, even operators which act as
isomorphisms on certain subspaces may still be narrow. To make this precise we need
the following definitions.

Definition 4.1. Let X, Y, Z be Banach spaces. We say that an operator T € £(X,Y)
fixes a copy of Z provided there exists a subspace Xy of X isomorphic to Z such that
the restriction 7'|x,, of T to X is an isomorphic embedding. Otherwise we say that T
is Z-strictly singular.

Definition 4.2. An operator T € £(X) is called an Enflo operator if T fixes a copy
of X.

The name “Enflo operator” is due to the following famous Enflo’s theorem on pri-
marity of Lj: if the space L,, 1 < p < 00, is decomposed into a direct sum of closed
subspaces L, = X @ Y then, at least, one of X, Y is isomorphic to L, (see [37] for
the case p = 1, [94] (1974) for other values of p and [80, p. 179] for a more general
setting of r.i. spaces). Equivalently, if the identity of L, is a sum of two projections
I = P + Q then, at least, one of P, Q is an Enflo operator. This equivalence can
be obtained using Petczynski’s decomposition method [80, p. 54] and the fact that
every subspace X of L, that is isomorphic to L, contains a further subspace ¥ C X
isomorphic to L, and complemented in L, [49, p. 239].

This chapter is devoted to the study of the following questions.

Problem 4.3. Does there exist a noncompact narrow operator 7' € £(E)?
Problem 4.4. Does there exist an Enflo narrow operator T € £(E)?

Problem 4.5. Suppose there exists a noncompact operator 7' € £(E, X). Does there
exist a noncompact narrow operator 7' € £(E, X)?

Problem 4.6. For what sub-c-algebras ¥ of an atomless o-algebra X is the condi-
tional expectation operator M ¥ on L1(Q, X, t) narrow or strictly narrow?
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In Sections 4.1 and 4.2 we show that the answers to Problems 4.3—4.5 are affirma-
tive, under mild restrictions on the space E. In Section 4.3 we answer Problem 4.6
and give full characterization of such sub-o-algebras

4.1 Conditional expectation operators with respect to
purely atomic sub-o -algebras

We start from a simple example of a noncompact strictly narrow operator.

Proposition 4.7. Let E be a Kothe—Banach space on (2, 2, 1) and let ¥ be a purely
atomic sub-o-algebra of ¥ with the atoms (A;j)iey. If the conditional expectation

operator |
7o s
M _E(M(Ai) Li“l“) i

is well defined on E and bounded, then M F s strictly narrow. Moreover, if I is
infinite, then M Fis noncompact.

The proof is obvious.
Note that M ¥ is well defined and has norm one on any r.i. space E. However, this
is not always the case for Kéthe—Banach spaces, as the following example shows.

Example 4.8. There exists a Kéthe—Banach space E on [0, 1], and a purely atomic
sub-o-algebra & of X such that the conditional expectation operator M ¥ is not well
defined on E.

Proof. Consider the Kéthe-Banach space on [0, 1] defined by £ = L1[0,1/2] ®oo
Loo[1/2,1]. Let (a,) and (by,) be sequences of positive numbers such that

o0 1 o0

Decompose |0, 1/2] LIsZ By and [1/2,1] = | |;2 C, with B,,C, € X such
that w(By) = u(Cy) = by for eachn. Set A, = B, UC, foreachn = 1,2,...,and
denote by ¥ the o-algebra generated by the atoms (An) .Letx = Zn 1anlp,.

Then x € E, ||x|| = 1, and the function M¥ x = 5 Zn 1dn1A,, is unbounded on
[1/2,1] and hence, does not belong to E. O

Using the same idea and replacing oo with any number p € (1, +400) in Exam-
ple 4.8, one can construct a Kéthe-Banach space E on [0, 1] with an absolutely con-
tinuous norm and a conditional expectation operator with respect to a purely atomic
sub-o-algebra which is not well defined on E.

One can show, that if a Kéthe—Banach space E has an absolutely continuous norm
and the operator M ¥ is well defined in E then it is AM-compact. In the next section
we will construct a strictly narrow operator which is not AM-compact.
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4.2 A strictly narrow projection from E onto a
subspace Ej isometrically isomorphic to £

The main result of this section asserts that every r.i. Banach space E has a comple-
mented subspace Eq isometrically isomorphic to E such that there exist two projec-
tions from E onto E( one of which is strictly narrow and the other is not narrow. This
answers Problem 4.4. Also, it follows that the property of an operator to be narrow is
not a property of its image.

The proof is quite involved, and therefore we prove this theorem first for the case
of spaces defined on the square [0, 1]2, and then for a general measure space.

This section is organized as follows. First we study the example of the operator of
integration with respect to the second variable.

Example 4.9. Consider L{([0, 1]%,0(Z x X), A x 1), where A is the Lebesgue mea-
sure on the Lebesgue o-algebra X on [0, 1]. Let § = X x{[0, 1]} be the sub-o-algebra
of the Lebesgue o-algebra on [0, 1]?. Note that the conditional expectation operator
M7 is equal to

M¥x(s.t) = [ x(s,t')dr’

s

for each x € L[0, 1]2.

We prove that M ¥ is a strictly narrow operator in L [0, 1] (Theorem 4.10). This
implies that, if M¥ is well defined and bounded on a Kothe-Banach space E on
[0, 1]? then it is strictly narrow. In particular, M 7 is strictly narrow on any r.i. Banach
space E on [0, 1]2.

Next we prove that for an r.i. Banach space E on [0, 1]? the subspace Eg, which
consists of all functions which do not depend of the second coordinate, is isometrically
isomorphic to E (Proposition 4.12). Clearly Ey is the range of M g,

In Theorem 4.13 we construct a projection from E onto Eg¢ which is not narrow.
This ends the case of spaces defined on [0, 1]2.

The general case is proved in Theorem 4.17.

Results of this section were obtained in several papers. Theorem 4.10 was proved
in [110] (1990), the example constructed in Theorem 4.13 comes from [118] (2002).
The fact that M ¥ is strictly narrow on L, 1 < p < oo was first proved in [71] (2009),
and that it is strictly narrow in any Ko6the space on [0, 1] on which it is bounded was
proved in [31] (2008).

The case of spaces on [0, 1]

Our first goal is to prove the following result.

Theorem 4.10. The conditional expectation operator M Yisa strictly narrow oper-
ator on L]0, 1]%.
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We remark that the proof that M ¥ is narrow is much easier.
For the proof of Theorem 4.10, we need the following lemma.

Lemma 4.11. Let A C [0,1]? be any measurable subset and for any s € [0,1] let
As ={t €]0,1] : (s,t) € A}. Then there exists a measurable function ¢4 : [0,1] —
[0, 1] such that for almost all s € [0, 1]

A(4s)

/\(Asﬁ[O,gaA(s)]): o @.1)

Proof. Since A C [0, 1]? is measurable, using Fubini’s theorem and standard argu-
ments, one can show that the set As is measurable for almost all s € [0, 1] (in the
sequel, for simplicity of the notation we consider these values of s only). We set

_ A4y)

M ={re(0.1]:A(45 0 [0.1]) = =52

It is easy to show that for almost all values of s the set My is closed and nonempty.
We define g4(s) = max M. O

Proof of Theorem 4.10. Let A C |0, 1]2 be a measurable set. By Lemma 4.11, there
exists a function ¢4 : [0, 1] — [0, 1] such that (4.1) holds. Define

1, if(s,t) € A and t < @q(s);
x(s,t) =14 —1, if(s,t) € A and t > @4(s);
0, if(s,t) ¢ A.

Clearly, x2 = 14. Moreover,
/ x(s,t)ydsdt = /\{(s,t) €At < (pA(s)} —)L{(s,t) €eA:t> (pA(s)}
[0,1]
and

M) e At < pa(s)) = / )L(As N o, (pA(s)])ds

[0.,1]

(A 1 1
= / ( S)ds =— A(Ag)ds = =A(A).
0.1 2 2 Jlo.1) 2

Hence A{(s,7) € A:t > @4(s)} = A(A)/2, and thus

/ x(s,t)dsdt =0.
[0,1]
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Therefore, we obtain for almost every (s,7) € [0, 1]2

1
M%x(s,1) :/ x(s,t’)dt':/ x(s,t/)dt’—i-/ x(s,t")dt'
0

[0,04(s)] [oa(s).1]

= / dt’ — / dr’
[0,04(s)]NAs loa(s),1]NA;

= 2((0.4()1 N 45) = 2(Ipa). 1101 4, )

1 1

Proposition 4.12. Let E be an r.i. Banach space on [0, 1]?. Then the subspace Eq
consisting of all functions which do not depend on the second coordinate is isometri-
cally isomorphic to E.

Proof. First, we define the r.i. space E[0, 1] on [0, 1] as follows. E|0, 1] consists of
allX € L]0, 1] for which there exists x € E such that x and X are equimeasurable in
modulus, that is,

Mee[0,1]: [R()| < u) = pl(s,0) € [0, 1% ¢ |x(s.0)| < u},

for every u > 0, endowed with the norm ||X] = ||x|.

Let xo € Eg. Then, by the definition of E, there exists a function X : [0, 1] — K
such that for almost all s € [0, 1] and z € [0, 1] x(s,7) = X(s). We claim that x and X
are equimeasurable in modulus. Indeed, for allu > 0

{(s.1) € [0,1]% 1 |x(s,0)| <u} ={s €[0,1]: [X(s)| < u} x [0, 1],

up to a set of measure zero. Thus, X € E[0,1] and |[X||g[o,1] = [lx[|£. Hence Eq
and E|0, 1] are isometric. Since measure spaces [0, 1] and [0, 1]? are isomorphic and
are of the same measure, we conclude that E[0, 1]? is isometric with E£[0, 1] and thus
also with Ey. O

We note that by Example 4.9, £y = M¥(E).

Theorem 4.13. Let E be an r.i. Banach space on [0, 1]%. Then there exists a nonnar-
row projection Q of E onto Eg = M¥ (E). Moreover, Q has the following property:
there exists a decomposition [0, 1]> = C U D such that the restrictions Q|g(c) and

Ol (p) are isomorphic embeddings.

For the proof we need the following easy description of all complements to a com-
plemented subspace of a Banach space (actually, we will need only one implication
of this description).
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Proposition 4.14. Suppose that a Banach space X is decomposed into a direct sum
of subspaces X =Y @ Z with the projection P of X onto Y parallel to Z (i.e. with
kerP =Z) LetT € £(Z,Y). Then X =Y ® Zy, where Z1 ={z+Tz: z € Z},
is another decomposition and the projection Q = P — T(I — P) of X onto Y is
parallel to Z1. Moreover, Z1 # Z if T # 0.

Conversely, if X =Y @ Z1 for some subspace Z1 of X then there exists a unique
operator T € £(Z,Y), suchthat Z, ={z+ Tz : z € Z}.

Below we provide a sketch of the proof.

Sketch of the proof of Proposition 4.14. One can easily verify that 02 = Q, QY C
Y, Qy = yforeachy € Y, and ker Q = Z;. Thus Q is a projection of X onto Y
parallel to Z.

If T # Othen Q # P and hence, Z; # Z.

Let X = Y & Z; be another decomposition. Then 7" = —Q|z, where Q is the
projection of X onto Y parallel to Zy, is the desired operator. The uniqueness of T
follows from the first part of the proposition. O

Proof of Theorem 4.13. Let Ey = ket M%, C = [0,1/2) x [0,1], D = [1/2,1] x
[0,1], ES = {1c -x : x € Ej}and EP = {1p -x : x € E;} fori = 0,1.
Observe that E; = ES @ EP fori = 0,1. Since E(C) ~ E§ =~ EJ (here ~
means that the spaces are isometrically isomorphic) and £ IC is a subspace of E(C),
there exists an isometric embedding 7€ : E 1C — EOD . Analogously, there exists an
isometric embedding 72 : E 1C — EOC . Thus the operator 7' : E; — E¢ defined by
T =1¢ ® TP is an isometric embedding such that TElc - E(? and TEf) C Eg.
Then, by Proposition 4.14, the operator Q = M¥ — T(I — M%) is a projection
from E onto Eg. We claim that Q satisfies the desired properties.
Indeed, let x € E(C). Since 1¢ - M¥%x = M¥x and TEIC C Eé), we have that

1c-Ox=1¢c -M¥%x —1¢-T(I — M%)x = M¥x

and
1p- Ox=1p -M%x—1p - TU —M%)x =T(I —M¥)x.

Hence,

10x]l = max{llic - Qx| I1p - Qx} = max{IMZ x| I T (7 — MP)x||

M?* [ —M?
2 2

Thus Q|g(c) is an isomorphic embedding. Analogously, Q| (p) is an isomorphic
embedding. In particular, Q is not narrow. |
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Theorems 4.10 and 4.13 imply the following result.

Corollary 4.15. Let E be an r.i. Banach space on [0, 1], Then there exists a com-
plemented subspace Eq of E isometrically isomorphic to E, and two decompositions
E =FEo® Eyand E = Eo & E; into (closed) subspaces, such that E is strictly
rich and E, is not rich.

The case of general measure spaces

By the Carathéodory theorem, analogs of Theorems 4.10, and 4.13 and Proposi-
tion 4.12 hold for any separable atomless probability space. The most natural way
is to reformulate them for spaces on the unit interval.

Corollary 4.16. There exists a sub-o-algebra ¥ of the Lebesgue o-algebra ¥ on
[0, 1] such that the following conditions hold.

(1) The conditional expectation operator M Fisa strictly narrow projection on L.
Consequently, M Flisa strictly narrow projection on any Kothe—Banach space E
on [0, 1] whenever M¥ is well defined and bounded on E.

(ii) For any r.i. Banach space E on [0, 1], M Fisa strictly narrow projection from E
onto a subspace isometrically isomorphic to E.

(iii) For every r.i. Banach space E on [0, 1] there exists a nonnarrow projection Q
from E onto M ¥ (E), and, in addition, Q has the following property: there
exists a decomposition [0, 1] = Q1 ® Q, with Q; € T such that the restrictions
Q| E(q,) are isomorphic embeddings fori = 1,2.

The remainder of this section is devoted to proving the generalization of Theo-
rems 4.10, and 4.13 and Proposition 4.12 to spaces of functions defined on arbitrary
measure spaces.

Theorem 4.17. Let (2, X, 1) be any finite atomless measure space. Then there exists
a sub-o-algebra ¥ of X, with Q € ¥, such that the following conditions hold.

(i) The conditional expectation operator M¥ is a strictly narrow projection on the
space L1(p). Consequently, M Fisa strictly narrow projection on any Kothe—
Banach space E on (Q, ., i) whenever M¥ is well defined and bounded on E.

(ii) There exists a linear isomorphism U from L1(u) onto L1(F ) which sends any
Sfunction x € Li(1) to a function Ux € L(F) equimeasurable with x. Hence,
for any ri. Banach space E on (2,2, 1), M ¥ is a strictly narrow projection
from E onto a subspace isometrically isomorphic to E.

(iii) For every r.i. Banach space E on (2, X, ju) there exists a nonnarrow projec-
tion Q of E onto M¥ (E). Moreover, if the measure spaces (2,3, t) is ho-
mogeneous then Q has the following property: there exists a decomposition
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Q = Q1 ® Qo with Q; € X such that the restrictions Q)| E(Q;) are isomor-
phic embeddings fori = 1,2.

(iv) If, moreover, the measure space (2, X, ) is homogeneous then the measure
spaces (2, F , u|#) and (2, X, 1) are isomorphic.

For the proof of Theorem 4.17 we will need the following extension of Theo-
rem 4.10 to a general measure space. As in Section 1.4, we consider D = {—1, 1}.

Proposition 4.18. Let N be a countable set and let N = I U J be a decomposition
into infinite subsets. Let ¥y (I) be the minimal o-algebra of subsets of DV contain-
ing all cylindric sets of the form {€ € DN : £€(i) = 6; forall i € F}, where F
is a finite subset of I and 0; € D for eachi € F. Then the conditional expecta-
tion operator M FNA) g g strictly narrow projection from L1(DN, Sy, un) onto

Li(DN, Fn (), un| 7y x1))-

Note that F v (1) consists of all sets from X 7, the characteristic functions of which
do not depend on coordinates from J (see Definition 1.13).

Proof. Ttis enough to construct an isomorphism of the measure space (DY, Zn, un)
onto the square ([0, 1]2,0(Z x X), A x ), which simultaneously is an isomorphism
of (DN, Fn (1), LN |7y ) onto ([0,1]%,9, (X x A)|g), where the sub-o-algebra §
of the Lebesgue o-algebra o (X x X) on the unit square is defined after the proof of
Lemma 4.11, defined in Example 4.9.

By the Carathéodory Theorem 1.16, there exist isomorphisms of the measure spaces
Sy - (DL, 27, ur) — ([0,1],2,1), and Sy : (D7, 25, 15) — ([0,1],Z,1).
The desired isomorphism of the measure space (DN, Sy, i) onto ([0, 112,06 (2 x
¥),A x A) is induced by the map S : DV — [0, 1]? defined as follows. For any
g e DN letér € D! and &5 € DY be the restrictions of & to I and J, respectively,
and put

SE) = (S1(Er). Sy(£y)) € [0, 1]%.

Since S; and S are isomorphisms, S is also an isomorphism of the measure
spaces. The surjectivity follows from the definition of the measure space on the square
[0, 1]%. Moreover, S(Fx (1)) = & by the construction. O

Proof of Theorem 4.17. The case when (2, X, n) = (D®*, X, , lw,) for some
ordinal «. We decompose w, = I Ll Jo into a disjoint union of subsets with |Io| =
|Jo| = Rg. Let F = Fy, (1) be the minimal o-algebra of subsets of D> containing
all cylindric sets of the form {§ € D®» : £(B;) = 6;, i = 1,...,n}, wheren € N,
Bi € Ip and 0; € D are fixed. We show that ¥ has the desired properties. Let
T . wy — Ip be a bijection. Define a map S : D¥* — D% by setting for any
£ € D@

(sene ={ [P Lhs (42)
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Proof of (iv). We claim that S induces an isomorphism between the measure spaces
(D%, X, haoy) and (D, F, 1y, |#). Indeed, it is enough to notice that S in-
duces a one-to-one measure-preserving correspondence between cylindric sets A =
{§ € D : S(ﬁ) =0i.1 =i <n} € Xy, and S(A) = {§ € D® : §(z(Bi)) =
0i,1 <i <n} e F,because [y, (A) = 27" = e, (S(A)).

Proof of (i). Fix any A € X,. Since the set Nog C wq of all coordinates 8 € wy
on which the function 14 depends, is countable, we can find subsets I < Iy and
J C Josuchthat |[I| = |J| = Rgand N9 C [ U JEN. By Corollary 4.16, the
conditional expectation operator M FNU) s a strictly narrow projection on the space
Li(DN, 2N, pun).

Now we introduce some more notation. For any § € D®> and a subset B C w,
by £g we denote the restriction of £ to B. For any & € DN and & € D% \N py
&1 ® &> we denote the element £ € D® such that §y = £ and §,,,\x = &>. For each
set C € X, such that the characteristic function 1¢ depends only on coordinates
B € N, we define

o(C) = {&1 € DY 1 1c(61 @ &) =1 foralmostall & € D“’“\N} .

Observe that the map ¢ : Fy,, (N) — Xy defined above is a measure-preserving
isomorphism with ¢~1(Cy) = {& € D% : 1¢,(Ey) = 1} forall C; € Zy.
Since the operator M FN) s strictly narrow and ¢ is a bijection, we can decompose
9(A) = p(A1) U @(A2) so that p(A;) € X and for x = 1,(4,) — 14(4,) We have
[pvxduy =0and MFNDx = 0. Let y = 14, — 14,. Then [pog ¥ dite, =0
since ¢ is a measure-preserving map.

We claim that M ¥ y = 0. Indeed, since A1, A2 € Fu,(N), we have that y =
Mfwa(N)y. Hence, Mfy = Mfwa(l‘))y = Mﬁwa(lO)Mﬁwa(N)y = Mfwa(l)y.

Let B € F,,(I). Then, since the map ¢ is a measure-preserving isomorphism, we
obtain

|3 i, = s (B 0141 =, (B 11 42)

= un (#(B) N 9(A1) — v (9(B) N 9(42))

= / xduy =0,
@(B)

because ¢(B) € Fx(I) and MFN¥Iyx = 0. Thus, by the definition of a conditional
expectation operator, Fy, (I)y = 0.

Proof of (ii). We define a linear isomorphism U : L;(D%*) — L;(¥) by set-
ting (Ux)(t) = x(S~1(t)) for each x € L1(D®) andt € D® where S is the
measure-preserving isomorphism from (D, X, fhe,) t0 (D®, F, (e, |5) de-
fined by (4.2). U is surjective since (U™1)(¢) = y(s(t)), t € D®= is the inverse to
the U map. It remains to observe that x and Ux are equimeasurable functions for each
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x € Li(D®). Indeed, u{t € D% : x(S71(1)) > a} = pu{t € D® : x(r) > a} for
each a > 0, because S is measure preserving.

Proof of (iii). The proof of this item practically does not differ from the proof
of Theorem 4.13. We provide it here for the convenience of the reader, due to the
difference in notation for the separable case. We set E; = ker M ¥ Fix any Bg € I
andletC = {£ € D® : £(Bo) =1}, D = {£ € D : £(By) = —1}, ES = {1cx :
x € E;} and EiD ={lp-x:x € E;}fori =0,1. Observe that E; = ElC EBEiD for
i = 0, 1. From (ii) we deduce that E(C) is isometrically isomorphic to ES, which,
in turn, is isometrically isomorphic to EOD . Then, since E IC is a subspace of E(C),
there exists an isometric embedding 7€ . E 1C — Eé) . Analogously, there exists an
isometric embedding 72 : E 1C — Eg' . Thus the operator T : E1 — Ej defined by
T = TC¢ @ TP is an isometric embedding such that TElc - EOD and TEID C EOC.
By Proposition 4.14, the operator 0 = M¥ — T(I — M¥) is a projection from E
onto Ey. We show that Q satisfies the desired properties.

Letx € E(C). Since 1¢ - M¥ x = M¥ x and TEIC c Eé), we have that

1c - Ox=1¢c MFx—1c-TU -—MF)x =MTx

and
1p - Ox=1p - MFx—1p - TU —MT)x=TU -—M%)x.

Hence,

101 = max{li1c - Q1| [1p - @xl} = max{ | M7 x|l | T (1 = M)}

M* I -M7
2 2

Thus Q|g(c) is an isomorphic embedding. Analogously, Q| (p) is an isomorphic
embedding, and therefore Q is not narrow.

Now we consider the general case. By the Maharam theorem, there exists a decom-
position € = | |;; €2; such that for every i € I the measure space (;, X;, it;) is
homogeneous, where ¥; = {ANQ; : A€ X}and u; = pulx;.

Proof of (i) and (ii). For every i € I, using items (i) and (ii) for homoge-
neous measure spaces, we choose a sub-g-algebra ¥; of X; so that the conditional
expectation operator M Fiis a strictly narrow projection of the space L(u;), and
choose a linear isomorphism U; from Lj(u;) onto L;(¥;) that sends any function
x € Lq(ui) to an equimeasurable function U;x € L1(¥;). Then we set ¥ = {4 €
Y (Vi € I)(ANQ; € F;)}, and define amap U : Li(n) — L1(F) by set-
ting Ux = ) ;c; Ui(x - 1g;) for every x € Lqi(u). A straightforward verification
shows that M ¥ is a strictly narrow operator on L (). The linearity and bijectivity
of U : L1(u) — L1(F) is obvious. We show that for any x € Lj (1) the functions x
and Ux are equimeasurable in modulus.
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Indeed, since the sets (£2;);es are disjoint, for any @ > 0 we have

plt € Q:|Ux(1)| <a} = Zui{t €Q;:|Ux(t)| <a}
i€l
= Z,ui{t € Qi |x()| < a} = ,u{t eQ:|Ux@®)| < a}.
iel
Proof of (iii). Fix any ip € [ and choose a nonnarrow projection Q;, of E(XZ;,)
onto E(%;) = M7¥i. The straightforward verification shows that the operator Q =
MF —MmFi 4 Qi, is a projection from E onto M¥ (E). Since Q|E():f0) = Qiy. We
obtain that Q is not narrow. m|

Noncompact narrow operators

As a consequence of Theorem 4.17 we obtain an affirmative answer to Problem 4.5.

Corollary 4.19. Let E be an ri. Banach space on a finite atomless measure space
(2,2, ) such that all the conditional expectation operators are well defined and
bounded on E, and let X be a Banach space. If there exists a noncompact operator
T € £(E, X) then there exists a noncompact narrow operator S € L(E, X).

Proof. Let ¥ be a sub-o-algebra of X satisfying the conditions of Theorem 4.17. Let
J : M¥ (E) — E be alinear isometry. Then the operator S = T o J o M¥ has the
desired properties. It is noncompact, because the image of unit ball S(Bg) coincides
with T(BE). By Proposition 1.8, a composition of a narrow operator from the right
by a bounded operator is narrow. m|

4.3 A characterization of narrow conditional expectation
operators

In this section we characterize atomless sub-o-algebras ¥ of X such that the con-

ditional expectation operator M ¥ is a narrow (resp., strictly narrow) operator on

L1(2, %, n). For simplicity of the notation, we assume that ©«(€2) = 1, that is, we

consider probability spaces. The results of the section were obtained by Dorogovtsev
and the first author in [31].

Narrow and strictly narrow sub-o -algebras

Definition 4.20. Let (€2, X, i) be a finite atomless measure space. A sub-o-algebra
F of X is called

e narrow if for each B € ¥ and each ¢ > 0 there exists C € X(B) such that

(VAeF) |uANC)- %M(AHB)|<5; (4.3)
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o strictly narrow if for each B € X there exists C € X(B) such that
1
(VAe¥F) u(AﬂC)=§/L(AﬂB). 4.4

Evidently, every strictly narrow sub-o-algebra is narrow. We will prove that the
converse is also true.

Observe that a purely atomic sub-o-algebra is strictly narrow (cf. Proposition 4.7).
Indeed, let (A4;);es be the collection of all atoms of a sub-c-algebra ¥ of X. For
each B € ¥ and eachi € I we decompose A; N B = C; U D; into subsets of equal
measure u(C;) = u(D;) = 1/2, u(A; N B). Then C = |J;c; Ci € X(B), and
w(A; NC) = u(C;) = 1/2u(A; N B) foreveryi € I. Thus F is strictly narrow.

The following proposition provides a natural family of examples strictly narrow
atomless sub-o-algebras which were the motivation for the term “strictly narrow sub-
o-algebras.”

Proposition 4.21. Ler (2, X, 1) be a finite atomless measure space and ¥ be a sub-
o-algebra of X. Let E a Kothe function space on (2, X, [b), so that the operator M ¥
is well defined and bounded on E. Then the operator M F s strictly narrow if and
only if ¥ is a strictly narrow sub-o-algebra.

Proof. Let ¥ be a strictly narrow sub-c-algebra and B € X. We choose C € X(B)
with property (4.4) and set x = 1p — 21¢. Then x? = 1p. Since (4.4) holds, in
particular, for A = 2, we have that fQ xdu = 0. We claim that M Fx=o. Indeed,
for every A € ¥ we have

/foduz/xdu:/1Bdu—2/1CdM:M(AmB)—2M(AmC):0.
A A A A

Thus, M¥ isa strictly narrow operator.

Assume that M ¥ is a strictly narrow operator. Given any B € X, we choose
x € ker M¥ sothat x2 = 1. LetC = {w € Q : x(w) = —1}. Then x = 15 —21c.
Therefore, for every A € ¥ we have

M(AmB)—zu(AmC)zf1de,—2/1Cdu=fxdp,=/M?xdu=o.
A A A A |

A characterization of strictly narrow sub-o -algebras

This subsection is devoted to a characterization of strictly narrow sub-o-algebras in
other terms of the measure theory. First we note that the definition of a strictly narrow
sub-o-algebra can be equivalently reformulated as follows.

A sub-o-algebra ¥ is strictly narrow provided that for every B € X there ex-
ists D € X of measure w(D) = 1/2 which is independent of the collection of sets
F(B)={ANB:AecfF}



Section 4.3 A characterization of narrow conditional expectations 53

Indeed, for a given set B € ¥ we put C = B N D. Then the independence means
that for any A € ¥ we have

p(ANC) =pu(AN(BND)) = u((ANB)ND) = u(ANB)u(D) = %/L(ADB).

Then we apply the technique of conditional measures. Recall that a measure (. on a
measurable space (2, X) is called perfect, if for every measurable function f : Q —
R there exists a Borel set B € R such that B € f(2) and u(f~1(B)) = (). The
following result is known as the Theorem on the Existence of a Conditional Measure
(see [18, Theorems 10.4.5 and 7.5.6]).

Theorem 4.22. Let (2, X, ) be a finite separable measure space with a perfect
measure. Then for each sub-o-algebra & of X there exists a function p : 2x X — R,
for which the following conditions hold:

(i) Forevery w € Q2 the function p(w,-) : ¥ — R is a countably additive measure
on X, and it is a probability measure if | is as well.

(ii) Forany B € X the function p(-, B) : @ — R is ¥ -measurable and [i-integrable.
(iii) Forall A € ¥ and B € T we have (AN B) = [, p(w. B) dju(w).

The function p : 2 x ¥ — R from Theorem 4.22 is called the conditional measure
on X with respect to £ .
Theorem 4.22 implies the following characterization.

Corollary 4.23. Let (2, X, u) be a separable finite measure space with a perfect
measure. A sub-o-algebra ¥ of X is strictly narrow if and only if

(VB eX)3C e X(B) pw,C)= %p(a),B) foralmostall w € 2, (4.5)

where p is the conditional measure on X with respect to ¥ .
Proof. Observe that the equality p(w,C) = 1/2 p(w, B) for almost all ® € Q is
equivalent to the following equality for each 4 € ¥

1
/Ap(w,C)du(w) - E/Ap(w,B)du(w).

Thus, by Theorem 4.22(iii), condition (4.4) holds. O

A canonical example of a strictly narrow sub-o-algebra is the sub-c-algebra § =
¥ x {[0, 1]} of the Lebesgue o-algebra on the unit square [0, 1]? defined and studied
in Section 4.2. Note that in the proof of Theorem 4.10, we actually proved condi-
tion (4.5).
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Narrow and strictly narrow sub-o -algebras coincide on complete
measure spaces

We now present a characterization of narrow and strictly narrow sub-c-algebras on
complete measure spaces in terms of random variables.

Theorem 4.24. Let (2, X, ) be a separable atomless probability space. Assume
that a sub-o-algebra ¥ of X, and X are both complete with respect to the measure [i
(that is every subset in ¥ (resp., X) of a set of measure zero belongs to ¥ (resp., Z)).
Then the following assertions are equivalent:

(a) ¥ is narrow.
(b) ¥ is strictly narrow.

(¢) There exists a random variable & € Lo(i) which is independent of ¥ and has a
nontrivial Gaussian distribution.

Proof. Observe that the conditional expectation operator & can be written in terms of
conditional measures as follows (M ¥ ¢)(w) = Jo (@) p(w,do’).

Proof of (a) = (b). Let B € 7. Since ¥, for each n > 1 there exists C, € X(B)
such that for every A € ¥ we have

1 1
(AN Cy) — E,u(A NnB)| < -~ (4.6)

We rewrite (4.6), using conditional measures p, i.e. for all A € ¥ we have
1 1
| | p(@.Co)pldw)— = | plo.B) u(do)| < —. 4.7)
A 2 Ja n

We claim that the sequence p(-, C,) converges in measure to % p(-, B). Indeed,
otherwise there would exist 81, 82 > 0 so that (passing if necessary to a subsequence)
foralln > 1, p{w : |p (@, Cy)— %p (w, B)| > 61} > 82. Without loss of generality,
we may and do assume that foralln > 1,

1 )
/L{a): p(w,Cp) — 5p(a),B)>51}> 72

Define 4, = {o : p(w,Cy) — %p(a),B) > §81}. Then pu(A4,) > 572, and, by
Theorem 4.22(iii) and the definition of A,, we get

u(Anmcn)=/A p(w,cn)u(dw»/A (%p(w,BHsl)u(dw)

8162

1 818
> _/ p (@, B) u(do) + === = (4, N B) + 2.
2 /4, 2 2

(4.8)
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Inequality (4.8) contradicts (4.6), and the claim is proved.
So, without loss of generality, we assume that

1
p(-,Cp) — 2 p (-, B), n — oo in measure 4.9)
and the convergence (4.9) holds on the set 2 € ¥ of full measure, i.e. ©(2\ Q1)
= 0. Consider the measurable space (B, X (B)) with the measure p(w, -) for a fixed @
and choose C € X (B) so that

1
p(w,C)= Ep(a), B). (4.10)

A priori C depends on w. However, by [18, p. 454], the set 2 is decomposed
into equivalence classes which are atoms of the sub-o-algebra F so that for each
w1,wy € Q from the same atom, the measures p(wq,-) and p(ws;, -) coincide and are
supported on that atom. Thus, condition (4.9) is equivalent to the following one:

1
VoeQp pCP)— Ep(a),B“’), n— oo. 4.11)

Here Qp is a ¥ -measurable set of measure one, C’ and B® denote the intersections
of Cy, and B, respectively, with the atom of the sub-o-algebra ¥, which contains .

Thus for every w € 2 there exists C® such that p(w,C®) = %p(w, B®) and
C =Upeq, C¥ € Z. Hence for each 4 € F we have

RANC) = [ pw.cO)po) =5 [ p . B plde) = 5 u(ANB).
AN ANQ
Thus (a) = (b) is proved.
Proof of (b) = (c). We consider the conditional measures p(-,-). Since ¥ is
strictly narrow, for every B € X1 there exists C € X, such that for some subset Qp
of measure one the following equality holds

1
YVoeQg pw C®= Ep(a), B?). (4.12)

Note that condition (4.12) holds if and only if the sub-c-algebra ¥ is strictly nar-
TOw.

We construct a sequence of decompositions of 2. Set Ag,o = €2 and choose A1,0 so
that (4.12) holds with B = AO,Q and C = AI,O- Let A1,1 = A(),O \Alj(). Then, taking
as B the set A1,9, we construct A, o and A3 ;. Next, using the set 41,1 we construct
A3z, and A 3. Continuing the construction, we obtain a sequence {4, :n > 0,k =
0,...,2" 1} of decompositions of the set Q. Then there exists a set 21 of measure
one such that forevery w € Q andeveryn > 0,k =0,... ,2"~1 we have (recall that
for a set A, the set A? is the intersection of A with the atom of ¥, which contains )

1
p@. A7) = 5 (4.13)
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w w
and A7’y o UAY ) ok

expansion/ = Y >, 2 "¢, with &, € {0, 1}. Define a set A; € X as follows:

= A,‘;’, - Fix any number ¢ € (0; 1) and consider its dyadic

A= Anr)e, - (4.14)

n=1

@, if &, =0,

where (A4 =
(AnfenJen {A,,,kn, if e, = 1.

and k, = min{k € N : A, 1 € Ub_ (A i)ey - By (4.13), 1(A;) = 1, and A, is
independent of ¥ . Moreover, A;; € Ay, for 1 < 2 by the construction. Then one
can construct a Gaussian random variable which is independent of ¥ using the sets
As,t € (0;1) in the usual way.

Proof of (c) = (b). Let & be a Gaussian random variable with a nontrivial dis-
tribution and which is independent of . Consider sets A; = {§ < a;} such that
w(Ay) =t forallt € (0,1). Then we construct decompositions {4, x} with prop-
erty (4.14). For each B € X and each n, k the function w — p (w, A;"’k N B?) is
F -measurable and

N
1
p (a), U AS N B“’) Ve Ep(a),B‘”), as N — co.
=1

— — w
Hence, we can construct a set C as follows C = UweAI C?® where C?® = ( An,k,,)

N B?. Then with this C condition (4.10) is satisfied, and thus ¥ is strictly narrow. O

Combining Proposition 4.21 with Theorem 4.24, we obtain the following result.

Corollary 4.25. Let (2, X, u) be a separable atomless probability space. Assume
that a sub-o-algebra ¥ of X as well as X itself are complete with respect to the
measure (. Let E be a Kothe—Banach space on (2, X, |b), such that the conditional
expectation operator M ¥ is well defined and bounded. Then the following conditions
are equivalent:

(ay M ¥ is narrow.
by M¥ is strictly narrow.

(c) There exists a random variable & on (2, X, ) which is independent of ¥ and has
a nontrivial Gaussian distribution.
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Ideal properties, conjugates, spectrum and
numerical radii of narrow operators

In Section 1.3 we proved that the set of all narrow operators has the left-ideal prop-
erty (Proposition 1.8). However, in general, it has no other ideal-type properties. In
Section 5.1 we show that the right-ideal property fails in most spaces and that in most
“good” spaces, every operator is a sum of two narrow operators (however, a sum of
two narrow operators on L is narrow, see Theorem 7.46 below). On the other hand,
in r.i. spaces on [0, 1], other than L, the sum of a narrow and a compact operator is
narrow (Proposition 5.5). In Section 5.2 we show that, in contrast to compact opera-
tors, the conjugate operator to a narrow operator need not be narrow. In Section 5.3
we present a result of Krasikova [70] that every compact subset of C \ {0} can be a
spectrum for some narrow operator. In Section 5.4 we study whether the numerical
index of L, for 1 < p < oo, p # 2, can be approximated by numerical radii of
narrow operators on L,. Our technique shows that the behavior of any narrow op-
erator on L, (u) is very close, in a certain sense, to that of a rank-one operator (see
Lemma 5.17).

5.1 Ideal properties of narrow operators and stability of
rich subspaces

Proposition 1.8 shows that the set of all narrow operators has the left-ideal property.
However, in most cases, the right-ideal property does not hold.

Proposition 5.1. Let E be an ri. Banach space on a finite atomless measure space
(2,2, ). Then there exist operators T, S € L(E) with S narrow and ST nonnar-
row.

Proof. By Theorem 4.17 we choose a complemented subspace E; of E isomorphic
to £, an isomorphism 7 : E — E and a narrow projection S of £ onto E;. Then
ST = T is not narrow. |

Every operator on a ‘“‘good’ space is a sum of two narrow operators

Is the sum of two narrow operators narrow? It is a striking and very interesting phe-
nomenon that if an r.i. Banach space on [0, 1] has an unconditional basis then the
answer is negative, while for £ = L it is affirmative. No less interesting is that the
first fact is quite simple, and the second is quite complicated (see Section 7.2).
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We start by showing a simple argument that every operator on Ly, 1 < p < o0, is
a sum of two narrow operators. In fact, even more is true.

Theorem 5.2. Let E be an r.i. Banach space on [0, 1] with an unconditional basis.
Then the identity I of E isasum I = P+ Q of two narrow projections P, Q € £(E).
Consequently, every operator T € L(E) is a sum T = Ty + T, of two narrow
operators T1, Ty € L(E).

Proof. Let ho,0, (hm,i)gy— 0 i—, be the Loo-normalized Haar system. Decompose the
set of integers into two infinite parts N = Ny U Np and let

Eo = span(ho,0, hm,i: m € No, i €{1,...2™}),
E, = span(ho,l, hmi:méeNy, ié€ {1,...2m}) )

Since the Haar system is unconditional in E [80, p. 156], we have E = Eo & E;.
Now we show that both corresponding projections Pg onto Eg and P; onto E; are
narrow. Let I,f = [27"(k — 1),27"k) be any dyadic interval, and let ¢ > 0. Fix
any index j € {0, 1} and choose any m € Ni_; withm > n. Since 27"(k — 1) =
27 (k—1)2"™"" we have that IX = |_|lfr(nk nl);m I, |_|f2’(nk nl)zm —n SUPP M ;-

Set
k2m—n—1

X = Z hom,i

i=(k—1)2m—n

and observe that x2 = 1. Since x € E1—; = ker P;, we have that || Pjx|| =0 < &.

Since E is a separablenr.i. space, it has an absolute continuous norm on the unit.
Indeed, otherwise there is § > 0 such that ||14]| > § for every A € £, and hence,
the set (1[o,¢])¢e[0,1] is d-separated and uncountable, which contradicts separability
of E. Therefore, by Lemma 1.12, P; is narrow. O

Corollary 5.3. Let E be an ri. Banach space on [0, 1] with an unconditional basis.
Then E is a direct sum of two rich subspaces E = Eo @ E7.

As one can see from the proof of Theorem 5.2, subspaces Eg and E; are rich in
any Kothe-Banach space E on [0, 1] with absolutely continuous norm on the unit. If,
in addition, the Haar system is a basis of E then the subspaces Eo and E; are quasi-
complemented in E, thatis, Eo N E; = {0} and span(E¢ U E1) = E (this property
follows directly from the definition of a basis).

Since the Haar system is a basis of every separable r.i. space [80, p. 150], we obtain
the following statement.

Proposition 5.4. Let E be a Kéthe—Banach space on [0, 1] such that the Haar system
is a basis of E (in particular, a separable r.i. Banach space). Then E has a pair of
rich quasi-complemented subspaces.



Section 5.1 Ideal properties of narrow operators and stability of rich subspaces 59

The sum of a narrow and a compact operator is narrow

Since a sum of two narrow operators does not have to be narrow, it is natural to ask
whether a sum of a narrow and other “small” operator, such as a compact operator, is
narrow. The answer is affirmative in a large class of spaces.

Proposition 5.5. Let E be an r.i. Banach space on [0, 1], not equal to Lo, up to an
equivalent norm. Let T € £(E,X) be narrow and let K € L(E, X) be compact.
Then T + K is narrow.

Proof. Let A € 3. Using the definition of a narrow operator, we construct a Radema-

cher system (r,) on A such that lim,— ||T7,]| = 0. By Rodin—Semenov’s re-
sult [121] (see also [80, p. 160]), (ry,) is weakly null. Thus, lim,— ||[Kry| = O.
Hence, lim,— o (T + K) || = 0. O

As we will see later, a compact operator on L, need not be narrow, see Sec-
tion 11.4. Thus, Proposition 5.5 is false for the setting of operators on L,. However,
we do not know the following.

Open problem 5.6. Is a sum of two narrow operators from £ (L), at least one of
which is compact, narrow?

We will show in Section 7.2 that the set of all narrow operators on L is a band in
£(L1). This is the strongest known positive result about algebraic properties of the
set of narrow operators.

Stability of rich subspaces

The notion of a rich subspace is stable in the sense of the following propositions. First
observe that if K € £(X) is a compact operators on a Banach space X then the image
(I + K)(X) isclosed in X.

Proposition 5.7. Let E be an ri. Banach space on [0, 1], not equal to Lo, up to an
equivalent norm. Let T € £(E) be a compact operator. If X is a rich subspace of E
then so is (I + K)(X).

Proof. Let A € ¥, Using the definition of a rich subspace, we choose a sequence
X, € X and a Rademacher system (7,,) on A such that | x, — || and | x, —ry| — O.
By Rodin-Semenov’s result [121], (r,) is weakly null. Since K is compact, |y, —
rall = |Krp| — 0, where y, = x, + Krp, € (I + K)(X). Thus, (I + K)(X) is
rich. |

Corollary 5.8. Let E be an r.i. Banach space on [0, 1], not equal to Lo, up to
an equivalent norm. If X is a rich subspace of E and Y is a subspace of X with
dim X/Y < oo thenY is also rich.
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Proposition 5.9. Let E be an r.i. Banach space on [0, 1], not equal to Lo, up to an
equivalent norm, and let X be a rich subspace of E with a normalized basis (xp). If
a sequence (yn) in E satisfies Y neq | Xn — yn|| < 00 then the subspace Y = [y,] is
rich.

Proof. Let K be the basis constant of (x,). Fix any A € 7 and ¢ € (0,2), and
choose np € N so that Zflo:no lxn — vull < €/(4K). By [79, p. 5], there exists
a continuous linear operator 7' : [xx];%,, —> [Vnlyzp, With Tx, = yn for each
n > no and [|[Tx — x|| < ¢[x||/4 for each x € [x,]. By Corollary 5.8, [xx]3Z,,
is a rich subspace of E. Now choose x € [x;];2, and y € E so that Y2 = 1y,
Joayydu =0and [x—y|| <e/2. ThenTx € Y, ||x|| < [[y[|+&/2 < 1 +e/2 <2
and |[Tx — y|| < [[Tx — x| + [lx = yll < ellx[|/4 +¢/2 <& O

5.2 Conjugates of narrow operators need not be narrow

As a consequence of Theorem 4.17 we obtain that the conjugate operator to a narrow
operator need not be narrow, in contrast to compact operators.

Corollary 5.10. Let (2, X, ) be a finite atomless measure space and 1 < p < oo.
There exists a narrow operator T € £(Lp(w)) such that T* € £(Lg4(n)) is not
narrow, where 1/p + 1/q = 1.

Proof. Let ¥ be a sub-o-algebra of X satisfying the conditions of Theorem 4.17. Let
J:M¥(L (1)) = Lp () be an onto isomorphism. Then the operator S = J oM ¥
is narrow and onto. However, the conjugate operator S* is an into isomorphism and
thus nonnarrow. O

Note that Corollary 5.10 also holds for r.i. Banach spaces E on a finite atomless
measure space (2, X, i) such that E* can be represented as an r.i. Banach space on
(2, X, u), and such that all the conditional expectation operators are well defined and
bounded on both E and E*.

5.3 Spectrum of a narrow operator

It is well known that the spectrum of a compact operator is a countable subset of C
having, at most, one limiting point zero. In contrast, the only restriction on a compact
subset K C C to be a spectrum of a narrow operator is that 0 € K.

Theorem 5.11. ([70]) Let E be a complex Kothe—Banach space with an absolutely
continuous norm on the unit on a finite atomless measure space (2, X, ) such that
there exists an infinite purely atomic sub-o-algebra ¥ of ¥ such that the conditional
expectation operator M¥ is well defined and bounded in E. Then a subset K C C
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is a spectrum of some narrow operator T € £(E) if and only if K is a compact set
containing zero.

Proof. The “only if” part is obvious. To prove the “if,” assume 0 € K C C and K is
a compact set. We choose a sequence (k)52 dense in K (as K # @, it is possible).
Let # be generated by a disjoint sequence (£2,)5>; with @, € YF. Then Q =
LI, Qn. Given x € E, we set

kn
(Tx)(w) = ) Jo, xdu 5.1

foreachw € Q,, n = 1,2,.... Observe that

M* x)(w) = xdu

1
w(2n) Q,
forall w € Q,, n = 1,2,.... Since C = sup/{|k| : k € K} < oo, we have that
(Tx)(w)] < C(M¥ |x])(w) forall o € Q, hence, Tx € E and | Tx|| < C |[M]|||x]
for all x € E. Thus, (5.1) defines a bounded linear operator on E.

Now we show that 7" is narrow. Let A € X. For every n € N, we set A, =
A N Qy. Since the restriction of 7' to E(£2,) is a rank-one operator, this restric-
tion is narrow. Therefore, for every n = 1,2,... there is x, € E(2,) such that
x2 =1y, an Xpdpu =0 and | Tx,|| < 27"¢. Now we define x(w) = x,(w) for
allw € Qu, n = 1,2,.... Then x> = 1y, x € E, Joxdu=0and |Tx| <
Yoo I Txn|| < Y92, 27" = &. Thus, T is narrow.

It remains to find the spectrum o (7)) of T. Since the numbers k, for each n =
1,2,... are eigenvalues of 7', we have that all of them belong to o(7"). And since
o(T) is closed, K = {k,, : n € N} € o(T). Now we show the converse inclusion,
that is, if A € C \ K then the operator 7 — A/ is an isomorphism. Given y € E, we
show that the equation (7' — A/) x = y has a unique solution in E. Integrating the
equation over £2,, we obtain

/xdu:(kn—k)_I/ ydu.
Q Qn

Hence, the initial equation is equivalent to

k _
k=07 [ - 23 = @)
/’L(Qn) Q,
for almost all w € Q2,,n = 1,2,..., which obviously has the solution
kn
x(w) = ydu —y()

Alkn = M) (R2n) Ja,
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for almost all w € 2,,n =1,2,.... Then
_ lkn 1M 7|
T2y <[22 2 41
C|MT|
< (T +1) Iyl
A
where d; = inf{|A —«a|:a € K} > 0, thus, (T — A1)~ € £(E). O

5.4 Numerical radii of narrow operators on L ,(u)-spaces

The numerical index of a Banach space X is the constant depending on numerical
ranges of operators on X. The notion of numerical range was first introduced by
Toeplitz in 1918 for matrices. The same definition was used for operators on arbitrary
Hilbert spaces, and in the sixties it was extended to operators on general Banach
spaces by Lumer and Bauer.

The numerical range V(T') of an operator T € £(X) is defined by

V(T) =4{x*(Tx) : x € X, x* € X*,||x|| = |x*|| = 1,x*(x) = 1},
and the numerical radius is the seminorm defined on £(X) by
v(T) :=sup{|A| : A € V(T)}.

The numerical range of a bounded linear operator is connected, but not necessarily
convex, and, in the complex case, its closure contains the spectrum of the operator.
The numerical index of a Banach space X is the constant given by

n(X) = inf{u(T) : T € LX), |T|| =1} .

Evidently, 0 < n(X) < 1 for every Banach space X, and n(X) > 0 means that
the numerical radius and the operator norm are equivalent on &£(X). In the real case,
all values in [0, 1] are possible for the numerical index. In the complex case we have
1/e < n(X) < 1 and all of these values are possible. It is known that n(X) < n(X™),
and n(X) = n(X™*) if X is reflexive. There are some classical Banach spaces for
which the numerical index has been calculated. For instance, the numerical index of
Li(w)is 1. If H is a Hilbert space with dim X > 1 then n(H) = 0 in the real case
and n(H) = 1/2 in the complex case.

An important still open problem in the theory is the question of evaluating the
numerical index n(Lp) for I < p < oo, p # 2 [35, p. 488]. It is known that
n(Lp(p)) > 0 for p # 2 [89], and that n(Lp (1)) = infy, n(£}') for every measure p
it dim(L,(n)) = oo [91]. In particular, n(L,) = n({,). For other interesting facts
and problems on the numerical index see [55].
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It is very natural to ask whether the numerical index n(L,) can be approximated
by numerical radii of finite rank operators, or compact operators, or even narrow op-
erators. This is true in £ p, but for L, these questions remain open. However, in [90]
Martin, Meri and Popov obtained some partial results. Here we discuss the following
problem posed in [90].

Open problem 5.12. Letl < p < o0, p # 2.
Nnar(Lp) = inf{v(T) : T € £(Lp), | T|| =1, T is narrow} .
Does n(Lp) = npar(Lp)?

For £,, n({p) coincides with the numerical index of compact operators on £, and
even with the numerical index of finite rank operators.

Proposition 5.13. Let 1 < p < co. Then
n(ly) =inf{v(T) : T € £({p), |T|| =1, rank(T) < oo}.

Proof. LetT € £({p), |T| = 1 and & > 0. We show that there is § € £({,) with
rank(S) < oo, ||S]| = 1 and v(S) < (1 + &)v(T). Foreachn € N, let P, be the
natural projection from £, onto the span of {e;}/_,. Let T;, = P, T P,. We claim that
v(Ty,) < v(T) for each n.

Indeed, fix n and x € {, with ||x|| = 1. Note that there exists a unique element
x* e dly, g = p/(p—1),so that | x*|| = |x|| = 1 and (x*, x) = 1. This unique
element is given by

#

# |x|?~!sign(x) in the real case,
x" =
|x|”~1sign(X) in the complex case.

Note that
(Ppx)* = PF(x"). (5.2)
If P,x = 0 then |(x*, T,x)| = 0 < v(T). If P,x # 0, thenlet y = || Pyx| ! Ppx
and observe that by (5.2)

# (an)# P:(x#)

B N TR

Hence,
|(x*, Tux)| = (P x* T(Pax))| = || Puxll| (y*. Ty)| < v(T) .

By arbitrariness of x with || x| = 1, v(T,) < v(T).
Letn sothat |T,| > (14+&) ! andset S = ||T,,|| " T,. Then ||S|| = I, rank(S) <
coand v(S) = || Tu |7 v(Tn) < (1 + &)u(T). D
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The above proof cannot be extended to L, since (5.2) no longer holds if we con-
sider the basic projections associated to the Haar system, or even if (P,) are the
conditional expectation operators with respect to the sub-o-algebra generated by the
dyadic intervals of length 277",

The remainder of this section is devoted to the proof of lower estimates of 71n4(Lp)
in the complex and real cases.

We define the following:
- AT (1= A)7 ! (5.3)
= = q —_ P = ———— | .
P T T adlon plrqt/a

The number k), is the numerical radius of the operator 7'(x,y) = (y,0) defined on
the real or complex space 02, see [88, Lemma 2] for instance.

Theorem 5.14. ([90]) Let (2, X, t) be an atomless finite measure space. Then, for
every 1 < p < oo we have

Nnar(Lp(1)) > K; in the complex case ,

na (Lp( )) > “ _1 ] th /4 l
n I/L max mn e real case .
g >0 1 + T!

Notice that the inequality for the real case gives a positive estimate for 1 < p < oo
(p # 2) whichtendsto 1l as p — 1 or p — oo.

To prove this result we need the following lemmas which suggest that a narrow
operator behaves almost like a rank-one operator when it is restricted to a suitable
finite dimensional subspace of arbitrarily large dimension.

Lemma 5.15. Let (2, X, t) be an atomless finite measure space, 1 < p < o0,
T € £(Lp(w)) a narrow operator, x € Ly () a simple function, Tx =y, ¢ > 0 and
Q = D U...U Dy any partition. Then there exists a partition Q2 = A U B so that

() lxall? = llxpll? = 27" |lx|1?;
(i) u(D; N A) = w(Dj N B) = Su(Dj) foreach j = 1,....¢;
(iii) |Tx4 —27'y|| < eand |Txp —27'y|| <e.

Proof. Letx = Y ;' arlc, for some ay € K and 2 = C; U... U Cy. For each
k=1,....mand j = 1,...,{ define sets Ex ; = C; N D; and, using the definition
of narrow operator, choose uy ; € Lp(u) so that

2¢e
| < — .
ml

2
up ;= 1g ;. /Quk’j dpu =0, and lag |1 Tug,;

Let
EZJ. ={t € Ex; : ug ;(t) >0}, Ep; = Ek,j\E,j’j
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which satisfy ,LL(E]:-].) = M(Ek_j) = %M(Ek,j)’ and define

We will show that the partition 2 = A U B has the desired properties. Indeed,

E C
|xall” = ZZWV’ (Ef )_Z| |pZ (kJ) Zl lpM( %)

k=1j=1
_
2

and, obviously, [lxg[|?” = [[x4||?. Thus (i) is proved.
Since E]j'j C Ex,j € Dj,foreach jo € {1,..., £}, we have that

= LmJ CJ(DJ‘O n Elj;)

k=1

m
Uz,

—

~.

and hence

3

m m
1 1 1
DjoﬂA E k]o E Ekj() = E E CkﬂD]O E/L(Djo).
k=1 k=1 k=1

Analogously, we can prove that u(D; N B) = %,U,(Dj) for every j € {l,...,¢},
which finishes the proof of (ii).
To prove (iii) observe that

m 4 m 4

vl e )= 3 Y,

k=1j=1 k=1j=1

and hence

m 4
[TCa—xp)| = D23 laxllTug 1 < 2.

k=1j=1
Therefore, we have that

1 1 1
[rse— ol = Horsaroa 7sa] = rsa s <o

Analogously, we obtain that |Txp — % y|| < e finishing the proof of (iii). |
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Lemma 5.16. Let (2, X, t) be an atomless finite measure space, 1 < p < o0,
T € £(Lp(w)) be anarrow operator, and x,y € Ly (1) be simple functions such that
Tx = y. Then for eachn € N and € > 0 there exists a partition Q2 = Ay U ... An
such that for eachk = 1,...,2" we have

@) lxa 17 = 27" {|x[|?
®) lya 17 =27"1ylI#;
©) ITxq, —=27"y| <&
Proof. Lety = Zle bjlp; for some bj € K and 2 = Dy U...U Dy. We proceed
by induction on n. Suppose first that n = 1 and use Lemma 5.15 to find a partition

Q = A U B satisfying properties (i)—(iii). Then (i) and (iii) mean (1) and (3) for
A1 = A, A, = B. Moreover, observe that (2) follows from (ii) :

L L

1 1

[y 17 = 3" 10174y 0 D) = 3 [bj17 5 0(D)) = S lyI?
j=1 =1

and analogously [y, [[? = 27"(|y[|?.

For the induction step suppose that the statement of the lemma is true forn € N and
find a partition Q = A; U ... U Apn such that for every k = 1,...,2" the following
hold:

x4 1? = 27" 1%, Ny l? =27"Iyl1”. and [Txg —27"yll <e. (5.4)

Then, for each k = 1,...,2" use Lemma 5.15 for x4, instead of x, Txy4, instead
of y, the decomposition

2" ¢
Q=| || |D;nae
k=1j=1

instead of 2 = Dy U. ..U Dy and § instead of &, and find a partition Q = A (k)L B(k)
satisfying properties (i)—(iii) of Lemma 5.15. That is, for each 1 < k < 2" we have
that:

W) lxcagnacnl? = lIxcansapl? =27 lxa, 175
(i) w(D;NANA(k)) = w(D;NAxNB(k)) = %M(Dj NAg)foreach j =1,...,¢;

(i) | Txaenay) — 27 Txacll < 5 and |TxeaenBry) — 2 Txacll < 5.

Let us show that the partition
Q= (A1NAMD)U...U(A2n NAQ™)) U (A N B)) U...U (422 N B2M))

has the desired properties for n + 1:
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Property (1): using (i) and (5.4), one obtains

= 27Dy,

|xarnaan|” = |xcnan|” =27 [xac|”

Property (2): foreach k = 1,...,2" use (ii) and (5.4) to obtain

|ycapnacen |” Zlb 1Pu(Dj N Ag N A(K)) = Zlb Pu(Dj N Ag)
j=1 j 1

1 -
= 5 lvac]” =27y

and analogously [ y(a,np)ll? = 27D 2.
Property (3): foreach k = 1,...,2" use (iii) and (5.4) to write

_ _ 1 _
H TX(aenack) — 2 (”“)yH < H TxX(apnaccy =27 Txag | + EH Txa, —2 ”yH
e
cLE_ ¢
2 2
and analogously ||Tx(4, nB)) — 2~ " TV y|| < e, which completes the proof. i

Lemma 5.17. Let (2, X, ) be an atomless finite measure space, 1 < p < oo, let
T € £(Lp(w)) be a narrow operator, and let x,y € Ly (1) be simple functions such
that Tx = y. Then for each n € N, each number A of the form A = 2]7 where
jel{l,...,2" — 1} and each ¢ > 0O there exists a partition 2 = A U B such that:

@ llxall? = Allx)|1?;
®) [ysll? = @ =D)ylI?;
©) Txg —Ay| <e.

Proof. Use Lemma 5.16 to choose a partition 2 = A;U. ..U Ap» satisfying properties
(1) — (3) with ¢/j instead of e. Let A = |_|]J€:1 Ap and B = |_|i=jJrl Aj. Then

|xa]” = Z||xAk||” Zz"nxnp—xnxup

k=1
2)1 2n
e|”= 3 lyad”= 3 27"yI? = a = »lyl?,
k= j+1 k=j+1

HTXA Ay“_HZTxAk 22 yH Z||TxAk—2 y||<f_

as desired. O
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Proof of Theorem 5.14. Let T € &£(L,(w)) be a narrow operator of norm one. Fix
e>0,7>0,neNandA € (0,1) of the form A = 5 where j € {I,...,2" — 1}.
Choose a simple function x € Sz, (y) so that y = Tx satisfies |[y[|? > 1 —e.
Without loss of generality we may assume that y is a simple function since 7" can be
approximated by a sequence of narrow operators with the desired property (indeed,
take a sequence of simple functions (y,,) converging to y and define T;, = T —x* ®
(y = ym))- Thus Ty, (x) = ym, T — Tl < ||y — Ymll, and T, is narrow for every
m € N, by Proposition 5.5.

Use Lemma 5.17 to find a partition Q2 = A U B satisfying (a)—(c) and use (b) and
(c) to obtain the following estimate:

'/B VTxadp— A1 = D)]y])?

= ‘f y#TXAdM—A/ y#ydu‘
B B

< |Txa—2y| <e. (5.5)

For 6 € T, define zy = )L_%XA +6(1 — A)_%ryg and observe, using (a) and (b) of
Lemma 5.17, that

Iz0l? = 2~ xal” + (1= 2 e [ yp P < 1427

Moreover, using the fact that (u + v)* = u* 4+ v* for disjointly supported elements
1 — 1

u,v € Lp(p), itis clear that zz = )t_?xj +6(1 —)L)_?rp_ly%. Using this and (5.5)

we can write

1+ ?)v(T) > max
(1 +e)(T) 2 may

/ ZpTzg du‘ (5.6)
Q

— max [A7! / HTxadp + 0077 (1 - A)_ll’r/ *Typ du
feT A A

+5)L_;(1—/\)_;tp_1/ YT x4 d,u—l—(l—)t)_ltp/ v Typ d,u'
B B

> max [A 7! / X Txqdu + (1 — )L)_lrp/ Y Typdu
0eT A B

ForTa(l - A)‘ir/ A Tyg du + 847 (1— )7 y])?
A

AR - A)‘%r”‘l‘/B Y Txadu—A(1=Dly”)

> max
feT

)k_l/x#TxA d,u-i—(l—)t)_lrp[ Y Typ du
A B

F O Ti(1— A)‘%r/ *Tygdp + 027 (1 — )PP~ y|P
A

AP =) TP
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> max
OeT

oA a(1—A) rr /A Ty dp + 007 (1 — 1) 7P~ y||?
A=) arP

Let us prove the last step in the formula above. Indeed, we write

a=A"1 /Ax#TxA du+ (1 =112 /B yiTyp du

b= /\_5(1 — )L)_zlvr/Ax#TyB du

¢ =ni(l= 0P y|?

and observe that what we need to prove is

max |a + 6b —1—5(:‘ > max‘@b —l—gc‘ .
0eT OeT
This inequality is easy to prove. For a fixed 6y € T it is clear that

max |a + 6b +§c‘ > max{‘a + (90b +9_oc)‘ ,
OeT

a— (6ob +9_o<f))} > )Gob +9_oc“
and the arbitrariness of 6y gives the desired inequality.
From this point we study the real and the complex case separately. For the complex

case, we continue the estimation in (5.6) as follows:

1+ t?)v(T) > max
(1 +TP)(T) = may

o7 (1 — A)‘%r/ HTyp dp + 027 (1 — N)p P~ y||?
A

AP =) P
= ‘,\_5(1 —A)_%r/ x#TyB dpc' +
A
AT =) 7P e
= ML=y = AT (1= A e
>0 (1= )PP (1 —g) = AP (1= A) acP g,

AT (1= 27|

By the arbitrariness of & we can write

p—1

1 L7
o(T) 2 A0 (1= A

for every T > 0 and every A € (0, 1) of the form A = 2;1 wherej e{l,. — 1}

Since the dyadic numbers are dense in [0, 1] and Am[ax ]/\ 7 (1-2)7 = = kp =mMax |1y = + 5
€lo,1

s
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the last inequality implies v(7") > K; which finishes the proof in the complex case.
In the real case, using (a) and (b) of Lemma 5.17, it is easy to check that

Aa(l—A) e 5175(1—33_%ﬂbﬁﬂﬁb%Hp

/x#TyB du
A

<ATIA AT - )T =1
which, together with (5.6) and the choice of y, implies that

(1 + tP)o(T) > 'A_clz(l _ A)—éz/ HTyp di + 24 (1 — A r P~ y|?
A

AT (1- )L)_érp_le

R L M L (B

/X#TyB dﬂ‘
A
- A_%(l - )L)_éfp_ls
>Aa(1— )P Y1 —g)—t— A p(1—A) 4P g,
Hence, by the arbitrariness of ¢ we deduce that

1 1
(1 = \prP—1_
v(T)ZAq(l MNPt r’
142

for every T > 0 and every A € (0, 1) of the form A = zf—n where j € {1,...,2" —1}.
Taking supremum over A, we get

p—1 _
KpT T

T) >
S

for each t > 0, completing the proof. |



Chapter 6

Daugavet-type properties of Lebesgue and Lorentz
spaces

The classical theorem of Daugavet [27] asserts that
11 +T|=1+|T]| (6.1)

for every compact operator 7' on C [0, 1], where [ is the identity operator. Lozanov-
skii [85] proved that (6.1) also holds for every compact operator 7 on L1][0, 1]. Equa-
tion (6.1) is known as the Daugavet equation, and we say that a Banach space X satis-
fies the Daugavet property for a class of operators M C £(X), if (6.1) holds for every
operator T € M. Recently, the study of the Daugavet property for various classes of
spaces and operators has attracted a lot of attention (see, e.g. the survey [141]). Dau-
gavet property has important implications for geometry of the space. In particular, a
space satisfying the Daugavet property cannot be reflexive. One line of research con-
cerning (6.1) is to find the largest possible class of operators for which (6.1) holds. In
particular, Plichko and Popov [110] showed that (6.1) holds for all narrow operators
on any atomless space L(£2). In Section 6.1 we present a further generalization of
this result valid for narrow operators on L and replacing the identity operator / with
a more general small isomorphism J, see Theorem 6.3.

Another direction of generalizing (6.1) is to consider a weaker inequality. We say
that a Banach space X satisfies the pseudo-Daugavet property if there exists a strictly
increasing function &y : (0, c0) — (0, 00) so that

I+ Tl =1+ TI) (6.2)

for every compact operator 7" on X. Similarly as the Daugavet property, the pseudo-
Daugavet property has important geometric implications, in particular it is related to
the problem of best compact approximation in X, see [11]. Benyamini and Lin [14]
showed that for every p, 1 < p < oo, p # 2, Lp[0, 1] satisfies (6.2) for compact
operators. Plichko and Popov [110] generalized this result to narrow operators, and
Boyko and V. Kadets [21] proved that for every ¢ > 0,

lim &7 (¢) = &,
Jlim, L, (&)
and thus the Daugavet equation (6.1) on L1 is a limit case, as p tends to 1, of (6.2)

for narrow operators on L,. We present these results in Section 6.2, Theorems 6.8
and 6.15.
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As an immediate corollary of the pseudo-Daugavet property for narrow operators
on L, we obtain that for every projection P onto a rich subspace of L,, 1 < p < oo,
p#2

[P =1+46,(1)

(see Corollary 6.12). This result will be applied in Section 7.5. It answers for L, a
question of Semenov, who asked whether for every separable r.i. function space X,

X # Ly, on [0, 1] there exists a constant kx > 1, such that for every rich subspace
onto

Y X and every projection P : X—>Y, |P|| = kx (see Open problem 6.14).
The authors [118] proved that Semenov’s question also has an affirmative answer for
projections onto rich subspaces of Lorentz spaces Ly, [0, 1], with p > 2 and arbitrary
weight w. We present this result in Section 6.3, Theorem 6.21.

In Section 6.4 we apply results of previous sections to obtain a theorem in a spirit
of the Banach—Stone theorem, but for L,-spaces. That is, we prove that there exists
a constant k, > 1, so that if the Banach-Mazur distance between spaces
Ly(21, 21, 1) and Ly (22, Xa, p2) is less than kp, then the Maharam sets of the
underlying measure spaces coincide.

We note that additional results concerning the Daugavet property of rich subspaces
of L1 and of C[0, 1] are presented in Sections 7.6 and 11.3, respectively.

6.1 A generalization of the Daugavet property for L; to
“small” into isomorphisms instead of the identity

We consider the following question.

Problem 6.1. Given an into isomorphism J € £(L1) and a narrow operator 7 €
£(L1), how can one estimate the value ||J + T'|| from below?

A simple example shows that we cannot estimate this norm by the sum of ||J || and
another nonnegative summand.

Example 6.2. For every ¢ > 0 there exist an into isomorphism J € £(L1) with
/]| = 14+¢eand||J7|| = 1, and a narrow operator T € £(L1) with | T| = &, such
that |J + T = 1.

Construction. Let T € £(L1) be any narrow operator satisfying ||7'|| = e and
supp T'x € [1/2,1] for each x € L. We set

2x(2t),if t €[0,1/2),

Jx(t) =-Tx() + { 0,if 7 € [1/2,1],

foreach x € L;. a
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In Example 6.2, ||J + T'|| < ||/ ||. But if we estimate the norm ||J + T'|| as
I/ + Tl = IT] + ¢(d)

where d = ||J||||J ", then a positive value for ¢(d) for d < 2 is obtained. Our
main result is the following.

Theorem 6.3. Let T € £(L1) be a narrow operator and let J € L(L1) be an into
isomorphism with d = || J|||J || < 2. Then

2
I+ Th=ATh+ 10 7 1) -

As Example 6.2 shows, the estimate obtained in Theorem 6.3 is exact. When J = [
we obtain the following corollary.

Corollary 6.4. Letr (2, X, i) be a finite atomless measure space. Then Ly (L) satis-
fies the Daugavet property for narrow operators.

We note that exact set all of operators on L that satisfy the Daugavet equation is
larger than the set of narrow operators, and was described by Shvidkoy [131].
For the proof of Theorem 6.3 we will need several lemmas.

Auxiliary lemmas

We formulate the Enflo-Rosenthal truncation lemma for the space L only. Follow-
ing [4], a sequence (x,){° in a Banach space X is called colacunary if there is a

number 6 > 0 such that ., .,
Hzakka >0 |agl
k=1 k=1

for each n and each collection of scalars (ax)]. In this case we say that (x,){° is
colacunary with the constant 6. Note that a normalized sequence is colacunary with a
constant & € (0, 1) if and only if it is #~!-equivalent to the unit vector basis of 1.

The following lemma of Enflo and Rosenthal [36] was stated for normalized se-
quences (x,). However, the same proof shows that it is true for arbitrary bounded
sequences.

Lemma 6.5. Let (x,){° be a bounded colacunary sequence in Ly with a constant
0 € (0,1]. Then for each § € (0,0) and each number M > 0 there exists ng € N
such that for any n > no we have

x(@) if |x(O)] = M,

M — =
|| Xn xn” > §, where x(t) {0 othermise.
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Proof. Suppose this were false. Then, since (x;) is bounded in L1, by passing to a
subsequence of the x,s if necessary, we may assume without loss of generality that
for any § € (0, 9), there is M > 0 such that | M x,, — x,,|| < 6 foreachn € N.

Fix n € N and observe that by the triangle inequality,

/[o uHZ”‘(S) xe = xe) | ds < ZH e—xe| <én. (63)

where (ry) is the Rademacher system. By colacunarity, || >y, rx(s)xx || > 6n for
each s € [0, 1]. Hence,

/[0 l: H Z e ($) Xk H ds > 0n . (6.4)

By the triangle inequality in L0, 1]?,

Jol ol as= [ 32 no o
< foal sl

(6.5)

Combining (6.3), (6.4) and (6.5), we get

n@(l — g) =nb —né < /[0 nl: HZrk(s) ka ds . (6.6)

On the other hand,

/[0 o H Z e (s) Mxk H by Fubini’s theorem //0 -
n . 1/2
re(s)M xk(z)( ds dt)

by Hélder’s inequality
= 2.
[O’ 1]2 k=1

1/2
by anthogonslityof %S / Z‘ Xk (t)) ds dt <Mn.
[0.1]

Combining (6.6) with the last inequality, we obtain

J—G( —ﬁ)sM,

that cannot be true for all n € N. O

rk(s) Mxk(t)‘ ds di
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Lemma 6.6. Let T € £(L1). Then for every ¢ > 0 there exists A € XV such that
IT14]l = (IT']| — &) (A).

Proof. Given ¢ > 0, we choose a simple function x = Y ', ag14, where AjU...L
Am = [0,1]and Ay € Xt fork = 1,...,m, so that |Tx]| > (|T| — &)|x]||. We
claim that | 714, || > (1 —&)u(Ag) for some k € {1,...,m}. Indeed, otherwise

m m
17 < 3 lalTLa | < 3 lagl(IT = ©)n(4) = (1T - &) lx1l.
k=1 k=1

which is a contradiction. O

Note that Lemma 6.6 is a weak version of Theorem 7.31.

Lemma 6.7. Let (A,)nen be a sequence of sets in ©7 with lim,— oo t(A,) = 0,
and x, = 14,/ W(An) for eachn € N. Then for any ¢ > 0 there exists a subsequence
(Xi(n)) ey Which is (1 + €)-equivalent to the unit vector basis of {1.

Proof. Since (x,) is a normalized sequence in L1, our goal is to construct a colacu-
nary subsequence with constant (14-¢)~!. By arbitrariness of & > 0, this is equivalent
to constructing a colacunary subsequence with constant 1 — ¢, for any ¢ > 0. Fix any
g€ (0,1) and @ € (0, 1) so that % < % Since limy— o0 4(An) = 0, there exists a
subsequence of (A4,) which, for convenience of the notation, we also denote by (4,),
such that (A, +1) < au(Ay) foreachn € N.

We show that (x;,) is a colacunary sequence with constant 1 — ¢. Indeed, we have

w(U Ay) = 5 AR = pdn) (@ +a? +a® +..)

k=n+1 k=n+1 (6.7)

o &
= w(An) 7—— = 5 w(4n).
—o 2

Set B, = An \ Ulto=n+1 Ag and y, = % for each n € N, and observe that for
eachn € N

1 1 3
%0 = yall = (M(Bn) - u(A,o) #{(Bn) + (A,,> U )
| Uk =n+1 Ak)
= iy e = rEa +a( U Ak) w(A4n)

k=n+1

by (6.7)
< £.
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Since (Bj,) is a sequence of disjoint sets, the sequence y;, is isometrically equivalent
to the unit vector basis of £1. Thus for any finite collection of scalars (a )y _, we have

n n n n
1> i = [ D2 @] = D tawlle = el = (1 =) > lawl
k=1 k=1 k=1 k=1

Proof of Theorem 6.3

Let ¢ > 0. By Lemma 6.6, there exists 4 € 7 so that for x = 14/u(A4) we have
x| = 1and ||Tx| > |T|| —e. Forany n € N, by Lemma 1.11, there exists a
decomposition A = A}, LI A} so that u(A))) = 27" u(A) and || Thy|| < en(A) where
hn =1y, — (2" — 1)1y Note that for every n € N we have
hn 2" 14y
- = IAZ = m -’
() p(A4) p(Ay)
and ||x—hy, /ju(A)|| = 1. By Lemma 6.7, the normalized sequence (x—hy, /((A))5>,
contains a subsequence (x — h;(y)/ 1t (A))52, whichis (1 4 £)-equivalent to the unit
vector basis of £.

Suppose that ||J|| = 1. Then |J 7| > 1and @ = ||J 7|71 (14+¢)~! < I. Putting
Xn = J(x —hj@m)/n(A)), we obtain that for any n and any n-tuple of scalars (ag )y _,

Hkgakxkﬂ = Zak( M’{ZDH
1 HZ v )] =02 lael

Let v > 0 be so that for each B € X7, if u(B) < v then [ |Tx|du <e. Let
M = 2v~!. By Lemma 6.5 there exists n € N such that |[Mx, — x,|| > 6 —¢. Let
B={te[0,1]: |xn(t)] > M}. Then

w(B) < - [B X

(A) NV
Hence,
himy \ | _ Thign)
H(J + T)(x— m)” = |+ T = Z | = o+ Txl e
= |(xn + T[] + ||(xn + TX) o158 — ¢
> | xn |%nlto.n5] —¢

>0 —c—e+ |Tx—Txlg| — |xall + [xal] — ¢
>0+ ||Tx|—e—1+0—e—3e>20+|T||—1—6¢
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and by arbitrariness of ¢ > 0 we obtain

1+ T 2 2+ 1T -
~
Suppose now there is no restriction on || J ||. Since
) 1= B
=) | =t = e
IG77)
we have
2 T
1+ 70 = W+ | = (e — 1+ [
||J|| I (IIJIIIIJ i I )

=17+ 11( 5 ~1).

6.2 Pseudo-Daugavet property for narrow operators on L,
p#2

Benyamini and Lin [14] proved that for each p € (1,2) U (2, 4+o0) and each ¢ > 0
there exists §,(¢) > O such that for every compact operator K € £(L,) of norm
|K|| > & we have

I+ K| = 1+ 8,e).

This result was generalized to narrow operators in [110, p. 64] (see Theorem 6.8). As
in the case of compact operators, the proof for narrow operators in the case | < p <2
is much more involved than that for 2 < p < oo. The essential difference for narrow
operators is that we cannot consider the case 2 < p < oo only, and then use the
duality argument, since, by Corollary 5.10, the conjugate to a narrow operator need
not be narrow.

Boyko and V. Kadets [21] proved that for every ¢ > 0, 6,(¢) tends to €, as p goes
to 1 (see Theorem 6.15).

This section is devoted to the proofs of these results.

Pseudo-Daugavet property for narrow operatorson L,, p # 2

The main result of this subsection is the following theorem from [110].

Theorem 6.8. Let 1 < p < 00, p # 2 and (2, X, 1) be a finite atomless measure
space. Then there exists an increasing function 8, : (0,00) — (0, 00) so that for
every narrow operator T € £(Lp(j1)) we have

II+T|=1+8UTI).

For the proof of Theorem 6.8 we need some lemmas.
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Lemma 6.9. Let 1 < p < 00, p # 2. Define
ho = 3'1[0%] —1(%’1] and 1= 1[0’1] .

Then there exists a number oy # 0, and an increasing function Bp(A) > 0 defined
for each A > 0, such that for any t € R the inequality |t — 1| > A implies

11— apho|” + Bp(A) - |t =117 < |11 —apho|” .

Using the idea of [14], one can show that for 2 < p < oo a number 8,(A) can be
chosen independently of A, but for the case 1 < p < 2 this is impossible.

Proof of Lemma 6.9. Denote by y,, the scalar that minimizes the function

1 3
fly) = ||J/1—ho||p=Z|3—V|p+z|y+1|p.

We show that y, # 0. For this purpose, it is enough to consider the function f(y) on
the segment [—1, 1], where it has the following form:

G- +30+1)".

=

fly) =

Then :
> ') =-C-,? 1 +3@p+1P",

and hence, %f’(O) = —3P7"1 4340 for p # 2. Thus, 0 cannot be a point of
minimum for f(y).

Leta, = )/p_l. Then for each 7 € R,
1 —apholl < 11— aphol . (6.8)

Put

pp@) = int {1177 (Il = apholl” = [1=apholl?)} . (69)

i
t—1|
Clearly 8,(A) is an increasing function of A. It remains to prove that 8, (A) # 0
for all A > 0. Denote by ¥ (¢) the expression in the braces in (6.9). First we prove
that
lim v(@)=1. (6.10)

[t—1]—>00

Indeed, by the triangle inequality,
I = D)1 = 1= apholl < lle1 = apholl < [l = DA + [1=apholl

Hence,
I —aphol . -1
- 77— im ————=1.
li—1]—>00 |t — 1] lt—1]—>00 [t —1]
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Thus,

t1—oaphol|l? 1—ayho|?
lim () = lim I =apholl® - IL=epholl®
[t—1]—>00 [t—1|—>00 |[ — 1|p [t—1]—>00 |l — 1|p
By the continuity of the nonnegative function ¥ (¢) (see (6.8)), and by (6.10) we de-
duce that, if 8,(A) = 0, then there would exist 7y # 1 so that ¥/(t9) = 0, that
18,
1 —apholl = lltol — aphol| .

The strict convexity of L,(u) for p > 1[25] means thatif x,y € L,(1n), x # y
and ||x|| = ||y|| > O, then [|(x + »)/2|| < |y]. In particular, for x = fo1 —a,ho and
y =1—apho we would obtain

t 1
[~ 1~ apho < 1= apholl,

which contradicts (6.8). This implies that the assumption 8, (A) = 0 is false. |

Lemma 6.10. For all numbers a,b > 0 the following inequality holds
a? <b? + p-la—b|-max{a?" ! b7},

Proof of Lemma 6.10. We consider two cases.

(1) 0 < a < b. We need to prove that a? < b? + p(b — a)bP~!. Consider the
function ¢(a) = b? + p(b — a)b?~! —a”? on [a,b]. Since ¢'(a) = —pbP~1 —
paP~! < 0on [a,b], we have that ¢(a) > ¢(b) = 0.

(2) 0 < b < a. Now we need to prove that a? < b? + p(a — b)a?~!. We
consider the function ¥ (b) = b? + p(a — b)aP~' — a” on [b,a]. Since ¥'(h) =
pb?~1 — paP~! < 0on [b,a], we have that ¥ (b) > ¥ (a) = 0. O

Lemma 6.11. Let 1 < p < oo, p # 2. There are numbers v, > 0 and &, > 0,
and an increasing function np(A) > 0 defined for every A > 0, such that if T €
L(Lp(1)) is a narrow operator and x,y € Ly(w) satisfy ||x|| = 1 and ||y|| = A,
then for every € > 0, there exists he € L, (i) such that

[Thell <& vp <|x—he] <1+§

and
[Ix —hell? + np(A) Y117 < llx +y — he” .

Proof of Lemma 6.11. Let

_I—apholl 37435 =g (A
Vp =T fp—|0‘p|( 4 ) ’ ”P(A)_Zﬂp(zl/p)’

where &g, oy, Bp(A) are defined in Lemma 6.9. Since the function §, is increasing,
so is the function 7.




80 Chapter 6 Daugavet-type properties of Lebesgue and Lorentz spaces

Let T € £(Lp(w)) be a narrow operator, x,y € Ly(u), |[x]| = 1. ||y]l = A,
and & > 0. Choose simple functions X, y € L, (u) so that:

(a) The term X(w) # 0 almost everywhere; and, X and y take values a; # 0 and by,
respectively, on disjoint subsets A;. Moreover, 2 = |_|;c"=1 Ag.

() [[x = X|| <vp,and
n _ R R —1 1
max{[|x—%[|(1+&)? 7Y, (Ix =%+ y=31) (1 +lyll+£) 7"} < EHP(A)IIJ’IIP-

© %= lxl =1 15l = Iyl
Fixany k € N, 1 < k < m and choose, using Lemma 1.11, a function /3 € L, (1)

so that 4
he =31y — 1y, ApUAY = A p(dy) = “( ©)
and
IThell < 57— -
2mlag||op]

By Lemma 6.9 for t = 1 + by /ayg, if |bg Jar| = A then

lax1a, — akophic||” + Bp(ADIbray 1P < |[(ax + br) 14, — axophi||” . (6.11)

The definition of o, implies that for each k = 1,...,m the following inequality
holds
”aklAk —agophy ”p < ” (ax + br) 14, — arophy ”p . (6.12)
Set
I (@) 191
x(w)| — 2‘

@) = {y () it

0 otherwise

and y, = y — yy. Since y; and y; have disjoint supports, [|[7[|? = [|[y1lI? + ||y2]?.
And since
_

X ()]

almost everywhere, we have ||y2|| < ||$]|/2'/7, and hence

. R o 18
p > p_ = . 613
[yall? = 117 5 5 (6.13)
Decompose the set {1,...,m} into two disjoint subsets My and M>, so that M;

consists exactly of those k, for which |by /a| > ||7]/2'/7.
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We set in (6.11) the value A; = A/21/P and observe that (6.11) holds for all

k € M. Then we add inequalities (6.11) for all k € M, and inequalities (6.12) for
allk € M5 :

HX—Zakapth +,8p(21/p) Z brLa, 17 < Hx+y Zakapth

k=1 k=1

By (6.13), we obtain

15117
S belag 1”7 = lyaf? = 225

2
kEM]

Next make

m

hg = ap Zakhk .

k=1

Then
1 A A
o p _ p _ D p

15 = hell? + 5 B (5575) 1907 < 15 = hell” + Bp(5577) 2 Ibial

keM;
SNX+ 9 — hell”.
(6.14)

We show that /. satisfies the assertions of the lemma. Indeed,
m
IThell < lepl S lagIThill <e.
k=1

by the choice of hy, and since |14, — aphi||? = u(Ag)||1 — aphol|?, using the
definitions of /. and v, together with condition (a), we obtain

lx —hell = [|1X = el — llx — X

m
= (X laxta, —apaxhidl?)” = lx = %]

k=1

> (3 laela, - apaehel?)” = vy

k=1

N =

*el~

1

m 4
= (X lax P (apt = aphol”)” = vy

k=1

= 1= aphol - [IXIl = vp = 2vp —vp = vp .
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Then, by Lemma 6.10, we estimate
[x = hell? +np(M)IYIP = lIx + y — hell?
<% = hell? + 2np (D) [IYI1P = 1 + § — he?
—p(M)IYII? + p - |Ix = hell = I — hell| - max{||x — hel|P~" + X — he| P~}
+p-|lx +y—hel = 1%+ § = hell| - max{[x + y — hel|P7" |5 4+ P — kel P71}
(using (6.14) and (c))

< —np(A) [¥II? + p llx — £ max{||lx — hel|P | — hel|P71)

+ o (Ix =21 + lly = $ll) max{l|lx + y —he|P71 | + 5 — he|| P71} . (6.15)

By definition of /i, and &,, we have that

= 1 3 /
el = |oep|(k§1 axl? (37 - 3 A + ua0)) =g 151 =&

and hence, |[x — he| < |x|| + [[hell = 1 + §p. Finally, from (6.15), (b) and (¢) we
deduce

X = hell? + np (MY IP = llx +y = he”

<—mp (M7 + pllx = 2N1(A+E)P " +p(Ilx = [ +1ly = F1)A+1yll+E)7

<0. O

Proof of Theorem 6.8. Let T € £(L,(w)) be a narrow operator, || 7] > 0,0 < ¢ <
T]/2, and x € Lp(n) so that ||x|]| = 1 and |Tx|| > ||T| —e. Set y = Tx and
choose, by Lemma 6.11, h € L,(p) so that |[Th| <e,v, < |x —h|| <14 &, and

I7]
lor = B17 40y (F55) 19117 < e+ 3 = BI. (6.16)
Then
|7+ T =Rl _ Ix+y=hl  ITh|
x—hl = >kl x4l
> M _ i (6.17)
=l v
Using (6.16), we obtain
lx +y =l 1Tl Iy1?
1 LY
e = (T ) A
171 (T~ #)”
>1 . 6.18
= +””(2>(1+5,,)P 19
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By arbitrariness of ¢ € (0, | T||/2), (6.17) and (6.18) we obtain

IITII) (R

1/p
— m) =14+ (IT1) -

17+ 70> (140

Corollary 6.12 ([114]). Let 1 < p < oo and p # 2. Then there exists a constant
kp > 1, kv = 2, such that for every finite atomless measure space (2, %, ), if
P # I is a projection from L, (2, X, w) onto a rich subspace, then || P| > kp.

Proof. For p € (1,2) U (2,+00) we set k, = 1+ §,(1), where §,(1) satisfies
Theorem 6.8. If P # I is a projection onto a rich subspace of L,(u) thenT = I —P
is a narrow projection, which is nonzero since P # I. Hence, by Theorem 6.8,

[Pl =1 =TI =1+8TI =1+801)=kp.

For p = 1, we use the Daugavet property (see Corollary 6.4) and the same argu-
ment with k1 = 2. O

Franchetti [43] proved that the exact value of the constant kj, is equal to ||/ — A||p,
where A is the rank-one projection defined by

Ax ¥ (/ x(s)d,u(s)) -1.
Q

Note that the projection A is well defined in any r.i. space with finite measure. The
exact value of ||/ — AJ|, for p € (1, 00), has been evaluated by Franchetti [43] and,
independently, by Oskolkov (unpublished).

A classical Ando’s theorem [9] says that a subspace X of an L, (u)-space is iso-
metrically isomorphic to an L, (v) space if and only if it is 1-complemented in L, ().
Thus, we have the following consequence of Corollary 6.12.

Corollary 6.13. Let (2, X, u) be an atomless measure space and 1 < p < 00, p #
2. A rich subspace X of L, (i) cannot be isometric to any L, (v)-space (here v need
not be atomless). In particular, L,(u) contains no finite codimensional subspaces
isometric to an Ly (v)-space.

The second named author in [119] proved that no finite codimensional subspace is
1-complemented in any r.i. atomless Kothe function space on [0, 1], except for L,. By
Ando’s theorem mentioned above, this is an exact extension of the last statement of
Corollary 6.13.

Semenov asked whether Corollary 6.12 can be generalized to any r.i. Banach space
on a finite atomless measure space.

Open problem 6.14. Let E be an r.i. space on a finite atomless measure space, £ #
L5. Does there exist a constant kg > 1 such that if P # [ is a projection onto a rich
subspace of E then | P|| > kg?



84 Chapter 6 Daugavet-type properties of Lebesgue and Lorentz spaces

In Section 6.3 we answer Open problem 6.14 affirmatively for Lorentz spaces on
[0, 1] (Theorem 6.21).
An estimate of the best constant in the pseudo-Daugavet inequality in L,
By the best function for the pseudo-Daugavet inequality we mean
Yp(t) =inf{||[I + T|—1:T € £(Lp), T is narrow, |T| =1}.
Boyko and V. Kadets [21] proved the following estimate of v, (¢).

Theorem 6.15 (Boyko and V. Kadets [21]). Let 1 < p < 2 and ¥ : (0,00) —
(0, 00) be the best function for the pseudo-Daugavet inequality. Then for everyt > 0
we have

lim t)=t.
1 lﬂp( )
For the pI'OOf we need some lemmas.

Lemma 6.16. Given 1 < p <2, a > 0, let Ty o € £(Lp) be the operator defined
foreach x € L, by

Tpax = —a/ xdu .
[0,1]

Then , .
I+ Tpall < (1 +a)? " max{l,]Ja—1|'""7}. (6.19)

Proof. By the Daugavet property of L, |11 «| =1 + «.
Let us calculate the norm ||73 ¢|. Since L, is a Hilbert space and I + T o is a
self-adjoint operator, we have

1 + T2all = sup

/ x-(I+ Tz,a)xcm)
[0,1]

XGBL2
= sup / <x2—ax/ xdu)d,u)
x€Br, ' J[0,1] [0,1]
2
= sup l—a(/ xdu) ’
XGBL2 [0,1]

Thus |/ + ol = 1,if0 <a <2,and |/ + T2 4| =« —1,if2 < & < oo. That
is, |1 + T2l = max{l,«a — 1}.
By the Riesz—Thorin interpolation theorem [80, Theorem 2.b.14],

0
|

9

”I + TPﬂ | = ”] + Tl,a”l_e”I + Tz’a

where 0 = 2 — %. Plugging to the last inequality the obtained values of ||/ + T «]|
and || + T2 «||, we get (6.19). O
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Corollary 6.17. Let 1 < p < 2. Then the best function for the pseudo-Daugavet
inequality has the following estimate from above
2

Yp(t) < (1 +1)7 " max{1,|t — 1|1_%} .

Recall that a function f : (0, +00) — R is convexif f(Ax+(1—1)y) < Af(x)+
(1 =X f(y) forall x,y > 0and A € [0,1]. It is well known that if f is twice
differentiable at every point then f is convex if and only if f”(z) > 0 for all ¢.

Lemma 6.18. Foranya > 0 andt > 0, we set F(t) = |a — (7 |P. Then the function
F : (0, +00) — R is convex. Moreover, F"(t) > 0 for eacht € (0,a?)U (a?, +0).

We omit the proof which is standard.
Givenany A € 1,1 > 0and d > 1, we set

1
14 +et?1+ y||?
Lo Y € L+ vl =il

) = min sup {
¢q(t) = min sup

where 1 = 1jg ;7. Observe that the values of ¢; do not depend on A. Let ¢z denote
the lower convex envelope of the function ¢, that is, the convex function defined on
[0, +00) such that if a convex function ¢ : [0, +00) — R satisfies ¢ (t) < ¢ 4(¢) for
every t € [0, +00), then ¢(¢) < @, (t) for every ¢ € [0, +00). One can show that

Fay = _int_{oa@ + (a8~ pate) 5= |

for each ¢t € (0, +00). We also consider the function

1
|1g =271+ y|?
T LY(A). |14+ yl =d|La]. 1s +y > 0}.

Pa+(1) = sup{

We note that ¢4 4 (¢) does not depend on the choice of 4 € =t

Lemma 6.19. For any d > 1 the function ¢4 4 is convex on (0, +00) and thus
©a(t) = @q.4(t) forevery t € (0,4+00) . (6.20)

1
Proof. By Lemma 6.18, the function |1 — 7 + y(¢)|? is convex with respect to the
variable ¢. Thus, so is the function

1 1
g — 71+ y]? = /A|1—tﬁ ()] du(r) .

and hence, the function ¢4 4. Thus (6.20) follows from the definition of gz (¢). O
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Lemma 6.20. Let 1 < p <2, d > 1,and T € £(Lp) be a narrow operator. Then
I +TI” = ¢a+UTIP) .

Proof. Let ¢ > 0, and x = Y |, axly, be a simple function with ||x| = 1 and
Tx # 0, where [0,1] = Ay U... U Ay, A € 1. Lete; € (0, T x|/2) be such
that

p(d + ||T| + e1)? 1261 < ed? , (6.21)

and

T
ift,s € [@,ZHTXH} and |t —s| < &1 then ‘rpd’+(tp)—<pd,+(s1’) <e. (6.22)

By the density of the simple functions, we may choose (partitioning, if necessary)
the sets (Ax)}'_; in such a way that there exist scalars (bg)7_, with

m
H Tx— Y bela| <er. (6.23)
k=1
Set e
£y = . (6.24)
(1 +d) 35— lak]
Fix any k € {1,...,m} and &, > 0, and choose, by Proposition 2.19, an atomless
sub-c-algebra X € X (Ag) such that
||T|L2(Ak,zk,mzk)” <e. (6.25)

Choose yx € Lp(Ag, Bk, ply, ) with |14, + yill = d[La; . By (6.25), | Tyxll <
&2 yk|l- Since

[yl < M4, + yell + 1a ll = A+ )g |l <1+ 4,

we obtain, using (6.24), that

&
Tyl < e2(1 +d) = = —— | (6.26)
Zk=1 lag|

Let G be the set of all possible such sequences (yk);le. Then

14T > (4 T+ o an)
> sup

6.27)
GO, €G |x + ke arve|”

Since ||x|| = 1 and supp yx € Ay fork =1,...,m,

m m m
p p
H)H- E akka = HE ap (g, +yk)H =d? E lak|P 114, 117 = dP . (6.28)
k=1 k=1 k=1
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We denote the numerator of (6.27) by « and estimate

m m
o= Hx + Tx + Zakyk + ZakTyk”
k=1 k=1

m m m m
> Hx + ZbklAk + Zakyk” - HTx — ZbklAk — Z lag| 1Tyl

by (6.23) and (6.26) m m
= v+ > e + > ] 221 (6.29)

k=1 k=1

Set B = |lx + X7 bxla, + D 1 ax vk | and estimate

m m
B <+ D o] +1Txl + |Tx = Y beta | < d +TI+ o1 (630
k=1 k=1

Since, for t > s we have (t — 5)? > ? — ptp_ls, by (6.29) we obtain

1 bY(630)

af? = (B—2e1) = BP —ppP"2e1 = BP—pd+IIT| +e1)2e

by (6.21)
> BP —ed? . 6.31)

Using (6.28) and (6.31) we continue the estimate (6.27)

1 “ “ P
I +T|?>-— sup ‘x+Zbk1Ak+Zakka -
k=1 k=1

dP (yoym_ eG

1 m
=—  sup agla, + bela, +agyi|” -
7 (yk>z"_leGkZ=1” ' " |

m La, + a1y, + yi|”
= Sl e T

p
GO €6 (2 dr |14, ||
m
by the definition of @4 |bk |p P P
> ngod(W jar|? 114,117 — ¢ (6.32)
=1

Since ¢z > ¢4, by the definition of ¢4 and since 97 > ¢4 4 by Lemma 6.19, we
can continue the estimate (6.32)

| p

Jlax 1?14 |7 — ¢

¢ bk
1+ 7017 23 ga s (Do
pat |ag|

m

> §0d,+( > bl P | 14, ||p) —€. (6.33)
k=1
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Observe that (6.23) implies |[|Tx| — || Y 5= bxlailll < €1, and since &1 <
1T x||/2, by (6.22), we continue the estimate (6.33) as follows:

1+ TP = gay (ITx17) =26

Taking the supremum over all simple functions x with ||x|| = 1 and Tx # 0, we get
17 +TI7 = ¢a+ (ITI7) —2¢.

By arbitrariness of ¢ > 0, the lemma is proved. O

Proof of Theorem 6.15. Lett > 1 and T € £(Lp) be a narrow operator with || 7| =
t. By arbitrariness of d > 1 in Lemma 6.20,

17+ TN7 = sup g+ (IT1I7) .
d>1
and thus,
» 1/p
V() = (supga (7)) —1.
d>1
By the definition of ¢4 4 for A = [0, 1], making the substitution x = 1 + y, we

obtain

[ x —e771)” "
god,+(t)=sup{—:xeL1, x| = d, / xdpczl}.
[lx]17 :
Hence,
r=m?
sup ¢q,4(1) = sup{i cxelLf, / xdu = 1} ,
d>1 [[x[|7 [0,1]

Applying the substitution x = ( f[o,l] ydu)~!y, we obtain

{ ||y - tl/p(f[o,u yd“)1||p .
Iyl? '

sup ¢ 4(1) = sup eLf, y# 0} :

d>1

Lets = (%)ﬁ, and choose A € X with u(A) = s (this is possible since
0 <s <1). Letxo = s~ Y/P1,. Since xo > 0 and ||xo| = 1, we can estimate

1/p
Yp(t) = (SUP Pd,+ (t”)) —1=> on—t/ xodMH —1
d>1 [0,1]

P 1/p
s+t1’s”_1(1—s)) —1

_1 1—1
= ‘S P —1s P

1/p
<|1 —ts|P 4 1PsPT - zPsP) 1

_ 1/p
o3| P = 723
‘1 l( 2 >p2 [p< 2 >p2 tp( 2 )p2 1
p—1 p—1 p—1
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We have
2\ = 2\
lim (—)” -0, lim (—)” >~ 1, lim (—)” > 0,
p—>1+ p—l p—>1+ p—l p—>1+ p—l
and hence,

li t)>1 t—1=t.
p_l)l?_’_‘pp()_ +

On the other hand, the inequality v, (t) < ¢ for eacht > O and p > 1 follows from
the inequality ||/ + T|| < 1+ ||T]. O

6.3 A pseudo-Daugavet property for narrow projections in
Lorentz spaces

Lorentz spaces were introduced by Lorentz [82, 83] in connection with some problems
of harmonic analysis and interpolation theory. Since then they have become one of the
most important examples of r.i. spaces and were extensively studied by many authors.
We start by recalling the definition of Lorentz spaces and introducing some notation.

If f is a measurable function, we define the nonincreasing rearrangement of f to
be

SR =inf{s:pn(fl>s) <t}

Notice that when f is a simple function, f = Y j—, arla,. then f* is also a
simple function and the range of f* equals {|ax| : k = 1,...,m}.

Ifl1 <p<ooandifw :(0,1) — (0,00) is a nonincreasing function, we define
the Lorentz norm of a measurable function f to be

s = ([, w07 ar)””

The Lorentz space Ly, p([0, 1], 1) is the space of those measurable functions f for
which || f'||w,p is finite. These spaces are a generalization of the L , spaces: if w(x) =
1forall0 < x < 1, then Ly, , = L), with equality of norms.

The main result of this section answers the Open problem 6.14 of Semenov for
Lorentz spaces on [0, 1].

Theorem 6.21. Suppose Ly, is a Lorentz space on [0,1] and p > 2. Then there
exists op > 1 such that for every nontrivial projection P from Ly, onto a rich
subspace

[Pl = ep -

In the proof of Theorem 6.21 we will use the following two propositions.
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Proposition 6.22. Suppose Ly, is a Lorentz space on [0, 1] with p > 2. Then there
exist §p € (0,1/8).1p = Ap(8p. p) € (8p/(Bp —4).0) and yp = yp(Ap.8p. p) €
(0, 1) such that
Yo + 2[Apl8p <1
which satisfy the following property:
for every simple function x = Yy agla, suchthat 1 < ||x||pw <1+ 38, and

|a;|

laj|

£(3—5p.3)

foralli,j = 1,...,m; and for every partition A, = By U Cy with u(Br) =
(1/4)u(Ag) we have

N =

I axGs, ~1c)],., = (j) ,

k=1

and

m m
“Apx + Z ak(313k - 1Ck)“p,w =¥ “ Z ak(313k - lck)”P,w ’
k=1 k=1

Proposition 6.23. Let X be an r.i. space. Given a simple function x = Y_j'_; axly <€
X and § € (0,1/8), there exists a simple function x* = x*(§) = Iy ai 14, such
that foralli,j =1,...,m,
#
|ai |

|aj|

x|l < IxF) < (1 + 3/2)8)l1x]-

and ||x — x*| < (3/2)6,

Let us first show that Theorem 6.21 is indeed a consequence of Propositions 6.22
and 6.23.

Proof of Theorem 6.21. Fix ¢ > 0. Since P is a nontrivial projection, there exists a
simple function x = Y y—, axla,, ax # 0, with |x|| = 1 and || Px| < &. Note that
since we will always work in L, ,, we will drop the subscript and simply use || - || to
mean || - ||p,w throughout this proof.

Let §, be as defined in the statement of Proposition 6.22. Since §, € (0, 1/8), by
Proposition 6.23, there exists a simple function x* = Iy a,‘i 14, with 1 < xH|| <
1+ (3/2)ép, lIx — xH| < (3/2)8p and such that

|

#
|aj|

¢ (3—3p.0p) . (6.34)

foralli,j =1,...,m.
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Since I — P is narrow, by Lemma 1.11, for each k, 1 < k < m, there exists a
partition Ay = By U Cy such that u(By) = (1/4)(Ay) and

&
||(1 - P)(3lBk - 1Ck)|| < i .
|ak|m

Then forz = Y 7, a2(313k —1¢, ) weobtain ||(/ — P)z|| <e.
Moreover, by (6.34) and Proposition 6.22 we conclude that

IApx* + 2] < wpllzll

where A, and y, are constants defined in Proposition 6.22. By Proposition 6.22,
z]|# > 3/4 and thus,

Izl = 1PApx* 4+ 2) — PApx? — PAyx + PAyx 4z — Pz
<P IApx® 4 2l + [Ap] - 1P - 1% = x| + Al Px]| + (T = P)z]

3
<Pl -vpllzll + 1 PIl|Ap] - 581) + [Aple + &

3 N
<1z 1P1(vp + 58 11(5) ") + 22l + 1)
<zl - 1P1[(rp + 28p[Ap|) + e(|Ap] + 1).
Since ¢ was arbitrary, we obtain

_q def
[Pl = (vp + 28p|2Ap) = Op -

By Proposition 6.22, o, > 1. m|

Remark 6.24. Note that the same proof will demonstrate that whenever 7T is a narrow
operator on Ly 4, p > 2, such that 1 is an eigenvalue of 7', i.e. such that there exists
anonzero element x € Lj ,, with Tx = x, then

I =T[=ep>1.

(Simply replace P in the proof with I — T, and note that Propositions 6.22 and 6.23
do not depend on the operator at all.)

Proof of Proposition 6.22. Let § € (0,1/8) and x = Y ', axl4, be a simple func-
tion such that 1 < ||x|[p,w <1+ (3/2)8 and

|a;|

laj|

£(3-4.3),



92 Chapter 6 Daugavet-type properties of Lebesgue and Lorentz spaces

foralli,j = 1,...,m. We assume without loss of generality that |a;| > |az| >
... > lam|. Fork = 1,...,m, let By, Cy be subsets so that Ay = Bj U Cj and
w(Br) = (1/4)u(Ax). We denote

m k
y=) 3aplp, —aglc,. ax = Y _ p(4))
k=1 j=1
and
k
Vi = Z/L(Cj) fork=1,....,m.
j=1
First note that
m o
L= xl? =Yl [ wioar
k=1 Y1

and
m m Yk
17 2 13 laeltedl” = Y- Jaud [ w(oar.
k=1 k=1 V=1

Since w(t) is a nonnegative, nonincreasing function, we have that

ak ap—1+ 2 1(Ak) ok
/ w(t)dt =/ w(t)dt +/ w(t)dt
o o,

ax—1+3u(Ax)

k—1 k—1
4 ak—1+21(Ak)
< —/ w(t)dt,
3 Jas
and
Yk 3o op—1+ 2 1(Ax)
/ w(t)dt =/ w(t)dt z/ w(t)dt.
Vk—1 Fok— QK —1
Thus
m Yk m ax—1+3u(Ax)
17 = Y lael [ wiar = Y el | w(r)dt
k=1 Yk—1 k=1 Ur—1
m
3 (9% 3 3
> = Hdt = =||x||? = =,
_k;mku/ak_l w(yd = 2|l = 5

which proves the first part of the conclusion.
For the second part, we set by = 3ay,c, = —ay fork =1,...,m.
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Thus,

m
y = Zblek —l—cklck,
k=1

m
A
Ax+y =Y b(l+ 5)1Bk + (1=, .
k=1

We first notice that if 0 > A > §/(§ —4) > —1 thenforalli,j = 1,...,m the
following hold:

A A
bl(1+5) = il(1+5) <= Il < Iby: 635)
leil(1=24) =< lej|(1 =A) <= lcil < ejl: (6.36)
A )
leil(1=2) < |b,-|(1+§) foralli: (6.37)
A
|b,~|(1+§) < ejl(1=A) <> |bi] < ojl: (6.38)
A .
|bi|(1+§> £ Jej|(1—2) forall i, ). (6.39)

Indeed (6.35), (6.36) and (6.37) are obvious since 1 + A/3 > 0,1 — A > 0 and
1 —2A <3(1 + A/3). To see (6.38)“=,” suppose on the contrary, that there exist i, j
such that

G+ 5) = leg =2, and I > 1.
Then
e - 1-2 _ 1—A
DR )
Thus, since A € (§/(§ —4),0),

)
3>Mz Ll > 3" as =3-9,
la;] = 34+A 1+ 4878
which contradicts (6.37), and (6.38)“=>"is proved.
Next, suppose |b;| < |c;|. Since A < 0 we get

A
16l (1 + 3) < [bil =< lejl <lejl(1=2).
Thus (6.38)“<=" and (6.39) are proved.

Now define numbers ¢, ,1g, fork =1,...,m as follows:
e, =Y wC+ Y. B,
k<i L:|b|>]ci|

g, =y wB)+ Y (G

k<j izlei|=1b;|
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It follows from (6.35)—(6.39) thatforalli, j = 1,...,m
e, > e, = (leil = lej| and leil(1=2) = Iej (1= 1),
(|c,~| <|cjl|, or, equivalently, |c;|[(1 —A) < |c;](1 —/\)) = ¢ > Ic;,
A A
i, > 15, = (1bil < 1bj] and 5101+ ) < 15101+ D)), (6.40)
A A
(|b,-| < |bj| or, equivalently, |b;|(1 + 5) < 1bj|(1 + 5)) = g, > IB;,
A
tg; > 1c; < |bil(1+3) < lejl(1=2) < |bi] <lcjl.

Now define the following weights:
1By +u(Bk) tcy +u(Cr)
ka:/ wdu , ka:/ wdu .
tBk tck

By (6.40) we obtain

Y115 bk |Pwa, + leklPwey ],

1Ax + Y7 =

m
>
k=1
& A

2 [1bel? (1 4 2)Pws + el (1= H)Pwey ]
k=1

Thus, the nonincreasing order of moduli of coefficients of y is the same as the
nonincreasing order of moduli of coefficients of Ax + y.
Thus if we set

“ A
Y@ =3 (bl ? (1 + ) wsy + el (1= 17w ]
k=1

for A € (=3, 1), then

3
W(O) = ||y||p,w = Zv

v(A) = [[Ax + |5, for A € (3/(8—4),0).

(6.41)

Clearly, ¥ is differentiable for all A € (—3, 1) and

“ Al -
V') =D [plbil P (1 + )P Jw = pleel” (1= )P hwe, ]
k=1
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Thus,

m

m
1
v'(0)=p E [§|bk|pw3k —lcxlPwe, ] =p E lag |P[37 wp, —we, . (6.42)
k=1 k=1

We now need to compare the quantities wp, and wc, foragivenk, 1 <k <m. It
follows from (6.37) that ¢, > tp,. Moreover, by definition of By and Ci, we have
W(Cx) = 3(By). Thus, since w is nonincreasing, we obtain

tCk +u(Cr) tCk +3u(Bk)
we, = / wdp = / wdp
t t

Ck Ck
g+ (Bk) g +21(Bx) B, +31(Bk)
5[ wd/L+/ wd/L+/ wdp
1By gy +1(Br) By +2u(Bx)
gy +1(By)
< 3/ wdy = 3wg, .
tBk

Thus forallk = 1,...,m,
37" lwg, —we, > 37 twg, —3wp, = wp, 3771 -3). (6.43)

In analogy to numbers ¢, , g, . wc, , wp, we define

tay +1(Ax)
lay = Z/L(Al)v WAy :/ wdp .
I<k 2
Since we assumed that |ay| > |az| > ... > |am,|, we obtain
m
||)C 1177,10 = Z |ak|prk .
k=1

Further, since for all k, u(Ax) = w(Bx) + u(Cy) and since |¢;| > |bj| =
lc7] > |cj| = [ < j, we obtain

g, = Y wB)+ D, wC) <Y u(Br)+ ) u(C)
k<j I:les|=1b; | k<j I<j
= ) wlAg) =ta;.
k<j

Therefore, since forall j = 1,...,m, u(B;) = %M(Aj), we obtain

tg; +1(B;) 14, +3(A4;) 1 fia; Tr(4)) 1
ij:/t wdui/t wduzzft wdu:ZwA..

J
B Aj Aj
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Thus, we can continue the estimate from (6.43) as follows:
_ _ . _
37 lek —WC, = WBy (37 b 3) = Z(Sp t— 3wy, -

Plugging this into (6.42), we get

m m
_ 1 _
VO =p ) lal”[37  wp —we ] = 2pGP7 =3) Y laklPway
k=1 k=1 (6.44)

def
—p(3" L=3)xllg , = p(sl’ 1-3)= .

Note that our assumption that p > 2 guarantees that C;, > 0.
Our next step is to estimate from above the value of |y”/(1)| when A € (§/(§ — 4),
3/(4 —68)). We have, since § € (0, %),

"ol A
[y (M) = ‘p(p - [§|bk|”(1 + g)p‘zwsk + lex?(1 —/\)”‘chk]
k=1

2
>[5kl ws, +lelPwe, | ©45)
k=1

4 \p—2
15, < pp=D(3=5) 3Ixl4,

)
EP(P—l)(l +m

= p(p—D(1+

.[;

8
4 \» def
<p(p-1(55)" 34397 < p(p-14r L,

)
szz

By Taylor’s Theorem for A € (8/(5§ — 4),0) we get

YO = YO + O + 2126,

where 6 € (1,0).
Thus, by (6.44), (6.45) and since ¥ (0) = || y||? > 3/4, we have

V0) V(O +ACy + 51My < YOI + 5AC, + 1AM
Thus, when A < 0 and |A| < min{8/(4 — ), (Cp/ M)}, we get
2
v < YOl + 5ACI,] :
If 6 < min{1/8,4C, /M, (2Cy)/(3p)}, we set A = —§/4 and

Y@ = (1- _gc,,)p .
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Then y(§) < 1 and by (6.41), we have
|Ax + || < y@®llyll-

Further, by the Bernoulli inequality, y(§) < 1 — %8%. Hence
2.C 1.C
y(@E) +2IA8 <1—-28-L 4+ 5L <1,
3 p 2 0p

and the proposition is proved. m|

Remark 6.25. The above proof does not work for p < 2. Indeed, when p < 2,
the estimate (6.43) becomes meaningless and both constants Cj, and D), are negative.
Moreover, for every p, 1 < p < 2, it is not difficult to construct weights w), such that
when x = 1o, ] is partitioned into any disjoint sets [0, 1] = B U C with u(B) = 1/4
then for any A € R

[Ax + (31 —1¢)

P Wp = ||31B - 1C |p,wp .

In fact, one can take, e.g.

_ 4 4.3P72 1
Wp = 3p—1 4] [0,H + 3p-1 4] (.11

This is a well-defined weight when 1 < p < 2. It is routine, even though tedious, to
check that Lj 4, satisfy (6.42) for all p with 1 < p < 2. We leave the details to the
interested reader.

Proof of Proposition 6.23

The first step of the proof of Proposition 6.23 is the following lemma.

Lemma 6.26. Let X be an r.i. space and x be a simple function, x = Z?:l aily,.
For any n > 0 there exists X = X() = Y p—y dxla, such that for all i,j =
1,...,m,

|a;|

J
|a|

£ 1+n)
and ||x = x| < nlx|, 1] = fIx]-

Proof of Lemma 6.26. Without loss of generality we assume that |aq| > |az| > ... >
lam|. Letro =1 <ry <ra...<r, =mbe such that

laj| | <1+ n ifthereexists k withry < j <i <rg4q,
lai

> 1+ n ifthere exists k with j < rp <i.
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Define aj = sgn(aj)|ar,;,|, where k(j) is such that rgjy < j < re(j)+1-
Then for any j < i we have k(j) < k(i) and

@] larg)l {= 1 ifk(j) =k(),

@il lan | \=1+0 ifk() < k(@).
Thus |
a:
(1,14
|ai|
as required.
Moreover forall j = 1,...,m
_ .
4 _ lan ell,14+0n).
aj |aj|

Thus ||x]| > ||x|| and
IF=xl = 2@ —apa|| = | Yoo - = Dla|
j=1 j=1 J

m
< > ajla; | = nlxl.

J=1 O

In the next lemma we gather, for easy reference, a few simple arithmetic inequalities
which will be useful in the proof of Proposition 6.23.

Lemma 6.27. Let § € (0,3) and 1;,t;, i = 1,2,3,4, be positive real numbers such
that

Le [1,%) fori =1,2,3,4.

Then we have:

G) Ifti =tp, fi/f3 € 3—18.3), fr/fy € (3—26.3), then
f3/f3 € (3 —8)3/27,27/(3 = §)3).

(i) Ift1/t, € (3—=146,3), t3/tr = 3, then t3/t; € (1,3/(3 —§)).
(iii) If t1 < ta, then {1/t < 9/(3 — §)>.
(v) Ift1/t = 3, t1/t3 € (3 = 6,3), then t/t3 € (3 — 8)?/9,3/(3 = 9)).

Proof of Lemma 6.27. The proofs of Lemma 6.27(i)—(iv) are very simple and very
similar to each other. As an illustration, we prove implication (i).
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We have o
13 . 13 13 11 11 Iy l‘z l4
th Lt bt b 1 la
Since
13 3-6 13 1 1 11 3 I
— € —,1], , e[l,— — =1,
13 ( 3 1 (3 3—5) 1 3—8) 153
[ 3— 7 3
2 ¢ —,1], e3-53), tell=)
15 ( 3 ( ) 3 —8)
we obtain
t3 3—-6 1 3-96 1 3 3
= =11 —-3-9-1,1-——-1-1-3
14 ( 3 3 3 ( ) 3—-§ 3-— 3 8)
((3—8)3 27 )
27 T (3-6)3/)
Implications (ii)—(iv) are proved in a very similar way. m|

For any simple function y = Y ;' dx1p, we define the sets

ld;|
[k |

Proof of Proposition 6.23. Let n > 0 be such that

1+77=(33T5)3'

By Lemma 6.26, there exists X = X(1) = > y—; dk 14, with

S Ej efl,...om}: -1 € 3-5,3)}.

llx = X1l < nllx] . (6.46)
such that foralli, j = 1,..., ‘a‘ ¢ (1,1 + n). By symmetry, this means that for
alli,j =1,....m,

'f—"'e(L L+7) = @il = @1, (6.47)
laj| N+

To prove the proposition we need to construct a simple function x¥ such that
lx = x#|l < 3/2)8. [lx]| = lxF]] < (1 + (3/2)8)]|x] and

St k)y=0fork=1,....m. (6.48)
We will construct x* satisfying (6.48) inductively. To start the induction, we set for

k=1,....m

a) =a, 7= Z a4, =%, ko= max({k : SGO.k) # 0} U{0}).
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If kg = 0, then 7@ satisfies (6.48), and we are done. If kg > 0 then
SO k)y=0 fork > ko.

Inductively, we will define a sequence of nonnegative integers ko > k1 > ko > ...
and a sequence of simple functions (Y(O), x , Y(z), ...) such that for all n ,

SEM k) =0 fork > ky .

Once these sequences are defined, we observe that since kg < m and the se-
quence (ky), is a strictly decreasing sequence of nonnegative integers, there exists
N <m + 1, such that k, = 0 and ¥V satisfies (6.48).

To describe the inductive process, suppose that (Y("));’=O and kg > ky > ... >
kn > 0 have been defined such that for all v < n:

Y(V) = ZZI:I E]((v) 1Ak s

SEM ky) # 0 if ky > 0, (6.49)
SE™. k) =0 for k > ky, (6.50)
—(v)

%< [15%) fork =1,....m, 6.51)

v—1
a” =a fork ¢ | ) SG@ ko). (6.52)

a=0
@kl = lay) = [a’| = |a;”|. (6.53)
lak,| > lak,_,| if ky, > 0. (6.54)

Now we define

1) _ {sgn(ﬁ;)-3-|a,§’,?| if j € SE™ k),

J a if j ¢ SE™. ky),

m
$r+D — Z El(an)lAk’
k=1
knt1 = max({k : SEPTD k) £ @) U {0}).
To prove the induction step we need to show that (6.49)—(6.54) are satisfied for
v=mn+ 1.
Clearly, if ky+1 # 0 then S(X"V k1) # @ so (6.49) holds for v = n + 1.
Similarly, (6.50) holds for v = n + 1 by the definition of k1.
To verify (6.51) for v = n + 1 we first observe that if j ¢ S(x™,k,) then, by
definition, 7”1 = g and by (6.51) we get

E(.n-f—l) E(n) 3
I [1, _5) for j ¢ SGE™, k). (6.55)

aj aj 3—
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Thus, it only remains to check that (6.51) is valid forv = n+1land j € S (f(”), kn).
For this we first establish that

aj(ﬁ) — Ej for ] c S(f(n),kn) . (656)
To prove (6.56), by (6.52), it is enough to show thatforallo, 0 < <,
SE™ k) NSE® ko) =0 .

Suppose, for contradiction, that there exist, 0 < o <mandi, 1 <i < m such
that
i€ SEM ky)NSE@ k) .
= @™, &

t = |ai|, f = @™, ¢

|a(a)| Then by (6.51) and Lemma 6.27(1) ,

= _ 3 3
Ml (G822 (1
lag,| ta 33 3-106)3 1+7

Thus, by (6.47), |ak, | = |ax, | which contradicts (6.54). Hence, (6.56) is proved.
Next, by (6.56) and by definition of S(x"", k) we see that for j € S(x™, k,)

Now we set = l|ag,|. 13 =

E” Il

TP
|, | 12 = |k,

@l _ "
|—‘")| )|

€(3-4,3).

Thus, by Lemma 6.27(ii) with t1 = |a;|, t» = |a(n)| t3 = |E§-n+1)|, we obtain

gD g,

J J 13 3 ) . —(n)
= =—=c(l,—) f es Jkn) .
aj la;| 1 ( 3-§ or J (x n)

Together with (6.55) this ends the proof that (6.51) is satisfied for v = n + 1.
Next we check that (6.52) is valid forv =n + 1, i.e.

n
al't =g for k¢ |JSED ka).
a=0

Letk ¢ Ub—o SE@, ka) Then k ¢ S(X™, k,) and, by definition, a("+1)
a™. Andsince k ¢ J2Zh SG@, kq), by (6.52), a\" = @. Thus (6.52) holds for
v=n+ 1.

Our next step is to check (6.53) for v = n 4+ 1. We know, by (6.53), that if
|ax| = |a;| then |a(n)| = |a§n)| Thus, k € S(x™, k) ifand only if | € S(X™, ky).
In either case it follows directly from the definition that |a("+1)| = |a ("+1)| ie.
(6.53) holds forv =n + 1.
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Our final step is to verify (6.54) for v = n + 1, i.e. to show that if k41 > 0 then

@i | > la, |-

Since (|ag|)y—, are arranged in a nonincreasing order and kn+1 = max({k:
SETHD k) £ @)} U {0}) > 0, it is enough to prove that

ar| < |ag, | = X s =0. .

x| < [ag, SETD k) = ¢ (6.57)
If || = |dp,| then by (6.53) for v = n + 1 we get [7{"* V| = |a{"*"| and thus,
SETHD k) = SEPHY k) . (6.58)

Notice that k, ¢ S(X",kn) so 5](;:“) = E,((':). Hence, when j ¢ S(x™ k,) we

geta("+1) _5") and
@
|E](€n+1)| @ (n)|

Thus, j ¢ S(Y("H),kn).
If j € S(x™, k) then, by definition,

@) g
|—(n+1)| |—](€n)| =3¢£(3-43).

Hence, S(Y(”“), kn) = @ and by (6.58) we see that
|ag| = |ax,| = SE"V k) =0. (6.59)

Now we consider the case
lak| < lag,| -

In this case k > k; and by definition of k,, S (Y("), k) = 0.
By (6.51),
—(n) —(n)
a 3 la, | 3
Gl on 2y, alen 2y,
|ak| 36§ lak, | 3-6

Thus, if we set 7 = |ay|, 11 = |E,(cn)|, th = |ag,|, i = |E,(;:1)|,by Lemma 6.27(iii)
we obtain

|_(n)| fl 9

|_(n)| <—(3—8)2 <3-94.
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Thus, k ¢ S(x(”) k) and, by definition, a](C"H) = _I(cn)' Further, for all j ¢

S(x XM k») we have a](. ntl) _ ](") and therefore

since S (f(”), k) = @. Hence,
SETHD k) c SE™ k) .
Butif j € SE"*V k) N SE™, k,) then

|a(n+1)| |a(n+1)| |a(n+1)| s
B T ) @D, €G—93),
lay | lag | | |
and if we set 11 = |aj(n+1)| = lag,|, 1 = |ak |, 13 = |ag|, 13 |a(n)| then

by (6.51) and by Lemma 6.27(1V), we get

= 2
Bl iz (B9 3y (1
|ak| 13 9 3—6 1 +7n

Hence, by (6.47), |ay,, | = |ax| which contradicts our assumption that |ay, | > [ak]|.

Thus, S("+V k) = @ if [a| < [a, |, which together with (6.59) concludes the
proof of (6.57) and (6.54) forv =n + 1.

Note that (6.54) for v = n + 1, implies that k,+1 < k.

This ends the proof of the inductive process.

To finish the proof of the proposition we notice, as indicated above, that since
(kn)n>o0 is a strictly decreasing sequence of nonnegative integers, it must be finite,
i.e. there exists N < m + 1, such that ky = 0.

Set x# = ¥ By (6.50), S(xM)., k) = @, forall k > ky = 0, and, by (6.51),

( )

m
¥ =%l = | Y@ —aoa, | = | Zak( — 1)
k=1
3
< (m - 1) : ” ZaklAk ” = m“f”
k=1

Thus, by (6.46), when § < 1/8 we have

)
e — xl| < ok = %)) + ¥ — x|l < 3 g Xl alxl = s—= @+ x|l + nllx]

:[3i8'(3i5)3+(355) 1ixl = (—5)45)4”)(”

3
< §8||x||.
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—(N)
Finally note that, by (6.51), forall j = 1,...,m, é—] > 1. Combining the last two

inequalities and Lemma 6.26 we get

3 . _
(1+ 5s)nxn > I = ¥ = x> 1« -

6.4 Near isometric classification of L ,(u)-spaces for
1<p<oo,p#2

Recall that the Banach—Mazur distance d(X,Y ) between Banach spaces X and Y is
given by

dX,Y) = inf{||T||||T_1|| : T e £(X,Y) isanonto isomorphism} .

If X and Y are not isomorphic, we say that d(X,Y) = oo.
The main result of this section is the following theorem.

Theorem 6.28. Let 1 < p < oo, p # 2, and kp, > 1, ki = 2 be the constants
defined in Corollary 6.12 (kp = 1 + 8,(1)). Let (2;,%;, i), i = 1,2 be finite
atomless measure spaces with the Maharam sets M;. Suppose that

d(Lp(Ml)v Lp(HZ)) <kp.
Then Ml = Mz.

A similar result for separable (not necessarily atomless) L, (j)-spaces was ob-
tained by Benyamini in [13], and the same result for p = 1 and not necessarily
separable spaces was proved by Cambern in [24].

Let M be the Maharam set of a finite atomless measure space (2, X, t). By the
Maharam theorem, there exists a decomposition Q = | |, 2« and a collection of
positive numbers (g4)gep¢ such that the measure spaces (¢, X(Q4). 4|3 (q,)) and
gq - D® are isomorphic for every o € M. In particular,

Ly = (Y Lp(Qa) .

aEM P

where L,(£24) and L, (D) are isometrically isomorphic for every p € (0, +00).
Let P be a projection on L, (u). Denote by M(P) the set of all those a € M for
which the image im P of P is rich with respect to L, (£2¢), and set

xP)=( X L@) . Y2 =( ¥ L) .

aeM(P) aeM\M(P)
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For subspaces X and Y of a Banach space Z we consider the following asymmetric
function
p(X,Y):inf{||x—y|| :x e Sx,y e Y}. (6.60)

Our main tool will be the following lemma.

Lemma 6.29. If | P| < kp, then either X(P) = {0}, or p(ker P, X(P)) > 0.

Proof of Lemma 6.29. Suppose that X(P) # {0} and p(ker P, X(P)) = 0. We prove
that || P || > kj. First we prove that the restriction (I — P)|x(p) is a narrow operator.

Fix any measurable subset A C Jyeu(p) e and & > 0. Since im P is rich with
respect t0 | Jyeu(p) S22, We can find a mean zero sign x on A and y € im P such
that

€
lx =yl < 7570 -
[Pl +1

Since Py = y, we obtain

|(I=P)x| = lx=Px|| < [|x=Py|+|Py—Px| < +IPlllx=Py| <e.

&
1P +1

Thus, (I — P)|x(p) is narrow.
Now we prove that |[(I — P)[x(p)ll > 1. Fix ¢ > 0. Since p(ker P, X(P)) = 0,
there exist y € ker P, ||y|| = 1, and x € X(P) such that |x — y| < &. Thus

|7 =Pyx| = | = Pyy| = (I = P)x = (1 = P)y|
=yl =[x=y+ PO -=x)|=1=lx=yI(IPl+1)
>1—¢(|P||+1) (6.61)
and
[xlF <yl +lx—yll<T+e. (6.62)
Dividing (6.61) by (6.62), we obtain
[ —P)x| _1—e(Pl+1) _ 1—e(IPl+1)
Ixl — Ayl +lx =yl — 1+e

|~ P)‘X(P)” =

By arbitrariness of & > 0, we deduce that ||(I — P)|x(p)ll > 1.
By Corollary 6.4 for p = 1, and by Theorem 6.8 for p € (1,2) U (2, +00), we get

P12 [ Plyepy | = 11 ]xepy = T = P)lgpy |
1+8p(H(I—P)|X(P)||) > 14 8,(1) = kp. i

%

Corollary 6.30. If | P| < kp, then ker P embeds in Y (P).
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Proof. By Lemma 6.29, either X(P) = {0}, or p(ker P, X(P)) > 0. If X(P) = {0}
then the assertion of the corollary is evident. Suppose that p(ker P, X(P)) > 0. We
denote by Q the projection from L, (u) onto Y (P) with ker Q = X(P), and show
that the restriction Q|ke; p is an isomorphic embedding of ker P in Y (P).

Indeed, let x € ker P be any element with ||x|| = 1. Then

1Qxl = llx — (I = Q)x]| = p(ker P.X(P)).
by the definitions of p and Q. Thus, the operator Q |er p is bounded from below. O
Corollary 6.31. Suppose that | P|| < kp, and let
M ={a € M:Rq >densker P}, M’ =M\ M .

Then either M' = @, or

p(kerP, ( 3 L,,(sza))p) >0.

aEM’
Moreover, ker P embeds in (3 _ ey Lp(Ra))p-

Proof. By Lemma 6.29 and Corollary 6.30 it is enough to prove that M’ C M(P).
Let o € M’, then, Ry > densker P. By Theorem 2.12, the restriction operator (I —
P)| L () is narrow. This exactly means that im P is rich with respect to L, (),
that is, « € M(P). O

Lemma 6.32. Let P # I be a projection on Ly () with || P|| < kp. Then
densker P € {Ry 1 v € W} ,

where M is the closure of M in the order topology. Conversely, if B e M, then there
exists a projection P of Lp (1) of norm one such that densker P = Rg.

Proof of Lemma 6.32. Let M"” = {& € M : densker P > R, }. Since M C M and
M 1is, at most, countable
Z Ny < densker P .
aeM”

On the other hand, since ker P embeds in (}_,c 4~ Lp(R2«))p Whose dimension
equals >, c 4 N, by Corollary 6.31, we get

Z R, > densker P
aeM”

Thus, L
densker P = > Ny € {Ny:a €M},
aEM”
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Suppose that B € M, say, f = lim, &, where o, € M. Then
dens(z Lp(Qan)) =Y R =Ny,
n p n

and the subspace (D, L,(Qq,))p is the kernel of the projection defined by Px =
x-1p foreachx € L,(u), where B = Q \ U, Qa,- O

A subspace X C L,(u) is isometrically isomorphic to an L, (v)-space if and only
if X is the range of norm one from L,(u) onto X (Ando [9], and Douglas [33]).
Thus Lemma 6.32 has the following corollary.

Corollary 6.33. Let X be a subspace of L, () which is isometrically isomorphic to
some Lp(v)-space where v is not necessarily an atomless measure. Then

codim X% dens Ly(w)/X € {Rg i € M} .

Conversely, if p € M then there exists a subspace X of L, (1) which is isometrically
isomorphic to some Ly(v)-space such that codim X = Rg.

Lemma 6.34. Assume 1 < p < oo, p # 2 and let a be an ordinal. Suppose that
Lp(D®*) embeds in X = (Zjej X;)p, where J is some infinite set of indices and
the X; are Banach spaces. Then Ry < dens X, for some j € J.

Proof of Lemma 6.34. Note that L,(D®*) contains a Rademacher system (ry )y <,
of cardinality Ry. Indeed, given y < wq, we define r,(t) = 6, for any t =
(08)g<w, € D®*. By the Khintchine inequality [79, p. 66], {2(wy) embeds in
L, (D®), and hence, in X. Let Y be a subspace of X isomorphic to £ (wg).

Assume, on the contrary, that dens X; < R, for all j € J. We are going to
construct a subspace of ¥ isomorphic to £,, which will give us the contradiction since
pP#2

We construct inductively sequences x, € X and y, € Y, n € N, and a sequence
(Jn) of finite disjoint subsets J, C J as follows. Choose any y; € Y with ||y]| = 1.
Then find a finite subset J; C J and x; € lin(X; : j € Jq) such that [|x; — yq| <
2~1. Suppose that finite pairwise disjoint subsets J; C J and elements x; € X,
ye € Y,k = 1,....n, have been chosen so that || x| = 1, |[xx — vkl < 27% and
X € lin(x; : j € Jg). Since Iy is finite, by the assumption that dens X; < R, for
every j € J, we have that

n
dens lin(Xj jel Jk) <Ry =densY . (6.63)
k=1

We claim that there exists a finite subset J,4+1 C J \ UZ:I Jik» Xpg1 € lin(X; :
J € UZ:I Ji) and yp41 € Y so that [ xp41] = 1and [|xXp41 — Y] <277
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Indeed, if this were not true, then the quotient map of X by the subspace
Qe I\U_, Jx Xj)p would be bounded from below, which contradicts (6.63). Thus,
the inductive construction has been done.

By the construction, the sequence (x,) is isometrically equivalent to the unit vec-
tor basis of £,, and by the Krein-Milman-Rutman theorem on the stability of basic
sequences ([52, p. 641, [79, p. 5]), the inequality ||x, — y»|| < 27" foreachn € N
implies that the sequence () is equivalent to the unit vector basis of £,. This con-
tradicts the assumptions that Y is isomorphic to £5(wy), and p # 2. i

Proof of Theorem 6.28. Using Maharam’s theorem, for i = 1,2, we decompose
Q= uaeMi Q. so that L,(R2;,q) and L,(D®) are isometrically isomorphic
for every o € M;.

Fix any o; € My. Observe that the operator defined by Px = x — x - lgl.a] for
each x € Lp(u1),is a projection of norm one from L, (x1) onto the subspace

Z LP(Qlaa))p

aeMi\o}

and with ker P = L;(21,4,). Since d(Lp(p1), Lp(u2)) < kp, there exists a pro-
jection Q of L,(u2) of norm ||Q| < kp with ker Q isomorphic to L,(D®*1). By
Corollary 6.31, ker Q embeds in

( Z LP(QZﬂ))p’

4
aEM)

where M = {& € Mz : @ < a1}. By Lemma 6.34, there exists a» € M} such
that oy < a. Hence, «; = a3 by the definition of M. Thus, «; € M. By
arbitrariness of @; € My, we obtain that M; C M5>. The inverse inclusion can be
proved analogously. |



Chapter 7

Strict singularity versus narrowness

We saw that every compact operator is narrow, and in Chapter 2 we identified other
classes of “small” operators which are narrow. The next natural ideal of “small”
operators to consider is the ideal of strictly singular operators.

Recall that an operator 7" : X — Y is called strictly singular if for every infinite
dimensional subspace X1 of X, the restriction of 7" to X is not an isomorphic embed-
ding, that is, for every ¢ > 0 and every infinite dimensional subspace X of X, there
exists an element x € X; with ||Tx| < &||x]||. Superficially, this condition appears
similar to the definition of a narrow operator. However there are important differences
on the conditions that an element x with |7 x| < e||x|| has to satisfy: a symmetric
sign on an arbitrary set, versus an element of an arbitrary infinite dimensional sub-
space. These differences are fundamental and, as we saw in Chapter 4, there do exist
nonstrictly singular operators, and even Enflo operators, which are narrow. In this
chapter we investigate the converse problems whether some kind of strict singularity
implies narrowness. These problems were posed by Plichko and Popov in [110], and
they were already mentioned in Chapter 2, Open problems 2.6 and 2.7. We list them
here again in a somewhat expanded version.

Open problem 7.1. Let 7' be an operator from E to X. Does T have to be narrow,
provided that

(a) T is strictly singular?

(b) T is Z—strictly singular for an appropriately chosen infinite dimensional sub-
space Z of E?

(c) T is non-Enflo, that is, T is E-strictly singular?

A number of other notions closely related to strict singularity are considered in
the literature. These include strictly cosingular operators, introduced in [106], su-
perstrictly singular operators, also known as finitely strictly singular operators, intro-
duced implicitly in [98] and explicitly in [96] and [97], disjointly strictly singular op-
erators, introduced in [47], and Schreier strictly singular operators, introduced in [8].
All these notions are actively studied and it would be very interesting to discover their
relationships with narrowness.

Problems 7.1(a)—(c) are open in general, but, somewhat surprisingly, they do have
affirmative answers in important special cases.

Bourgain and Rosenthal [20] showed that every £;-strictly singular operator from
L to any Banach space X is narrow (Theorem 7.2 below). Moreover, they described
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sufficient conditions for an operator 7" € £(L1, X) to fix a copy of £; (Theorem 7.4
below). Section 7.1 is devoted to the proofs of these results.

Open problem 7.1(b) is very interesting for the case when Z = {,. It was posed in
that form by Plichko and Popov in [110], cf. Open problem 2.7. It has two positive
partial answers. Flores and Ruiz [39] proved that every £-strictly singular regular
operator (i.e. a difference of two positive operators) from L,[0,1],1 < p < 0o, to an
order continuous Banach lattice F, is narrow. We present a generalized version of this
result in Section 10.9. The authors jointly with Mykhaylyuk and Schechtman [102]
proved that every £,-strictly singular operator from L,[0, 1], 1 < p < oo, to a Banach
space X with an unconditional basis, is narrow. We present this result in Section 9.5.

Problem 7.1(c) has a very strong affirmative answer for operators on L, which
follows from Rosenthal’s [128] very deep and remarkable characterization of narrow
operators on L (Theorem 7.30 below). This fundamental result connects several
deep notions in the theory. We present it in its general context in Section 7.2. We
show the connections with pseudo-embeddings on L; (see Definition 1.32), includ-
ing Rosenthal’s characterization that an operator on L is a pseudo-embedding if and
only if it acts as an almost isometry on a subspace of the form L (A) for a suitable
subset A C [0, 1] ([128], Theorem 7.39 below). We then present ideas related to
the Enflo-Starbird maximal function A, and, as a culmination, the theorem assert-
ing that the notions of narrow, pseudonarrow and A-narrow operators all coincide for
operators on L1, and in addition they are equivalent to the fact that for each measur-
able set A, the restriction of the operator to L(A) is not an isomorphic embedding
(Theorem 7.45). This combines results of Enflo and Starbird [37], Kalton [66] and
Rosenthal [128]. As a first corollary, we present the fact that narrow operators on L
form a band ([92, 93], see Theorem 7.46). In particular, this yields that a sum of two
narrow operators on L is narrow, a fact having a long history: first it was asserted
in [110] with a wrong proof, and then proved in [132] and [58] in different ways.

Problem 7.1(c) has a negative answer for operators on L, for p > 2 (see Ex-
ample 7.56), but it has an affirmative answer for operators on L, for 1 < p < 2, as
proved by Johnson, Maurey, Schechtman and Tzafriri [49] (Theorem 7.55 below). We
present the proof of this result in Section 7.3. We do not know whether Theorem 7.30
can be extended to Ly, for 1 < p < 2 (see Open problem 7.52). A partial answer to
this question is presented in Section 11.2.

The last three sections of this chapter are devoted to geometric applications of the
above results. In Section 7.4, as an application of Theorem 7.46, we prove that if a
subspace of L is isomorphic to L then it contains an almost isometric copy of L.
We also obtain a result about operators from L to any Banach space X which fix a
copy of Li. This will have an important application in Section 8.5. In Section 7.5
we show that “well” co-complemented subspaces of L, are isomorphic to L, (see
Corollary 7.83). In Section 7.6 we show that any rich subspace X of L satisfies
Daugavet property for L-strictly singular operators and for operators narrow on X
(see Definition 7.84).
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7.1 Bourgain—Rosenthal’s theorem on narrowness of
£-strictly singular operators

This section is devoted to the following elegant result of Bourgain and Rosenthal.

Theorem 7.2 ([20]). Let X be a Banach space. Then every £1-strictly singular oper-
ator T € £(L1, X) is narrow.

Theorem 7.2 immediately generalizes to arbitrary atomless L (u)-spaces.

Corollary 7.3. Let (2, X, 1) be a finite atomless measure space, and let X be a
Banach space. Then every £1-strictly singular operator T € £(L1(i), X) is narrow.

Theorem 7.2 is obtained as a corollary of the following more general result.

Theorem 7.4 (Bourgain, Rosenthal [20]). Let X be a Banach space. Assume that an
operator T € L£(L1, X) satisfies the following property:

There exists § > 0 such that |T x| > 6, for every sign x = 14 — 1p, where A
and B are finite unions of dyadic intervals with A U B = [0, 1].

Then T fixes a copy of €.

It is interesting to remark that the assumption on 7" in Theorem 7.4 does not imply
that 7" is not narrow. Indeed, Rosenthal in [125] constructed a Banach space X with an
unconditional basis, and an operator 7" satisfying the assumption from Theorem 7.4.
On the other hand, by Theorem 11.11 (see below), T is narrow. This confirms that
Theorem 7.4 is essentially stronger than Theorem 7.2.

For the proof of Theorem 7.4 we need a chain of lemmas with preliminary defini-
tions and notation.

Special terminology and notation

‘We will use trees of sets in the sense of Definition 1.3, however, with another notation.
We denote by D the set of all finite sequences of Os and 1s. Given any o =
(a1,...,0r) € D, we set o] = k. Empty sequence is also considered to be an ele-
ment of O with |#| = 0. Forany o = (@1,....0x) € Dand B = (B1,....B8j) € D
we say thatae < B ifandonlyif k < j and o; = B; foreveryi = 1,...,k. We denote
a0=(a1,....0,0), 1 = (aq,...,ap, 1) and o B = (aq,....0r, B1,....Bj).

Definition 7.5. A tree of sets is a collection (Gy)gep Of sets Gy € X such that
Gy = Gao U Gg1 and u(Ge) =279 (Gy) .

Definition 7.6. A tree of signs is a collection (gy)qep Of signs go € L1 such that
(supp gu)acp is a tree of sets.
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By the support of a tree of signs § = (gq)gecp We Will mean the set supp § = Gy.
For every x € L1 \ {0}, by X we denote x/||x||.

Definition 7.7. Let § be a tree of signs. We say that a sign x € Lj is a §-function
if x = gg orx = —gy for some o € D. Given e > 0, asign x € Ly is called an
&-§-function if there exists a §-function y with |[X =7 < e.

Definition 7.8. A finite sum of disjoint §-functions is called an elementary §-sign.
Given ¢ > 0, a sign x € L is called an e-elementary G-sign if there exists an
elementary §-sign y with |[X — 5| < &.

Definition 7.9. Let §' = (g},)acp and §” = (g)})acp be trees of signs. ¥’ is said
to be related to §" if for every ¢ > 0 there exists k € N such that for each « € D
with |a| > k, g/, is an e-elementary §”-sign. §’ is called a piece of §” if there exists
B € D such that g, = gga for every a € D.

Given a nonempty subset M C By, and x € L1, we set
M(x) = sup‘/ xydu’.
yeM'J[0,1]

Clearly, M is a seminorm on L such that M(x) < |x|| for every x € Lj.

Definition 7.10. Let b > 0. We say that a nonempty subset M C By __ b-norms an
element x € L; if M(x) > b. We say that M b-norms a tree of signs § if M b-
norms every elementary §-sign. We say that M b -norms § if there exists ¢ > 0
such that M (b + &)-norms §.

Observe that if M b-norms &, then M (b — ¢)-norms every e-elementary §-sign
for every ¢ € (0,b).
LetO0 <a <b,M € Br__ andx € L1, x # 0. We set

Mx>b={meM:‘/

m’fc’d,u) > b} ,
[0,1]

Mx<“={m€M:)/ m?c'du‘<a}.
[0,1]

Proof of Theorem 7.4

By an £1-sequence we mean a sequence equivalent to the unit vector basis of €.

Lemma 7.11. Let § be a tree of signs. Then for every n € N there exists a sys-
tem (hi)7_, of elememtmy ﬁ-signs with supph; = supp ¥, fori = 1,...,n and
./[0,1] hihjdp =0, fori # j.
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Proof. Fix anyn € N and set foreachi =1,...,nandk =1,...,2"

Oik = (2kn) = (- 1)[2” =] ,

where (r;) is the standard Rademacher system and [«¢] indicates the integer part of
a € R. By the well-known property of the Rademacher system, if i # j then

2"
27" Z Oi k0 k = / rirjdu =0. (7.1)
k=1 [0.1]
Let8 = (go)acp, and g1, ..., gon be an enumeration of {g, : |o| = n}. Observe

that (gk)i"=1 is a disjoint system with Ulzc'le supp gx = supp§. Define, for i =

1,....n,
2}1
hi = Zei,kgk .
k=1

By disjointness of ggs and (7.1), fori # j we have

2}1
supp §
/[Ol]hh dl'L Z/ lk kgk :%Zei,k@-’k:@

k=1 O

Lemma 7.12. Let x,y be signs and C = {t € [0,1] : x(t) = y(t) # 0}. Then for
A = supp x and B = supp y we have

p(C) )

K= =2(1 ~ e B

Consequently, for every A > 0 we have

A
IF =7l < ifandonlyif u(C)> (1~ 5)max{u<A>,u(B)}.

Proof. Without loss of generality we may and do assume that u(B) < u(A). Let
=(ANB)\C,thatis, W ={t €[0,1] : x(t) = —y(t) # 0}. Then

Iz -7l =/A\B rf—ﬂdm/B\A |7—7|du+/cl'f—7ldu+/ % ]dp
_WANB) | u(B\A) Ly I
=S e T HOlE ) e )(M(B) )

we)
n(A) O
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Lemma 7.13. Let x and y be nonzero signs and ¢ € (0, 1).
@ IfIX =Vl < ¢ then ||x — y|| < 2emin{]|x]]. || y[|}-

() If |Ix = yll < ellx[| then |[X =y < 2e.

Proof. Let A, B, C, W be as defined in Lemma 7.12.

(a) Suppose |X —F| < e. Assume without loss of generality that u(B) < u(A).
Since u(C) < pn(B), by Lemma 7.12, u(A)(1 —&/2) < u(B) and thus

1

R = 1(B) = (g5 = 1)B) < en(®) (7.2)
Since |[¥ =¥ = Il ;{z — ﬁ” < g, we get that

B
) %A))x — yH < eu(B). (7.3)
Since [|x — &8 x|l = 11(4) — p(B), by (7.2) and (7.3) we get
w(B) p(B)
[x =yl < HX— ,u(A)xH + ‘ M(A)x —yH <2eu(B).

(b) Suppose now that |x — y|| < &||x|| (we no longer assume that u(B) < w(A)).
Then

M(A) M(A)H
Hence,
w(B)| B _lx
’M(A) M(B)H ' 1(A) _’HM(A)” HM(A) ’_HM(A) M(A)”<8’
and thus,
Casl R vyt R vt Bl prosiabrit

Lemma 7.14. Let § be a tree of signs, n € (0,4) and § = 1?/16. Given a §-
elementary §-sign y, there exist m € N and disjoint n-§-functions hy, ..., hy such
that supp hj S supp y for j = 1,...,m, and |y = h| <n, where h = 37, h;.

Proof. Let B = supp y, and choose disjoint §-functions f1,..., f, such that

15— FIl <8, (7.4)
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where /' = Y7, fi. Let F; = supp fi, F = U/—  Fi, I = {i € {l,....n}:
w(Fi N B) > (1 —/8)u(Fi)yand J ={1,...,n}\ I. We claim that

)
D u(F) < § p(F). (7.5)

ieJ

Indeed, by Lemma 7.12 and (7.4)
8 5
W(F N B) = u(€) > (1= 5 ) max{u(B). u(F)y = (1=3)u(F) . (7.6)

where C = {t € [0,1] : y(t) = f(t) # 0}. Letc = w(F) = Y7, u(F;) and
b= ey n(F;).So,c —b =7 ;c; n(F;). By the definition of / we have that

(1=V8) b= (1-~5)> u(FNB). (7.7)
ieJ
By (7.6),
u 8\ w §
;M(Fi N B) > (1—5);u(ﬂ) - (1 —E)c. (1.8)
Thus, by (7.7) and (7.8),

(1—\/§)b+c—bzZM(FiﬂB)nLZ/L(Fi)ZZ#(FiﬂB)>(1—2)0’

ieJ iel i=1

which gives ‘/_ > b, which proves (7.5).
Now for eachl € I,leth; = fi-1F.np. By the definition of 1, forevery i € I we
have

Ihi = il = w(Fi \ G) < V8 (Fy) = V3|l fi] -
By Lemma 7.13(b), for every i € I, h; is an (n/2)-§-function. Moreover,

thl S A<V A= VLI
iel

iel

Leth =) ;5 hi. By (7 5) we obtain that |h — f|| < 3“2/g||f |. Therefore, again by
Lemma 7.13(b), ||h f|| < 3./6. This yields that

I7=h| <8+3V8<4v/s=n.

It is clear from the construction that supp &; C supp y foreveryi € I. |
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Lemma 7.15. Let § be a tree of signs, ¢ € (0,1) and § = €/9. If y1,V2,... Is
a disjoint finite or countable collection of 6-§-functions then 'y = ) ; y; is an -
elementary §-sign.

Proof. By the definition of a tree of sets, if A and B are supports of members of §
then either A € B, B € A,or AN B = @. Hence, if Cy,...,C, are supports of
members of § then there exists I C {1,...,n} such that

[L(UC;‘)=/,L(L”JC1) and CG;NC; =0, as i.jel and i#j. (7.9
i=1

iel

If there are infinitely many y;s, we choose n € N so that

n_ oo
HZ)’i _ZYi

i=1 i=1

<3 (7.10)

(this is possible because f, — f # 0in Lj, implies 7n — 7 in L1). Now let
y =>7_,yi,Bi =suppy;foralli =1,...,n,anda = ||y'|| = >_7_; u(Bi). For
alli = 1,...,n, we choose §-functions z; with ||Z; — ;|| < § and put C; = supp z;.
By Lemma 7.12, foralli =1,...,n,

)
Ju(B) . (7.11)

w(Ci N B;) > (1—5

Hence,

n

w(Uc)=n(Jenn) =Y ucins)

i=1 i=1 i=1
>Xn:(1—§)u(3i): (1—%)51. (7.12)
i=1

By Lemma 7.12, (1 — g),u(Ci) < w(Bj) foralli =1,...,n, and hence

n 1 n
D (G < —5 Y uB) = (1 +8a. (7.13)
i=1 -3 i=1
Now we choose I C {l1,...,n} satistfying (7.9). By (7.9), (7.12) and (7.13) we
have p 3
;u(Ci) < ((1 8 — (1 - 5)) a=3da. (7.14)
14

where J = {1,...,n}\ I. By (7.11),foralli = 1,...,n,

uey < (1-2) e By < (1 2) e = (1 + e
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Hence, by (7.14) we have

D ouB) <1+8)) uc) < (1+5)%8a < 28a. (7.15)
ieJ ieJ

By Lemma 7.13(a), foralli = 1,...,n,
lzi — yill <28 min{u(Ci), w(Bi)} < 26u(B;) .

Therefore, by (7.15), we have
DEEEd EDNEEET S
iel iel ieJ

<28 u(Bi)+ Y w(Bi) < 28a + 28a = 48a .

iel ieJ

By Lemma 7.13(b), [|>;c; zi — 7’|l < 8. and finally, by (7.10),

<8 +d5=c¢.

— — n
[Sa -] <[ 3o
iel iel i=1

Lemma 7.16. Let § be a tree of signs. For every ¢ > 0 there exists § = §(g) > 0
such that for any tree of signs § and any sign x € Ly if x is a (finite or infinite) sum
of disjoint §-elementary §-signs then x is an e-elementary §-sign.

Proof. Let e > 0, n = ¢/13 and § = 5?/16. Assume yi, y2,... are disjoint §-
elementary §-signs and x = ), y;. By Lemma 7.14, for each i, we choose disjoint
n-§-functions h; ; with supp ; ; € supp y; for all j, and

|

Since (h;,;);,; are disjoint, by Lemma 7.15, there is an elementary §-sign & with

7i—2’:7i;“ <n. (7.16)
i

HE— ih\l/, H < 9. (7.17)
irj

By (7.16) and Lemma 7.13(a) ,

|y =i | <2l
J
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for all j, and hence
H > yi— Y hi
i i,j

Again by Lemma 7.13(a),

| <203 Il = 20llyl-
i

H}’—Zhu H <d4y. (7.18)
i,j
Thus, by (7.17) and (7.18), y is a (13n)-elementary §-sign. O

Lemma 7.17. Let G, §' and §" be trees of signs with §' related to § and §" related
t0G’. Then §" is related 10 §.

Proof. Let §' = (g,)acp and §” = (g))aecp- Lete > 0 and § = §(¢/2) from
Lemma 7.16. Choose k € N so that

gl isa § —elementary § —signif |o| > k. (7.19)

Let¢’ = u(supp§’) and ¢’ = u(supp €”), and observe that for every o € D,

lghll =271l¢" and |gZ| =271l (7.20)
Choose m € N so that
/ 1 1
;—e < (J;# implies £ > k . (7.21)

Let n > m, so that if |o| > n then g/, is an (¢/2)-elementary §’-sign. Fix any
a € O with || > n. We are going to show that g/, is an e-elementary §-sign. To do
this, we choose a finite sum &’ = >";_, A/ of disjoint §'-functions %} so that

Ige — Wl <e/2. (7.22)
By Lemma 7.13, we have that ||g,, — h'|| < ¢||g4 || and hence, |4’ < (1 +¢)||gn |
Therefore, given any i € {1,...,s}, by (7.20), we have that for a suitable m;
¢’ (1+¢)c”

e = Il = AT < (L + o)llggll =

2m

By (7.21), m; > k for alli < s, and by (7.19), h;. is a §-elementary §-sign.
By Lemma 7.16, &’ is an (¢/2)-elementary §-sign. Finally, by (7.22), g/ is an &-
elementary §-sign. O

Lemma 7.18. Let @ # M C Br_, § and §’ be trees of signs with §’ related 10 8,
andb > 0. If M b™-norms G, then M b -norms a piece of §'.
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Proof. Assume §' = (g.)aecp. Choose ¢ > 0 so that M (b + 2¢)-norms §. Let
3 = 6(¢e) be as in Lemma 7.16 with respect to §. Choose k € N so that gl/g is a
§-elementary §-sign if || > k. Fix any f € O with |f| > k and set h], = h’ o for
alla € O. Thus, §” = (g))aen is a piece of §'. Now suppose X is an elementary
§"-sign, that is, x = Y 7., elgﬂ for some m € N, g = +£1 and o; € D.
Since |B a;| > k, we have that g, ‘ is a §-elementary §-sign, and so is slgﬂ " for

eachi = 1,...,m. By Lemma 7. 16 X is an e-elementary §-sign. Hence, there is
an elementary ﬁ -sign y with |[X —J|| < e. Since M(X) > b + 2&, we get that
M®©) > b +e. m|

Definition 7.19 (Rosenthal [124]). We say that a sequence (A, By); 2, of pairs of
subsets of a set S with A, N B,, = @ for all n € N, is Boolean independent, if for any
two disjoint finite sets of indices /, J C N we have

(\4in (B #9.

iel jeJ
(under the convention that (;¢5 Ci = S).

Lemma 7.20. Let S be a set, (fy) a uniformly bounded sequence of real-valued
functions defined on S, and 0 < a < b < oo. Foreachn € N, let A, = {s € S :
| fu(s)| > b}and B, = {s € S : | fu(s)| < a}. Assume that the sequence (Ay, By) is
Boolean independent. Then there exists a subsequence (f,)) of (fn) such that for all
n € N, and all real scalars (c]-);?zl, we have

sup ‘Z ¢i f; (s)‘ > — Z lcil - (7.23)

i=1

Lemma 7.20 has a somewhat combinatorial nature. Its proof is logically divided
into several steps (sublemmas below) first of which (Sublemma 1) is contained in
Rosenthal’s paper [124]. The rest of the proof was communicated to us by Mykhay-
lyuk.

Sublemma 1. Let S be a set, (f,) a sequence of real-valued functions defined on S,
reRand$ > 0. Foreachn € N, set F, ={s € S : fu(s) >r+6and G, = {s €
S ¢ fu(s) < r}. Assume that the sequence (Fy,Gyp) is Boolean independent. Then
foralln € N and all real scalars (Cj);?zl we have

sup ‘Zc,f,(s)‘ > — Z|cl .

i=1

Proof. Fix n and real scalars (Cj);?zl. Let/ = {i € {l,...,n} : ¢; > 0} and
J ={j € {l....,n} : ¢; < 0}. By the Boolean independence of (F.Gy), there
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exists s1 € Mies Ai N(jes Bj and s> € MNiey Bi 0 ;e A;. Then
@ Yiercifi(s) = (r +8) > e lails

(b) Zje] ¢j fils1) = Zje] —¢j(=fi(s1) = —r Zje] lejl:

(© = Xiercifi(s2) = Yiep ci(=fi(s2)) = —r Yicy leils

(d) => jercifils2) = (r +68) X eyl
Adding (a), (b), (c) and (d), we obtain

Yocifils) =) cifils2) =8 leil .

i=1 i=1 i=1

Hence,

sug \Zcifi(s)’ > max{|Zc,~f,~(s1)|, |Zcix,-(sz)|}

i=1 i=1 i=1

> l(X:ciﬁ(sl)—X:cixz-(Sz)) > §Z|ci|~

i=1 i=1 i=1 0

For the remaining sublemmas we need to consider a “localized” version of Boolean
independence. Denote by N<¢ the set of all finite subsets of N.

Leta = ((An, Bn))nen be a sequence of pairs of subsets of a set S with A,N B, =
@ foreachn € N,andlet I,J € N=® with I N J = (. We set

Co(I.J)=()4in () B;.

iel jeJ

We say that a sequence « is Boolean independent on a subset T C S if Cy(1,J) N
T # @foreach I,J e N=? withI N J = @.
The following fact follows directly from the definition.

Sublemma 2. Let a sequence o = ((Ayn, Bn))neN be Boolean independenton T C S
and I,J € N=® with I N J = @. Then the sequence &' = ((An, Bp))nen\(1us) is
Boolean independent on T N Cy (1, J).

Sublemma 3. Let a sequence & = ((An, Bn))neN be Boolean independent on T C
S, (np)ge, be a strictly increasing sequence of the integers, and (1), and
(Ji)R2, be sequences in N=¢ with I, Jy € N N (ng,ngyq) and I N Jx = 0.
Then the sequence o' = ((A}, B}))keN, defined by A = Ap, N Co(Iy, Ji) and
B ]’C = By, is Boolean independent on T as well.
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Proof. LetI,J € N=% with I N J = @. Then

Cor(1.7) = () (An N Ca Ui, i) N () (Bng N Calle. Jp))

kel leJ

= (A (Y 4in () B)N [ \Ba, N [)4in [ B))
kel i€l jEeJK LeJ iely jeJy

= Ca(1*7 J*) k)

where

I*=J{myun)ulJ I and 75 = (B u | J({ng) U Je)

kel teJ kel teJ
Hence, Co/(I,J)NT = Co(I*,J*)NT # 0. |

Sublemma 4. Leta sequence o = ((Ayn, Bn))neN be Boolean independenton T C S
and A, = U, UV, for eachn € N. Then there exist a strictly increasing sequence
of the integers (ny)%>, and a sequence (A, )k 1 of sets A} € {Un,., V. }, such that
the sequence a' = ((A/ . B}))keN, where B, = By, is Boolean independent on T
as well.

Proof. First we consider the following partial case.

Assumption 1. For everym € N there aren = n(m) > m, A = A(m) € {Uy,, Vy}
and finite sets I = I(m),J = J(m) C N N (n,+o0) with I N J = @ such that
(TNA)YNCy(I,J)=20.

Under this assumption, we construct recursively strictly increasing sequences of
integers (my)p—, and (ng)g=, such that

l=my <ny=n(my) <my = max(l(ml) U J(ml)) <ny =n(my) < ms
= max(I(mz) U J(mz)) <

For each k € N, let I}, = I(my), Ji = J(myg), A;c = Uy, if A(my) = Vp, and
A = Vy, if A(mg) = Uy, . Observe that by Assumption 1,

P,=TnN A;c NCo(lx, Jg) =T N Ap, N Co(Ig. Ji)

for each k € N. By Sublemma 3, the sequence ((Px, B;))ken is Boolean indepen-
dent on T'. Hence, the sequence ((A}, B;))ken is Boolean independent on 7" as well
by the inclusion Py C Aj.

Our next case is a little bit more general than the previous one.

Assumption 2. There exista set T* C T, and a subsequence f = ((4i,, Bi,))neN
of ®, Boolean independent on T*, such that for every m € N, there are n > m and
A e {U;,. Vi, } such that the sequence ((Aj, , Biy))k>n is not Boolean independent on
ANT*
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Observe that Assumption 2 implies that Assumption 1 is satisfied for 8 instead of «
and 7™ instead of T'. Since Sublemma 4 asserts the existence of subsequences, it then
will do for « itself. And, since the independence on T* implies the independence
on T', we conclude that the sublemma is proved under Assumption 2.

The last assumption is the negation of Assumption 2, which will complete the proof.

Assumption 3. Ler Assumption 2 be false, that is, for any T* C T and any
subsequence B = ((Ai,. Bi,))neN of @, Boolean independent on T*, there exists
m € N such that for everyn > m and A € {U;,,V;,} the sequence ((Ai, . Biy ) k>n
is Boolean independent on A N T,

By induction on k we construct a strictly increasing sequence of integers ()=,
and a sequence of sets (4) )72, with A} € {Uy,, Vy, } such that for each k € N the

n’

sequence oy = ((P,-(k), Qi(k)))ieN of pairs

k) k) (A}, B)), i <k,
P~ s . = 1 1 i
( ' Ql ) { (Ai+nk—k9 Bi+nk—k), 1 > k,

is Boolean independent on 7'*.

By Assumption 3 applied to 8 = « and T* = T, there exist n; € N and a set
A € {Uy,.Vy,} so that the sequence ((A4,, By))n>n, is Boolean independent on
A} N T. Then the sequence

al = ((A/ ’ Bi)? (Anl-‘r‘l’ Bn1+1)’ (An1+23 Bn1+2)7 . )

is Boolean independent on 7" as well.

Assume that integers (n,-){.‘=1 and sets (A;.)f.‘=1 have been chosen so that the se-
quences 1,2, ...,y are Boolean independent on 7. Let 7 be the collection of all
sets T* = ((;e7 A7) N (mjej BJ’-), where {1,2,...,k} = I L J. Observe that T is
finite, and hence by Sublemma 1, the sequence Bx = ((4n, Bn))n>n, is Boolean in-
dependent on every set T* € 7. Applying Assumption 3 to B and eachset T* € T,
we find a number ngy; > ny such that the sequence Bri11 = ((An, Bu))n>niq
is Boolean independent on each set A N T* where A € {Uy, . Vn;,,} and each
T* € T. We choose an arbitrary A} ., € {Uns,,, Vasy,}. Notice that by Sub-
lemma 1, the sequence B 4 is Boolean independent on any set By, , N T*, where
T* € T. Since B,’H_1 = By, ;> we deduce that the sequence

ap+1 = ((47.B))...., (A1 Brp ) (A +1. By 1 +1)
(Ank+1+27 Bnk+1 +2), .. )
is Boolean independent on 7.

Now observe that for any 7, J € N=® with I N J = @ and max(/ U I) < k we
have C/(I,J) = Cq, (I, J). Thus, the sequence &’ is Boolean independent on S. O
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Proof of Lemma 7.20. LetU, = {s € A, : fu(s) > 0}and V, = {s € A, : fu(s) <
0}, and choose the corresponding sequences (1x) and (4} ) by Sublemma 4. Denote
N1 ={keN: A4, =Uy}and N ={k € N: A} =V, }. Since N;UN, =N,
at least one of the sets N1, N, is infinite.

If Ny is infinite, we use Sublemma 1 for r = a, § = b — a and the sequence
((Fuy» Gny )ken, to prove the lemma (it is Boolean independent, because A =
Uny C Fyu; and By, € Gy, foreach k € Nyp).

If N, is infinite, we use Sublemma 1 for r = —b, § = b — a and the sequence
((Fuy» Gni))ken, to prove the lemma (it is Boolean independent, because A;C =
Vae € Gpy and By, C Fy, foreach k € N»). O

Lemma 7.21. Let § = (gu)acp be a tree of signs and Gy = supp gq, for each
a € D. Let E be a set of positive measure belonging to the o-algebra ¢ generated
by (Gy)aep. Then for every § > 0, there exists a tree of signs §' related to '§ with
supp &’ = E such that every member of §' is a §-elementary §-sign.

Proof. Observe that for every ¢ > 0 and every F € E; , there exists an e-elementary
§-sign x with supp x = F. Indeed, let oy, ..., o € D be sothat u(FA |_|f-;1 Gy;) <
e/2u(F), the proof is the same as for the case of the dyadic tree, when the G, s are
disjoint dyadic intervals. Define H = F \ Ule Gy; and g = 1F Zle gq; + 1H.

Then
k
Hg - Zgoti
i=1

and thus |[g — Zf-czl gq; || <2(g/2) = &, by Lemma 7.13(b).

We choose recursive sets E, € Xg, for every o € D, so that Eg = E and E, =
EqoU Eq1 with u(Eqo) = t(Eq1). By our initial observation, for each o € D we
choose an e4-elementary §-sign g/, with supp g/, = Eq, where g5 = min{§,271%/}.
Thus, ' = (g},)aeo is the desired tree. O

= u(Fa i Gay) < 5 H(F).

i=1

Lemma 7.22. Let § = (ga)acp be a tree of signs and M < By, __. Let b,e > 0
be so that M (b + €)-norms every elementary §-sign x with supp x = supp§. Then
there exists a tree of signs §' related to '§ such that M b -norms §'.

Proof. We set E = supp & and observe that

If x isan elementary §-sign with p(supp x) > (1 — E);L(E)
. 2 (7.24)
then M(X) > b + o

Indeed, denote A = supp x and choose an elementary §-sign y with supp y = E'\ A.
Since supp(x + y) = E, by the lemma assumption, M(x + y) > (b + e)u(E).
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Suppose jt(supp x) > (1 — Z)u(E). Then M(y) < ||| < 5 (E), and hence

_ M(x) _ M(x+y)—M(y) e 2

Let § = §(e/4), be from the assertion of Lemma 7.16, and let X ¢ be the o-algebra
generated by § (that is, generated by the supports of elements of §). We are going to
prove that there is F € Eg such that M (b+¢/4)-norms every §-elementary §-sign x
with suppx C F.

Suppose there is no such F. Denote by M the set of all finite or countable disjoint
(unordered) collections (x;);e; of 6-elementary §-signs such that supp x; € Xg and
M(x;) < (b + ¢&/4)||x;|| foreachi € I. We endow M with the inclusion ordering,
that is, (x;)ier < (y;)jes provided for each i € I there exists j € J such that
x; = yj. Let £ € M be a chain. Setting X = (Jycy Y we obtain that X € M.
Indeed, obviously X is a disjoint collections of §-elementary §-signs. It is, at most
countable, because D .y i(suppx) < u(F). Since Y < X foreachY € £, X isan
upper bound of £ in M. By Zorn’s lemma, M has a maximal element Y = (y;);ey-
We have that | J;<; supp y; = E, because otherwise, by the assumption, we would
obtain a contradiction with the maximality of Y. Thus, setting y = ) ,.; yi, we
obtain that suppy = E and

M(X)

M() =Y MO < Y (b+7)Ivill = (b+5)uE). 729
iel

iel

By Lemma 7.16, y is an (¢/4)-elementary §-sign, that is, there exists an elementary
G-sign x with ||[X =] < ¢/4. Hence, by (7.25),

M _ -
ME® < MO +MG-D <Y Lz Ficre il (26
W(E) 473 2

and by Lemma 7.13(a), [|x — y|| < 5|ly|l = Su(E), therefore

isuppx) =[xl = [yl = Ix =yl > (1= 3)u(E). (7.27)

Now (7.26) together with (7.27) contradicts (7.24), proving the existence of F €
E; such that M (b + §)-norms every §-elementary §-sign x with suppx C F.

By Lemma 7.16, there exists a tree of signs §’ related to § with supp§’ = F such
that every member of §’ is a §-elementary §-sign. Thus, M (b + %)-norms §'. In
particular, M hT-norms §’. 0

Lemma 7.23. Let M C By__ b -norm a tree of signs 9, and assume M= U:-;l M;.
Then there exists a tree of signs §' related to G, and an index i € {1,...,k} so
that M; bt -norm €'.
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Proof. By transitivity of the relationship (Lemma 7.17), it suffices to consider the
case of k = 2. In this case, we choose ¢ > 0 so that M (b + ¢)-norms §. Let
9 = (gu)acn and Gy = supp g for each @ € D. We consider the following cases.

(@) There is o € O such that My (b + §)-norms all elementary §-signs x with
supp x = Gg. In this case we apply Lemma 7.22.

(b) For each o € D there exists an elementary §-sign g, with My (;’;) <b+5and
supp g5, = Gg. We claim that in this case My (b + ¢)-norms §" = (g))ueD-
Indeed, if x = Y 7L, €;ga; is an elementary §'-sign, €; = %1 then

m

Mi() = ) Mi(ga) < Y (b +3)ga | = (b+ 3)lx].

i=1 i=1

Since (M1 U M>)(X) > b + ¢ and M1 (X) < b + ¢, one gets that M>(X) > b + &.
It remains to observe that §’ is related to §. O

Lemma 7.24. Let M C By, b*-norm a tree of signs §. Then there exists n > b
such that for every & > 0, there exists a tree of signs §' related to § such that

|M(X) —n| < & for every elementary §’-sign x . (7.28)

Proof. Let § = (gu)aecp. For each ¢ € D, we set G, = suppgq and n =
SUPye.p Na» Where

Ne = inf{M(X) : x is an elementary §’-sign with suppx = G} .

Since M b -norms ¢, we have that n > b. Lete > 0, 7 = ¢/2 and ag € D be such
that
Nag > N—T- (7.29)

For each o > a¢p we choose an elementary §-sign x, with supp x, = G4 and
M) <ng+T<n+71. (7.30)
Define a tree of signs # = (xq)qen- Then (7.30) implies that
IM(X) — n| < n+ t forevery elementary J¢-sign x . (7.31)

It follows from (7.29) that M(X) > n — v = n — ¢ + t for every elementary J-
sign x with suppx = supp # = supp Hy,. By Lemma 7.22, there exists a tree of
signs " = (gl)qep related to H (and hence, to §) such that M (n— &)t -norms §”.

Let § = §(r) be from Lemma 7.16. Using Definition 7.9, we choose k € N so
that g, is a §-elementary J-sign for each @ € D with |a| > k. Fix any a1 € D
with |ag| = k and set g, = gy , for each @ € D. Then for the tree of signs
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9" = (g,)uecp We have that for every a € D, g, is a §-elementary F-sign. Being a
piece of §”, 9’ is related to J and to § as well. By Lemma 7.16, every elementary
g'-sign is a t-elementary J-sign. By (7.31), |M(X) —n| < n+ 2t = n+ & for every
T-elementary §’-sign x. m|

Lemma 7.25. Suppose that sets M1, ..., My < Br_, all bt -norm a tree of signs §.
Then there exists T € (0, 1) such that for every ¢ > 0, there exist a tree §' related to
9 and numbers 1j > b + T foreach j = 1,... k, such that

|M;(X) — nj| <& for every elementary §'-sign x . (7.32)

Proof. Let B € (0,2) so that M; (b + B)-norms § for every j = 1,....k, set
t = (/2 and fix any ¢ > 0. We choose inductively trees of signs § = 9y, 91, ..., 9k
and numbers 71, ..., 7k so that forevery j = 1,...,k, n; > b + B/2, the tree §; is
related to §; 1 and

|M;(X) —n;| <e forevery elementary §;-sign x . (7.33)

To see that this is possible, fix i € {0,...,k — 1} and suppose that §; and 7; has
been chosen. By Lemma 7.17, §; is related to ¢, and, by Lemma 7.18, we choose a
piece §/ of ; such that M; 1 (b + B/2)-norms §/. By Lemma 7.24, we choose a
tree of signs §; 4+ related to §; and n; with the desired properties.

The induction completed, we have that, by Lemma 7.17, §;, is related to all §;s.
By Lemma 7.16, we choose a piece §' of g, so that every elementary §’-sign is an
(g/2)-elementary §; function forall j = 1,..., k. Equation (7.32) now follows from
this and (7.33). O

Lemma 7.26. Lets € N, t € (0,1), and ¢ = t/(2(4s + 1)). Suppose that a tree of
signs § and sets M1, ..., My C By __ satisfy the following hypothesis:

For every j = 1,....,k, there exists nj = b + t such that for every elementary
G-sign x we have

(@) M;(X) <nj +¢&
(b) M;(x) > n; — e if suppx = supp §.

Then there exists a tree of signs §' related to § such that each M; b -norms g’ for
j=1...,s.

Proof. Without loss of generality, for simplicity of the notation, we assume that

supp ¥ = [0, 1]. Let y = 1/(2s). We claim that for each j € {1,...,s}

2
M;(x)>n; — —8, provided x is an elementary §-sign with p(suppx) > y .
4
(7.34)
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Indeed, let x be an elementary §-sign with A = p(suppx) > y. Choose an
elementary §-sign y with support disjoint from x and ||x|| + ||v|| = 1. Applying (b)
toz = x + y =Z, we obtain

nj —& < Mj(x) + Mj(y) = AM; (%) + (1 — ) M; (y)
by (a)
= OAM® + (=D + ).
Thus,
nj—e—1—=21)1 +¢ < AM;(X). (7.35)

Since the left-hand side of (7.35) equals A(n; + &) — 2e, we obtain M;(X) >
nj +¢&—2¢e/A >¢e—2¢/y,proving (7.34).

Let X ¢ be the o-algebra generated by §, and let § = 4(¢) be from Lemma 7.16.
We claim that there exists E € 2; such that for every j =1,....s, Mj (b + t/2)-
norms every §-elementary §-sign x with suppx C E.

Assuming that the claim is false, by Zorn’s lemma and the arguments used in the
proof of Lemma 7.22, there exists a disjoint finite or countable sequence (y;);ies of
8-elementary §-signs such that

D lyill=1 (7.36)
i€l
and for every i € I, there exists j € {1,...,s} with
T
M) < Ivill(b+3) (7.37)

Foreach j = 1,...,s, let I; be the set of all i € I for which (7.37) is satisfied.
Since Y_7_; I; = I, by (7.36) we have that

iZny,-n:l.

j=1liel;

Choose jo € {1,...,s} so that

. (7.38)

U | =

E

i€lj,
Sety = Zieljo y;i. By Lemma 7.16, y is an e-elementary §-sign, and by (7.37)
and (7.38),
T 1
M) < Iy(b+3) and fy] = <. (7.39)

Choose an elementary §-sign x with |[X — || < &. Since, by Lemma 7.13(a),
lx — |l <2e|y| and by (7.39), we have

1—2¢

Il = Iyl = llx =yl > lyli(1 —2¢) = (7.40)
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Since 1222 > L (7.34) implies that

= 25’
M (X) > nj,—4se>b+1—4s¢. (7.41)

By (7.39), M;,(X) < b + t/2 + &. Hence, b + v —4se < b + t/2 + & which
implies that T < 2(4s + 1) &, a contradiction which proves the claim.

Let E be a set satisfying the claim. By Lemma 7.21, we choose a tree of signs §’
related to § with supp ¥’ = E such that every member of ¢ is a §-elementary §-sign.
By Lemma 7.16, for every j = 1,...,s, M; (b 4 7/2)-norms every e-elementary
§’-sign, and hence, for all j, M; b*-norms §’. O

Lemma 7.27. Let b > 0 and n € N. Suppose that all the sets My, ..., My < Br__
b -norm a tree of signs §. Then there exists a tree of signs §} related to § with the
following property:
Given any n elementary §;-signs x1, . .., X with supp x; = supp §;, for all i, there
exists a tree G related to '§ such that M;Ci>b bt -norms €' foralli = 1,...,n
and j =1,...,k.

Proof. Let t € (0, 1) be the number from Lemma 7.25 and set

T

By Lemma 7.25, choose a tree of signs §' = (g/,)acp related to §, and numbers
nj =b+tforj =1,... k sothat(7.32) is satisfied. Define E, = supp g, for each
o € . Let §] and § be the pieces of §’ consisting of all g € §" with supp g C E g
and supp g C E(y), respectively.

Let x1,...,x, be elementary §)-signs with suppx; = E(). We now fix i €
{l,...,n}and j €{l,...,k} and claim that

For every elementary §{-sign y we have

@ M77G) <nj + e

(b) ij">b(')7) > 1; — 3¢ provided supp y = supp §;.

Indeed, (a) immediately follows from (7.32):
MP7PG) < Mj() <y +e.

To show (b), assume supp y = E(1) and observe that by (7.32), there exists m =
m(i, j.y) € M; such that

1 —_ —_
—‘/ m(X; +')7)d//v‘ = ‘/ m(x; +y)du| >n; —¢. (7.43)
211011 [0.1]
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By (7.32), we have that
‘/ mXxi d,u’ <n; +¢ and ‘[ m}'d,u’ <nj+e. (7.44)
[0,1] [0,1]
Now we are going to show that
‘/ m?du‘ > n; — 3¢ and ‘/ mXi du‘ >nj —3e. (7.45)
[0,1] [0,1]

If the first inequality were not true, we would obtain by (7.44) that
£ nj +é
+ 2

1 ~ i —3
—‘/ m(xi+'j)')du‘<n] =1n—e,
21J10,1] 2

which contradicts (7.43). The second inequality in (7.45) is proved analogously.
By (7.45) and by the choice of 7, we have that

‘/ mﬁdu)>r);—3ezb+r—3e>b,
[0,1] ‘
and hence, m € M17"_ Thus, by (7.45),

M;Ci>bo7) > ‘/[0 . m’fd,u’ > nj — 3¢,

proving (b).

Now letting s = nk, we have that the hypotheses of Lemma 7.26 are satisfied for
the sets iji>b for j =1,....k,i =1,...,n, for §] instead of § and 3¢ instead
of . Lemma 7.26 yields that there exists a tree of signs §; related to §| such that
Mf">b b*-norms §; foralli = 1,...,nand j = 1,...,k. It remains to observe

that, since §] is a piece §" and ¢’ is related to ¢, by Lemma 7.17, §; is related to
g. O

Lemma 7.28. Let 0 < a < b be numbers. Suppose that every set My, ..., My C
By, bt -norms a tree of signs §. Letn > 1 + :—2, and x1,...,Xy be orthogonal
(i.e. f[O,l] xixjdu =0 for i # j) signs with common support. Then there exist
i €{l,...,n}and a tree of signs §' related to § such that Mf"<a b*-norms ' for
everyj =1,...,k.

Proof. Let§ = (go)aen- For convenience of the notation, without loss of generality

we assume in addition that supp x; = [0, 1] foreachi = 1,...,n. We first do some
elementary counting. Assume M C Bp__ and X € Xo = {x1,....x,} with the
number of elements | X | > a=2. If m € M then, by Bessel’s inequality,
2
> f mxdu| < mlF, < 1. (7.46)
xeX [0.1]
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Hence, [{x € X : |f[0 jmxdu| > aj| < 1/(a?), and therefore, for eachm € M,

1
erX:‘/ mxdu‘<a}‘z|X|——2. (7.47)
[0,1] a
Given Z C Xy, we set
MZ={meM:‘/ mxd,u‘<aforaller}.
[0,1]
Then by (7.47) we have
1
M=U{MZ: ZCX and |Z|2|X|——2}. (7.48)
a

By Lemma 7.23 we have the following:

(@) If M b -norms a tree of signs H then there exists a tree of signs K’ related to H
and a subset Z C X with |Z] > | X| — aLZ such that Mz b -norms '

Recursively, we choose subsets X1p,..., X; of Xo and trees of signs 9 = 9,
G1,..., 9 sothatforeveryi = 1,...,k,

(b) X; € Xi—y and |X;| = n— 5.
(c) G is related to G and (M;)x, bt -norms §;.
This is possible since, ifi € {1,...,k—1}, andif X;_; and §;_1 have been chosen,

then, by (a), there exists §; related to §;—1 such that (M;)x, bT-norms §; with

1 by (b) i—1 1 i
>

|Xi|Z|Xi—1|—a—2 > b ik
Thus, the recursive construction is completed.
We have |X| > n — :—2 > 1. Suppose that x € Xj. Then x € X; for every
i €{l,...,k}. Since ||x| = I, we obtain that (M;)y, € M;=%. Then by (c) we
have M;*=¢ b*-norms §;. By Lemma 7.17, & is related to §;. By Lemma 7.18,
there exists a piece ' of § so that M;*=% b* -norms §’. Since g is related to &, by
Lemma 7.17, so too is §’. O

Lemma 7.29. Let 0 < a < b be numbers. Suppose that every set My, ..., M; C
B bt -norms a tree of signs §. Then there exists a sign x and a tree of signs §'
related to § such that for everyi =1, ...k, Mix>b and M}~¢ bt -norm g'.

Proof. We fixn € N withn > 1+ [1‘—2 and choose a tree of signs §, satisfying the
conclusion of Lemma 7.27. Then by Lemma 7.11 we choose orthogonal elementary
G4-signs X1, ..., x, with suppx; = §; for all i. By Lemma 7.27, we choose a tree

of signs §” related to § such that M].xi>b bt -norms §”, foreveryi = 1,...,n
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and j = 1,...,k. In particular, M; b -norms §”, for every j = 1,...,k. By
Lemma 7.28 we choose i € {1,...,n} and a tree of signs §] related to " such that

Mfi<a bT-norms g, forevery j = 1,... k. Finally, by Lemma 7.18, we choose a

piece ¥’ of §; such that M;"'>b b*-norms ¢’ forevery j = 1,... k. Since ¢’ is a
piece of §], §’ is related to §|. And since 9, is related to §” and §” is related to &,
by Lemma 7.17, €' is related to §. O

Proof of Theorem 7.4. Let § be the dyadic tree of signs, that is, the Lso-normalized
Haar system without the first element. Without loss of generality we assume that
|T| = 1. Identifying L} with Lo, we set M = T*By«. By the theorem as-
sumption, M §-norms every elementary §-sign x with supp x = [0, 1]. Fix arbitrary
numbers 0 < a < b < §. By Lemma 7.22, choose a tree of signs §’ such that M
b*-norms §’.

Now we construct recursively a sequence (x,);2 ; of signs and a sequence (5,)52 ,
of trees of signs with the following property:

n
foralln e N,g; = +£1,j =1,...,n, the set ﬂ B;j bt -norms G, (7.49)
j=1

where

B;:{mEM:|/ m?c',,d,u\>b},Bn_1:{m€M:\/ mX, dp| < aj .
[0,1] [0,1]

We proceed as follows. By Lemma 7.29, for k = 1 and M; = M we choose a
tree of signs &) and a sign x; such that M*>? and M*<¢ p*-norm §;. Suppose

that for a given n € N signs x1,...,x, and trees 91, ..., 5, have been chosen to
satisfy (7.49). Letk = 2" and My,.... M 2" be an enumeration of the sets ﬂ7=1 B;"
over all choices of ¢; = £1, j = 1,...,n. By Lemma 7.29, we choose a sign x; 41

. b
and a tree of signs §, 1 related to G, so that Mix'”rl ~? and Mix”+l =~ ptonorm §,41
foreveryi = 1,...,2". Since

n n+1
N\ Xn+1>b 4 )
(ﬂ B;’) = ﬂ B;’ for any sign numbers (8j);-’=1 and g,4+1 = 1, and
j=1 j=1

n n+1
&j Tntr=a &j . n
(ﬂ B; ) = ﬂ B}’ for any sign numbers (¢j)7=y and en41 = —1,
J=1 J=1

we have that (7.49) is satisfied for n + 1, and the recursive construction is completed.

In particular, it follows that the sequence (B,l, B, 1)2‘;1 is Boolean independent.

Then we use Lemma 7.20 for S = M, f,(s) = f[o 1 X, di (in this case we have
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An = B} and B, = B,!). Thus, given any n € N and any scalars (¢j)i;. for
x = ) 7_¢jX;, we have

HXn:chx,H:”Tx”_ sup |f(Tx)| = sup
=1

feByx feByx

/ (T*f)-xdu(
[0,1]

= sup ’/ mxdu‘ sup ‘Z cjfj(m)‘
[0,1]

meM meM

by(723) b —a < b—a b—a
> 3 Z lejl = TIIXII > [T x|l .
j=1

Thus, both sequences (X;) and (T'X;) are equivalent to the unit vector basis of £1.
O

7.2 Rosenthal’s characterization of narrow operators
on L and some related results

In this section we prove the following remarkable result of Rosenthal [128].

Theorem 7.30. An operator T € £(L) is narrow if and only if for every A € £+
the restriction T |, 4y of T to L1(A) is not an isomorphic embedding.

We present a proof of Theorem 7.30 in the context of the general theory. Proofs of
auxiliary statements combine the original ideas of Enflo—Starbird [37], Kalton [66],
Rosenthal [128], the results of two papers by O. Maslyuchenko, Mykhaylyuk and
Popov [92, 93], and several private communications of Mykhaylyuk.

Every operator from L to a Banach space X almost attains its norm at
a positive cone of some set

We present here a helpful result that has been discovered and originally proved by
different authors (in particular, by Shvidkoy in [131] and by Mykhaylyuk and Popov
in [100]). However, the first author of it (to the best of our knowledge) is Rosen-
thal [128]. In our proof we follow [100].

Theorem 7.31. Let X be a Banach space and T € £(L1, X). For every ¢ > 0 there
exists an A € XV such that |Tx|| > (|T|| — &)|| x| for each x € LT(A).

First we prove the following statement.

Lemma 7.32. Let M C B(L1). Assume that for each A € XV and each ¢ > 0,
there exists x € M such that / 4 X du > 1 —¢&. Then the closed absolute convex hull
M of M coincides with the unit ball By ,.
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Proof. Let D be the setof all f € Lo such that u{t : | f ()| = || f||} > 0. First we
prove that for any f € D we have

sup [ fxdu=]fI. (7.50)
xeM J[0,1]

Fix e > 0. Choose A € T suchthat | f(t)| = || f || forevery ¢ € A, and, moreover, f
has a common sign on A4, say f(¢) = | f|l. Let x € M be so that [, xdu > 1 —&.
Then we have

fxduZ/fxdu—/ | f1lxldpe
[0,1] A [ A

s

z A =e) = £ (IIXII —/AIXIdu)

= [/ —e—lxl) + IIfII/AIXIdM

%

—ellf 1 + IIfII/Axd/L =[£I —2e).

Thus, (7.50) is proved.

Now suppose that the lemma is not true and there exists xo € B, \ M. By the
Hahn-Banach Theorem, there are fo € Loo and § > 0 such that fo(xg) = 1 and
folx) <1-— 8 for each x € M. Since D is dense in Loo, there exists f € D with
|/ — foll < %. Thus, for each x € M,

/ fxdu=/ foxdu+/ (f - fo)xdu
[0,1] [0,1] [0,1]

<1=8+1f = follixll <1—— </l -3
This contradicts (7.50). O
Proof of Theorem 7.31. Supposing the contrary, we obtain that there is 6 € (0, || T||)
such that for each A € X7 there exists x € L1+(A), with ||x|| = 1 and ||Tx| <
T — 8. Let

M ={xeB(Ly: |Tx| < |T| -8} .

On the one hand, the closed absolute convex hull of M equals M, thatis, M = M. On
the other hand, M satisfies the assumptions of Lemma 7.32, and hence, M = B(L),
a contradiction. O

Disjointness-preserving operators

Recall that two elements x and y of a Kothe-Banach space E on a measure space
(2, X, ) are called disjoint if supp x N supp y = @. In this case we write x L y. An
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element x € E is said to be a fragment of y € E provided x L (y — x). An operator
T € £(E1, E») between Kothe—Banach spaces E; on measure spaces (2, X, (i),
i = 1,2, respectively, is called disjointness preserving (‘“atom,” in the terminology of
Kalton and Rosenthal, which is less convenient) if for each x, y € E; the condition
xLy implies Tx_LTy. We use the abbreviation d.p.o. for these operators. Obviously,
a d.p.o. T maps fragments of an arbitrary element y € L; to fragments of 7'y (cf.
Section 1.6).

Using the definition of a d.p.o., we obtain the following consequence of Theo-
rem 7.31.

Corollary 7.33. Let T € £(L1,L1(1t)) be ad.p.o. Then for every ¢ > O there exists
A € % such that |Tx|| > (|T| — &)||x|| for each x € Li(A). In particular, if
T # 0 then there is A € X such that the restriction T | L, (4) Is an into isomorphism.

The proof easily follows from the observation that |Tx| = |[TxT — Tx™| =
|Txt|| 4 ||Tx~|| for each x € L, because T is a d.p.o.

We need the following well-known characterization of d.p.o. on L1, due to Abra-
movich [1], who proved it for general vector lattices (cf. Rosenthal [128] for the case
of L1). Before stating it, we introduce some terminology.

We say that a measurable function o : [0, 1] — [0, 1] is almost injective if for every
B € X with u(B) = 0 we have (o ~!(B)) = 0. For measurable functions f, g the
notation f ~ g means that they are equivalent, i.e. u{t : f(t) # g(t)} = 0.

Proposition 7.34.

(a) A measurable function o : [0, 1] — [0, 1] is almost injective if and only if
for every x € Ly, x oo iswell defined as an element of Lg , (7.51)
that is, if f, g : [0, 1] — [0, 1], are measurable and f ~ g then f oo ~ goao.
(b) If o is almost injective then 6~ (B) € X, for every B € .

Proof. (@) Let B = {t : f(o(t)) # g(o(t))}and A = {t : f(r) # g(v)}. Thus,
(7.51) holds if and only if u(B) = 0 whenever ;(A4) = 0. It remains to notice that
B =07 1(A).

(b) Let B € X. Since for every n € N, there is a closed set F,, € B with
w(B\ F) < 1/n, we have B = B’ U B” where B’ = | ;= Fy is an F5-set and
B” = B\ B’, u(B") = 0. Then 6~ 1(B’) U o~ 1(B") where 61 (B’),0c"1(B") ¢
3. O

Proposition 7.35. An operator T € £(L1) is a d.p.o. if and only if there exist mea-
surable functions f :[0,1] - R and o : [0, 1] — [0, 1] so that o is almost injective

on supp f,
(Tx)(t) = f(t)-x(o(t)) ae. foreach x € Ly (7.52)
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and

K=sup{ / )|f|du:;¢(B)>0}<oo.

w(B) o~ (B
Moreover, |T| = K.

Proof. The “if” part is obvious. To prove “only if,” let f be a representative of the
equivalence class T'1[g 1. Forn € N and k = 1,...,2" denoted by I,]f there is the
dyadic interval 27" - (k — 1),27" - k). Let f! = f. Choose a representative fnk
of the equivalence class 71 1k in such a way that for J,’f = supp fnk ,n € N and
k=1,...,2", we have J,f = an_]ﬁl U anf_l. Then for all T € JO1 there exists a

unique sequence of nested sets (J,{C ")g° containing 7. Thus, we can define o (7) = ¢,

where {t} = ZOZO 1 ,]f " (here I, ,]f " denotes the closure of the interval I, ,]f ™). Moreover,
forallt € [0, 1]\ JO1 we set 0 () = 1. It is a standard technical exercise to show that
the desired measurable functions are well defined.

Show, for example, that o is almost injective. Let B € ¥ and u(B) = 0. Assume
first that | f(¢)| > § forallz € Jg and some § > 0. Then

nE) = el <87 Al = 67T | < TGS . (753)

Let Be X, u(B) =0,¢ > 0, and (I,]ff);?';l be a sequence with B C U;’;l I,fj’
and )72 M(I,’:f) < e8| T~ Theno'(B) € U572, 0_1(1,13) = U2, J,f/’ and
by (7.53),

> k > k
D ouUn]) 5T Y nln)) <e.
j=1 j=1

This proves that (0~ 1(B)) = 0. To prove almost injectivity for the general case,
we split J& = |52, Cn, where Co = {|f| > 1} and C, = {(n + 1)"! < |f]| <
n~1}. By the above, o is almost injective on each C,, and so it is almost injective on
supp f. |

Proposition 7.36. Let 0 # T € £(Ly) be a d.p.o. Then there are A,B € X+
and a sub-o-algebra X1 of X(B) such that T\, 4y : L1(4) — L1(B,X1) is an
isomorphism.

Proof. Let f and o be as in Proposition 7.35. By Corollary 7.33, there exists Ay €
%t so that Ty = T|r,(40) : L1(Ag) — Lq is an into isomorphism. Let By =
supp T'14,. Observe that if x € L1(Ap) then x o o € L1(Byg) (to prove this, first
consider x of the form x = 14, A € X(Ap), then prove it for simple functions, and
finally use the density argument) and hence, 7x € L;(By). Leta > 0 so that u(A) >
0, where A = {t € Ag : | f(t)| > a}. By Proposition 7.34(b), B = 07 1(4) € =. If
x € L1(A) then x oo € L1(B) and hence T1 = T, (4) : L1(A) — L1(B). Since
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A C Ag, T is an into isomorphism. Let £; = {C € Z(B) : 0" 1(C) € Z(A4)}.
By almost injectivity of o, X1 is a sub-o-algebra of ¥ (B). For surjectivity of 77 :
Li(A) — Li(B,Xy), by (7.52), it is enough to notice that for each y € L;(B), it
follows from the definition of B and X that

—1¢,
x() =290 .

IACa0)) O

Pointwise absolutely convergent series of operators

Definition 7.37. Let X, Y be Banach spaces. A series of operators Z,(:Ozl Tu, Ty €
£(X,7Y) is said to be pointwise absolutely convergent if for every x € X the series
> 02 1 || Tux| converges.

Notice that if a series Y - ; Ty, is pointwise absolutely convergent then it is point-
wise convergent to some operator 7 € £(X,Y), and there exists a constant K €
[0, +00) such that

o0
D o ITux] < K] - (7.54)
n=1

Indeed, the first fact follows immediately from the Uniform Boundedness Principle.
To see that the second assertion is true, we consider the sequence of operators Sy, :
X — £1(Y), defined by Sx = (T1x,...,T,x,0,...) foreachn € N and x € X.
Since the series Y =, T, is pointwise absolutely convergent, the sequence (Sy) is
pointwise bounded and hence, is uniformly bounded, that gives (7.54).

The notion of pointwise absolute convergence was considered by Rosenthal
in [128] under the name of “strong £;-convergence,” and recently by L. Kadets and
V. Kadets in [51], from where we took its current name. Later in Chapter 10 we will
show that for operators on L this notion coincides with the notion of order conver-
gence of operators on the vector lattice £(L1).

First characterization of pseudo-embeddings on L

Recall that an operator T € £(L1) is a pseudo-embedding if there exists an absolutely
order summable family (7j)jes of d.p.o.in £(L1) suchthat T =} ;. ; Tj (cf. Def-
inition 1.32). Theorem 1.33 implies that the set Ly.(L1) of all pseudo-embeddings
on L is the band generated by the d.p.o. on L.

Our first characterization of pseudo-embeddings on L-spaces is the following.

Theorem 7.38. An operator T € L£(L1(i), L1(v)) is a pseudo-embedding if and
only if T equals the sum T = Z;’\,Ozl T, of a pointwise absolutely converging series
ofd.p.o. Ty € £(Li(n), L1(v)).
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Proof. By Definition 1.19, a series ), Tn is absolutely order convergent if
and only if the series S = ), |Tn| is order convergent. Hence, S = sup,cy
S h_1|Tk]and Sx = 392 | |Ty| x for each x € L. Therefore,

n n n
SoNTexl = 3Tl x| = | D2 1l x| < Ul = US 0 - x]
k=1 k=1 k=1

foralln € N and x € Lf. Thus, (7.54) is satisfied with K = ||S|.
Before we prove the converse, note that by Lemma 1.23 and the order continuity
of Ly, forany U € £(L;) we have for all x € LT,

|1U]x] = sup{H§|Uxi|

m
):xzzx,-, X e Xt meN}. (7.55)
i=1

Suppose that Y o> | |T,x|| < K||x|| for all x € LT and some K < oco. We will
show that

(o]
Y | 1Tl x| < K|lx|| forall x e L] . (7.56)
n=1
Fix x € Lf, n € N and ¢ > 0. Using (7.55) for U = Ty, k = 1,...,n, we choose
X1,...,Xm € LT, sothatx = 37 | x; and

| = 1Tl | - =

m
|3 17l
i=1

fork =1,...,n. Then

ZH | Tielx | < ZHZITkx, | +e< Z Z | Texill + ¢

k=1 i=1 i=1k=1

sZK||x,~|| +e=Klx|| +e.
i=1

Taking ¢ — 0 and then n — oo, we obtain (7.56).

It is not hard to see that there exists S € £(Lj1) which extends by linearity the
equality Sx = lim, Y j_; |Tk|x for all x € L] and such that |S| < K and
> k=1 |Tk|l < S. Then, sup,en > k=1 | Tk| exists and therefore the series >, cn T
is absolutely order convergent.

We will now show that the series are convergent, then the order sum 77 =", .y T
equals the pointwise absolute sum 7" = >0 | Ty,.

It is enough to prove that T/x = > 52 ; T,x holds for all x € LT.
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Letx € Li". Then

n

(7= 2 1) x| = [(X7) o] = |(Z1m41)+]

=1 k>n k>n
o0 o o0
=| > (man)| = X himds| =l Y (17|
k=n+1 k=n+1 k=n+1
Thus, letting n — oo, we obtain T/ = T”. O

The main property of pseudo-embeddings on L

The name of a pseudo-embedding becomes clear from the next theorem saying that a
pseudo-embedding is an “almost” isometric embedding when restricted to a suitable
subspace L1 (A).

Theorem 7.39. Let T € L(L1) be a nonzero pseudo-embedding. Then for each
e > 0 there exists A € 7 such that the restriction T | L, (4) is an into isomorphism
with

@ [T, ol = TN —e&
) I 71, el - ITIZ o < 1+ e
(c) there exists ad.p.o. U : L1(A) — Ly sothat |T|p,4)— Ul <e.

Without the last part, Theorem 7.39 is due to the work by Rosenthal [128].
Claim (c) is new, and it will serve the proof of Theorem 7.80 below, which is also
due to Rosenthal. More precisely, the claim on the existence of U plays the role of
Alspach’s result from [7], the proof of which, in turn, involves further results of Dor
and Schechtman.

For the proof we need some lemmas.

Lemma 7.40. Let Ty,..., T, € £(L1) be ad.p.o. and & > 0. Then there exist § > 0
and B € X such that f(B) > 1 —¢ and for any A € ¥ with diam A < §, the operator
T : Li(A) — L1(B) defined by

Tx = (Zn:T,x> 1, x e Li(A),

i=1
isad.p.o.

Proof. Fori = 1,...,n, choose, by Proposition 7.35, measurable functions x;,0; :
[0,1] — [0, 1] such that 7; x(t) = x;(t) - x(0i(¢)), for almost all € [0,1]. For
any 1 < i < j < nand k € N, letAEkj) ={t : 0 < |oi(t) — o ()] <
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k=1}. Since limy_, o M(A(k)) = 0, there exists ko so that u(C) < e, where C =

Ut<i<j<n Ag‘;’). Let B =[0,1]\ C,8 = ky', A € £ be any set with diam A < §,
and T : L1(A) — L1(B) be an operator defined in the lemma conditions. We are go-
ing to prove that T is a d.p.o., i.e. that for any disjoint measurable subsets U,V € A
we have that (T1y)(¢) - (T1y)(¢) = 0 a.e. on B. Note that

(T10)@) - (T1y)@) = (sz(f)lu (@) (X O1 (0:0)) -

i=1

We will show that

(2”: xi (1)1 (o (t))) : (Zn: xi (1)1y (o (t))) =0,

i=1 i=1

for all ¥ € B. Supposing the contrary, there would exist ¢ € B and indices i, j €
{1,...,n}suchthat 1y (0; (1)) # Oand 1y (0j(¢)) # 0,i.e. 0;(t) € U and o (¢) € V.
Since U UV C A and diam A < §, we have 0 < |0 (¢) —0j(¢)| < §. Thus, 1 € Al(k}’)

(ko)

ort € A , that contradicts the choice of B. O

Lemma 7.41. Let A,B € XV and T : L1(A) — L{(B) be a pseudo-embedding

with T = Y o2 | Ty, where T, : L1(A) — L1(B) is a d.p.o. for eachn € N and
Y02 I Tux|| < K||x|| for all x € Ly. Then for each & > 0 there exist Ag € Z(A)T

and n € N such that
(X 7)
k>n

Proof. Supposing the contrary, we obtain that for some ¢ > 0 and all A’ € X(A4)*

and n € N we have
[(7)
k>n

In particular, ||7|| > e. By Theorem 7.31, there exists A € Y (A)T so that
IT14 || > 5 p(A)). Since limy—oo | 372y Tilyr | = [T 1y, there is ny € N
such that || 3271, i1y || > 5 p(A}). Hence,

[aipI B

By Theorem 7.31, there exists A € X(A4))" such that for any A’ € T(41)" we

have
ni
S
i=1

Ly (Ao)

> €. (7.57)

Ly(4)

&
> —u(A').
_2u()
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Let

Li(4)

By (7. 57) [Si] > & By Theorem 7.31, we choose A, € (A1) so that
15114, | > 5 w(A%). Then there exists 15 such that

H Z Tily,

i=ni1+1

> = M(A)

In particular, ||(Zl 241 T1)|L1(A’)|| > £. Now we choose A» € (A5)™ so that

” Z Tily

_nl

>—M(A)

for every A’ € ¥ (A,)™. Continuing this procedure, we obtain a decreasing sequence
(An), Ay € Z(A)™T and an increasing sequence of numbers (1) such that

ni c
DR VY EyIVOR
i=ng—1+1
for each k € N and each A’ € X (Ax)*. Choose k € N so thatk - § > K. Then
KA = 31 Tita | = Z H S Tt 2k S ucan.
i=1 j=1 i=ng_i+1
which is impossible. O

Proof of Theorem 7.39. Lete > Oand let 0 # T € £(L1) be a pseudo-embedding.
Let T = Y 72, T, be an absolutely order summable series of d.p.o. T, € £(L).
Choose § > 0 so that

€

(1—8)3(1-28)—§ >max{l—1—+8, 1—”%”} and §|T|| <e.  (7.58)

By Theorem 7.31, there exists A; € X sothat | Tx|| > (1—38)||T|||lx|| for each x €
Lf(Al). Obviously, T|1,(4;) = Yome1 TnlL,(4,) is an absolutely order summable

series of d.p.o. from L (A1) to Ly with | T |1, ) [(1=8)| T || forevery A € =% (4y).
By Lemma 7.41, we choose Ay € %(A;)" and an n € N such that

H( ) _H - ’|L1(A1>>

<§||T . (7.59)

Li(A>) L1(A3)
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Set S1 = (Z?=1 Ti)lLl(Az)- Since ||T|L1(A2)|| > (1 —=368) ||T||, we obtain that

1811 2 | Tlzsan | = | (X 75)

A =§)TI=8IT] = @a=28)T] . (7.60)

Ly(42)

By Theorem 7.31, there exists A3 € X(A42)™ sothat ||Syx| > (1 =38)-||S1]| - [|x]|
for each x € LT(Ag,). Let 87 > 0 be so that for any B € X with u(B) > 1 — 61,

/|S11A3|duz(1—8)/ (S1La, e
B [0,1]

By Lemma 7.40, choose ¥ > 0 and B’ € X so that (B’) > 1 — 81, and for any set
A’ € X(A3)™T, the operator Sy : L1(A’) — L1(B’) defined by

Sax = (S1x) -1p/ foreach x € L{(A4") (7.61)

is a d.p.o. whenever diam A’ < y.
Now we claim that there exists A4 € £(A43)T with diam A4 < y such that

[(S114) - 15[ = (1 =8 IS - 1(Aa) - (7.62)
Suppose on the contrary that this is not true. Decompose A3 = | |/, C; into
subsets with diam C; < y,i = 1,...,m. By the assumption, foreachi =1,...,m,

[(S11c,) - 1g/ | < (1 =8)% - IS ]| - u(Ci) .

Then

(=8-S~ u(Az) = (1 =8)* - |Se ]| - Y w(Ci) > Y _||(Sule,) - 1pr

i=1 i=1
> [(S1145) - 1/ || = (1 =8) - [|S114,]
> (1-8)% - [IS1]l - n(43) .

which again is impossible. Thus, the claim is proved.
Let A4 € X (A3)7 satisfy (7.62). By (7.62) and the choice of y and B’, the opera-
tor Sy, defined by (7.61) is a d.p.o. with

IS4, = (1= 8) - |IS1ll . (7.63)
By Corollary 7.33, there exists A5 € X (A4)™ such that, for all x € L{(As),

IS4, x]l = (1 =8) - [1Sayll - llx]l - (7.64)
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Since Sy, is ad.p.o., s0is U = Sg,|r,(4) : L1(A) — Ly. Since A € A" and
B C B',by (1.61),U = Sa,|1,(4) = S1lL,(4)- Thus, for any x € L(A), we have

(7.59)
17l 2 11l = [ T £ 1Syl — 81T ]

i1>n

= (1= 8)[1SaylHllx[l = ST T [l

by (7.63)

= (=821l =8ITh) x| (7.65)
by (7.60)

2 (=870~ 28) — 8) I )
by (158 I |L ol

2 (1 Tl = L g 2 RO

Thus, T'|f,,(4) is an into isomorphism with ||T|L1(A)||||T|Z11(A)” <1+ . More-
over, (7.65) and (7.58) give

7]yl = (1= ) ITH =171 e

It remains to observe that

17,0 = Ul = H( ;)

by (7.59) by (7.58)
< 8T < e.

L1(A) H

The Enflo-Starbird maximal function and A -narrow operators

For an operator T € £(L1), we denote by A7 (¢) the Enflo-Starbird maximal function

= lir
Ar(1) = lim | max T, |(0)

for ¢t € [0, 1], where I, k — [ n , 2,,) and the limit is taken in the sense of L-norm;
see Proposition 7.42 below for the proof that A7 (¢) is well defined for almost all
t €[0,1].

Formally the Enflo—Starbird function was introduced by Rosenthal in [128], how-
ever implicitly it appeared in [37] (1979). Its properties were used to study Enflo op-
erators in £(L1). Almost simultaneously similar ideas were used by Kalton in [66].
A generalized version of the Enflo—Starbird function for vector lattices will be used
later in Section 10.4 to prove the main result of Chapter 10.

Proposition 7.42 (Enflo and Starbird [37]). For every T € £(L1) the function At (t)
is well defined for almost all t € [0, 1], and the limit exists in the sense of Ly-norm.
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Proof. LetT € £(Ly). Foreachn € N, we define g, € L; fort € [0, 1], by
1) = T1,«|(¢
gn(1) ér]léxzn| 1k ](@)

and an L -valued function vy, defined on the finite algebra %,, generated by the dyadic
intervals (/ ,f )i’l:] by

va(4) = Y |T1|.

IkcAa

Let ¥ = ;2 Fu. Observe that for each A € F the values v, (A) are well defined
for sufficiently large n. Since, by the Monotone Convergence Theorem, v,(A4) <
Un+1(A) < |T|14 for all n € N, for every A € ¥ there exists a limit in the norm
of Ll

(A lim v,(4).
n—o0

Now we show that for almost all ¢ € [0, 1] we have

gn+1() — vn+1 ([Ov 1])0) < gn(t) — Un([o’ 1])([) . (7.66)
Indeed, by the definition of g,41, for almost all 7, gx4+1(t) = [(T'1,; )(t)] for
n+1

some j € {1,...,2""1} Leti € {1,...,2"} be such that I,{_H C I}. Then
gn+1(t) — gn(1) < |T1[r{+1(t)| - |T11,5 (t)|

= Uni1 (1)) (@) — v (LE) (1)
V1 (1) () = va (LE) (1)
Vn+1([0,11) () — va ([0, 1) (2) -

Thus, (7.66) is proved. Hence the decreasing sequence g, (t) — v, ([0, 1])(¢) has a
(finite or —o0) limit a.e. Since the limit limy,— o0 v, ([0, 1])(2) = v([0, 1])(¢) is finite
and g, (t) > 0 a.e., the limit lim, (g5 () — v, ([0, 1])(¢)) is finite a.e. Hence, the
limit g(¢) = lim,— o0 gn (¢) exists a.e. on [0, 1]. Furthermore,

IAIA

0< gn <vn([0,1]) <v([0,1]) € Ly .

Therefore, by the Dominated Convergence Theorem, g = lim,,—, oo g5, in the L-norm
and g € L;. m|

Definition 7.43. An operator T € £(L) is called A-narrow if Ay = 0.
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Pseudonarrow operators and the main result

Recall that an operator T € £(L1) is called pseudonarrow if for every d.p.o. S €
£(L1) the inequalities 0 < S < |T'| imply S = 0, equivalently, if for every lattice ho-
momorphism S € £(L1) the inequality S < |T'| implies S = 0 (cf. Definition 1.32).

Theorem 1.33 applied to the case of E = F = L implies the following represen-
tation theorem.

Corollary 7.44. The sets Lpe(L1) of all pseudo-embeddings and Lp,(L1) of all
pseudonarrow operators on L are mutually complemented bands. Hence, every op-
erator T € £(L1) has a unique representation in the form T = Tpe + Tpy where Tpe
is a pseudo-embedding and Ty, is pseudonarrow. Moreover, max{||Tpe||, [|Tpnll} <

171

We will prove that for operators on L the notions of a narrow and a pseudonarrow
operators coincide.

Theorem 7.45. For an operator T € L(L1) the following conditions are equivalent:

(1) T is narrow.

@ii) T is pseudonarrow.

(iii) T is A-narrow.

(iv) For each A € X the restriction T |f,, (4) is not an into isomorphism.

The equivalence (ii) < (iii) < (iv) can be deduced from Kalton’s paper [66]. The
implication (iv) = (iii) is older and due to Enflo and Starbird [37]. Finally, the equiv-
alence of (i) with all other conditions was established by Rosenthal in [128].

We will follow the following scheme in our proof:

(iv)
¢
(@)

v N

(i) —> (i)

Once we prove the equivalence (i) <> (ii), we obtain the equality L,,(L1) =
N(L1), and thus Corollary 7.44 implies the following.

Theorem 7.46. The sets Lpe(L1) of all pseudo-embeddings and N (L) of all narrow
operators on Ly are mutually complemented bands (in particular, since N(L1) is a
band in £(L1), a sum of two narrow operatores on L1 is narrow). Hence, every
operator T € £(L1) has a unique representation in the form T = Tpe + T,, where
Tpe is a pseudo-embedding and T, is narrow. Moreover, max{||Tpe|l. |Tn |} < | T
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Note that the last inequality in Theorem 7.46 follows from Proposition 1.30.

Therefore, first we prove the implications (i) = (ii) = (iii) = (i), and then us-
ing Theorem 7.46 we prove the implication (iv) = (i) (the implication (i) = (iv) is
obvious).

Proof of the implication (i) = (ii). Let T € £(L1) be narrow. By Corollary 7.44, we
may write T = Tpe + Tppn, where T, is a pseudo-embedding and T}, is pseudonar-
row. Suppose on the contrary, that 7, 7 0. Then, by Theorem 7.39, there exists
A € 7T such that Spe = Tpelr,(4) is an isomorphic embedding with d = [|Sp| -
1S5 | < 2.
Then for S = T'|1,(4) and Spn = Tpy |L1(A) we have that S = Sj,,+ S, with § nar-
row, Spe pseudo-embedding and S, pseudonarrow. By Proposition 1.30, || Sy,| <
[S]. On the other hand, by Theorem 6.3, ||Spull = ISpe — S| = |IS| +

”Spe”(% - 1) > || S|, a contradiction. O

To prove the implication (ii) = (iii) we need some lemmas (this proof was kindly
communicated to us by Mykhaylyuk).

Lemma 7.47. Let0 <a <b <1, T € £(L1[a,b], L1) and ¢ > 0. Then there exists
a nonempty dyadic interval 1 C [0, 1] such that for any decomposition I = |_|j_, I
into arbitrary (not necessary dyadic) intervals we have

H sup |T|1y, — sup |T1p,|

1<k<n 1<k<n

<e-u(l). (7.67)

Proof. Let § = ¢/(3||T||) Gf T = O then the assertion of the lemma is trivial). By
Theorem 7.31, there exists A € X ([a,b])™ so that || Tx|| > || T||(1 — 8)||x| for each
X € LT(A). Then, for each x € LT(A) ,

171 =1Tx| | = [IT1x] = 1Txl < ITHllxll = 1710 = 8)llx[l = SIT x| -

Choose a nonempty dyadic interval I C [a,b] so that (I \ A) < du(l). Let I =
|I%=; Ix be a decomposition into arbitrary intervals. Then

H sup |T'|17, — sup |T11k|

1<k<n 1<k<n

n
< ZH|T|11k —|T1,|
k=1

n n
= ZH|T| 1504 — |T11kmA|H + ZH|T| AV |T11k\A|H
=1 =1

< SIT N O A) + (T [T\ A) + T (L \ A)
<3| T ) = en(I) . O
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Lemma 7.48. Let T € £(L1). Then Ay = 0 if and only if A7) = 0.

Proof. Suppose that A7 = O and lete > 0. By Lemma 7.47, we choose a finite system
(1;)7 of disjoint dyadic intervals such that for each j and each decomposition /; =
Llieq ! ik into arbitrary intervals the corresponding inequality of the type (7.67) is
satisfied and such that ([0, 1] \ 1) < &, where I = |_|j=1 Ij. Choose m so large
that for each j = 1,...,s, and for the intervals J; = [(i — 1) - 27™,i - 27™), either
Ji €lIjorJ;NIj =0 Then

| swp 1T = swp (T

1<i<2m 1<i<2m
2]7!

s 2m
< Ty = sup 1T 10|+ 21T |+ 30|71y,
];ijgjl oy = o 1Tl 21T |+ 2 1T

i=1 i=1
217’1

< > en(p) + 20T Y i \ 1)

j=1 i=1
< eu(D) + 2T ||w([0, 1\ 1) <e (1 +2|T]) .

Thus, A|7| = 0. The converse implication is trivial. m]

Lemma 7.49. Let (Ak,,-);;ozozikzl be a family of measurable subsets of |0, 1] such that

Agg1,2i-1 YU Agg1,2i S A (7.68)

and
ok
| 4k = 4o (7.69)
i=1
for all values of indices. Then there exists a family (Bk,i)zo=02ik=1 of sets By €
X (Ag1) such that By = Ao,1 and By ; = By412i—1 U Bi41,2i foreach k,i.

Proof. Foreachk =0,1,...andi = 1,...,2k,let

oo 27

Cri =) (U Ak+r,zr(i—1)+j> :

r=0 j=1

Observe that (7.69) implies Co,; = Ao,1 and (7.68) implies Cg 41 2;—1 UCk41,2i <
Cy,; for each k,i. Moreover, Cy; C Ay ;. Put Bg;; = Cop,; and inductively on k,
Bri1,2i—1 = Cry1,2i—1 N Bii and Bt12; = By \ Br+1,2i-1- O
Proof of the implication (ii) = (iii). By Lemma 7.48, it is enough to consider only

positive operators. Let 7 € £(L1)™ with A7 # 0. It is enough to prove that there
exists S € Lpe(Lq)suchthat0 < § <T.
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Choose ¢ > 0 so that M(Ao 1) > 0, where Ag,;; = {t : Ar(t) > &} and set for
k=12,..., i=1,...2k,

A {teA()l T -)(1)28}.

=1 i
k 2ok

Since T > 0, the family (Ag ;) 2o z—1 satisfies (7.68) and (7.69). By Lemma 7.49,

there exists a family By ; = By 41,2i—1 U Br1,2; satisfying the claims of the lemma.

Define an operator S € £(L1) by setting Sl[i—l i) = elp, ; foreachk =1,2,...
<T1;i-1 i . Then S

2k’2k) [2/( ’Zk)

is well defined and § < T'. Since Bgy12,—1 N Bry12; = ¥, we obtain that S is a

d.p.o. m|

andi = 1,...,2%. Since By € Ay, we getthatSl[,

For the proof of implication (iii) = (i) we need the following lemma.

Lemma 7.50. Let (2, X, i) be a finite atomless measure space, z1, . .., Zan € L1(1),
= Y7 lzill, zo = V72 zi and o = | zo|l. Then there exists a permutation
v:{l,...,2n} = {1,...,2n} such that

HZ( 1) 2.0y

i=1

< VEF.

Proof. Let § = +/2aK and suppose that for each permutation T we have

2n _
”Z(_l)lzr(i)
i=1

Denote by (r;) the Rademacher system. Then for each s € [0, 1], there exists a
permutation t such that

n 2n
Y i) =) = (=D ze -

i=1 i=1

Hence for each s € [0, 1] we have

/ ‘Zr’(s) zi(t) — Zn+i (1) )dpb(t) >,

0.1 1—1
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Thus, using the Khintchine and the Holder inequalities, we obtain

5:/[0 1}5ds</[0 1](/0 1])Zr,(s) 400) 2041 (0) | d(0)) e (o)
/[0,1](/[0 ‘Zr’(s) zilt) = Z"+l(’))‘dﬂ(s)) dpu (1)
/[0 1] (/ Z ri(8)z; (t)‘ du(s) + /[0 . ‘Z ri (s)zn+i(z)) du(s)> du(t)
A=
/0 1]( ZZ(I) du(t)+/,1](;Zﬁ+i(1))%dﬂ(0
(

IA

IA

[ i=1

n
= Jus

/[0 1](\/ |Zn4i (1)] Z |Zn—+i (z)|) du(r)

i=1 i=1

/ V i 0lauw) f lez(t)ldu(t))%

1—1

/ \/'Z"ﬂ(f)'d“(f) / Z|Zn+z(l)|du(t)>%

Nl—= —
(=}

SOIY 1) dur)

i=1 i=1

_|_

n 2n
<va| [Sll+ | 3 l=0 | < v
i=1 i=n+1
a contradiction. O

Proof of the implication (iii) = (i). Let T € £(L1) be A-narrow. We assume that
T #0, 0therw1se there is nothing to prove. Fix any ¢ > 0 and any B € ¥ of the form
B =" 1K where 1 <k < ...<koy <2™and Il = 27M(i — 1),27™i).
Since A7 = 0 and since B can also be represented in the similar form with a larger
value of m, we may and do assume that m is so large that

def &
=|| max |11 & H<H max |71 <
“ H15i5§n| il = 1<k<)§m} 1] = 2T ()
Let zj = Tl fori = l.....2n. Then Kdele_1||z,-|| < |IT||x(4). By
Lemma 7.50 there exists a permutation 7 : {1,...,2n} — {1,...,2n} with

2n
”Z(_l)izr(i) || <V2uK <¢.

i=1
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For x = ZZ" (—l)illr(ki), we obtain that x> = 1p, f[o jpXdpu =0 and

i=1
ITx|| < e. By Lemma 1.12, T is narrow. O

Upon completion of proving the implications (i) = (ii) = (iii) = (i), we have
proved Theorem 7.46.

Proof of the implication (iv) = (i). Let T € £(L1), and assume that for every A €
%, T|L, () is not an into isomorphism. By Theorem 7.46, we represent T = Tpe+Ty,
where T, is a pseudo-embedding and T, is narrow. Our goal is to prove that T, = 0.
Suppose, on the contrary, that 7p. # 0. Let ¢ = ||T||/2. By uniqueness of the
representation 7 = Ty, + T, T # 0, and hence, ¢ > 0. Choose § > 0 so that
2
TI-8)(———1) = ITl-e
U1 =8)( ;=5 —1) =171
and T|-§6 T
el =6 _I7TH _
1+94 2 ‘

By Theorem 7.39, there exists A € X so that Spedg pelL,(4) is an into isomor-
phism with || Spe|| > ||T|| — & and ||Spe||||Sp_el|| < 1+ 4. Then setting S = T, (4)
and S, = T'|,(4), we obtain the decomposition S = Sy, + Sy, where Sp, is an into
isomorphism, S, is narrow and S is not an into isomorphism. By Theorem 6.3,

2
1712 1S = 1S+ 1Spell( =5 — 1)

> 1Sl + (IT] —8)(1—_2% ~1)

> [ISull + 1T —¢.

Thus, ||Sx|| < e. Hence, for each x € L1(A), we have

—1—1
1Tl = 1Sl = [Spex || = ISuxll = [ Spe' | Ix] —ellx]
[Spell
> | —£70
= (P - ¢) i
I71=8 17l
> _—— = .
= (T =150 et = e
This is impossible since S is not an into isomorphism. O

Open problems

By Theorem 7.46, a sum of two narrow operators from L; to L; is narrow. Very
recently! appeared the first example of a Banach space X and two narrow operators
from L to X with a non-narrow sum.

! V.Mykhaylyuk, M.Popov. On sums of narrow operators on Kéthe function spaces. Preprint.
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Open problem 7.51. Characterize Banach spaces X for which a sum of two narrow
operators in £ (L1, X) is narrow.

Theorem 7.30 characterizes when an operator 7 € £(L) is narrow. An analogous
result does not hold for p > 2. To see this, consider the composition SJ € £(Lp),
where J : L, — L is the identity embedding and S : Lo — L, is any isomorphic
embedding. However we do not know whether a similar characterization is true for
l<p<2

Open problem 7.52. Suppose an operator 7 € £(L,), 1 < p < 2, is such that for
every A € X the restriction 7| L, (4) 1s not an isomorphic embedding. Does it follow
that 7" is narrow?

In Section 11.2 we present a partial answer to this problem.

In Chapter 10 we state a general lattice version of Open problem 7.52, see Open
problem 10.46.

As a corollary of Theorem 7.30 we obtain the following sufficient condition for
subspaces of L to be rich.

Corollary 7.53. Let X be a subspace of L1 such that the quotient space L1/X iso-
morphically embeds in Ly. If p(L1(A), X) = 0 for every A € 7, then X is rich
(here p is a function defined by (6.60)).

Talagrand’s Theorem (see Theorem 8.24 below) shows that the isomorphic embed-
dability condition of L1/X in L is essential in Corollary 7.53. Indeed, let X be a
subspace of L such that neither X nor L;/X contains a copy of L;. Since L, does
not embed in X, p(L1(A), X) = 0 for every A € 7 (indeed, if p(L1(A), X) # 0
then the restriction 7z, (4) of the quotient map t : Ly — L1/X is an isomorphic
embedding). By Corollary 2.23, since L1 does not embed in L1/X, X is not rich.

Open problem 7.54. Let E be an r.i. Banach space on [0, 1], E # L;. Let X be a
subspace of E such that p(L1(A4), X) = 0 forevery A € . Must X be rich?

7.3 Johnson—-Maurey—Schechtman-Tzafriri’s theorem on
narrowness of non-Enflo operatorson L, for1 < p <2

This section is devoted to a proof that Problem 7.1(c) has an affirmative answer for L,
when 1 < p < 2. This result was first explicitly stated by Bourgain [19, Theorem
4.12, item 2] as a result that can be deduced from the proof of a related result in
Johnson, Maurey, Schechtman and Tzafriri’s book [49].

Theorem 7.55. Let 1 < p < 2. Then every non-Enflo operator T € £(Lp) is
narrow.
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The assertion of Theorem 7.55 is evidently true for p = 2, but false for p > 2 due
to the following example.

Example 7.56. Let p > 2and T = S o J where J : L, — L» is the inclusion
embedding and § : L — L is an isomorphic embedding. Then T is not Enflo and
not narrow.

Recently Dosev, Johnson and Schechtman [32] proved the following result about
the detailed structure of nonnarrow operatorson L, 1 < p < 2.

Theorem 7.57. For each 1 < p < 2 there is a constant K, such that if T from
L,[0,1] to Ly is a nonnarrow operator (and in particular if it is an isomorphism),
then there is a Kp-complemented subspace X of L, which is Kp-isomorphic to L
and such that T| x is a Kp—isomorphism and T'(X) is Kp complemented in Lp.

Moreover, if we consider Ly with the norm ||x||p, = ||S(x)||p (with S being the
square function with respect to the Haar system, see Definition 7.72 below) then, for
each ¢ > 0, there exists a subspace X of L, which is (1 + ¢€)-isomorphic to L, and
such that some multiple of T| x is a (1 + &)-isomorphism (and X and T(X) are Kp
complemented in Lp).

It is not known whether an analog of Theorem 7.30 is true for 1 < p < 2.

In this section we present a proof of Theorem 7.55 which closely follows the proof
of Theorem 9.1 in [49] with all necessary adjustments due to the fact that we work
with a weaker hypothesis.

Somewhat narrow operators and generalized sign-embeddings

Definition 7.58. Let E be a Kothe-Banach space on a finite atomless measure space
(2,X%, 1), and let X be a Banach space. An operator T € £(E, X) is called some-
what narrow if for each A € T and each & > 0 there exists aset B € X1 (4) and a
sign x on B such that | Tx|| < ¢||x|.

Obviously, each narrow operator is somewhat narrow. The inclusion embedding
J:Lp,— Lywithl <r < p < oo is an example of a somewhat narrow operator
which is not narrow.

We split the proof of Theorem 7.55 into two parts: Theorems 7.59 and 7.60.

Theorem 7.59. Let 1 < p < 2. Then every somewhat narrow operator T € £(Lp)
is narrow.

Theorem 7.60. Let 1 < p < 2. Then every non-Enflo operator on L) is somewhat
narrow.

Theorem 7.59 is not true for p > 2 as Example 7.56 shows. We do not know
whether Theorem 7.60 is true when p > 2.



152 Chapter 7 Strict singularity versus narrowness

Observe that an operator 7 € £(E, X) is not somewhat narrow if and only if
there exist A € X7 and § > 0 such that ||Tx|| > §||x]| for every sign x € E with
suppx C A.

Definition 7.61. We say that an operator T € £(L,, X) is a generalized sign-embed-
ding if || T x| = §]|x|| for some § > 0 and every sign x € E.

We remark that in some papers (see [126, 127]) Rosenthal studied a closely related
notion of a sign-embedding defined on L, but in his definition an additional assump-
tion of injectivity of 7" was required. Formally, this is not the same, and there is an
operator on L that is bounded from below at signs and is not injective (and even has a
kernel isomorphic to L), see Section 8.1. However, if an operator on L is bounded
from below at signs then there exists 4 € X such that the restriction T| Li(4) 18
injective, and hence is a sign-embedding in the sense of Rosenthal. Using this notion,
Theorem 7.60 can be equivalently reformulated as follows.

Theorem 7.62. Let 1 < p < 2. Then every generalized sign-embedding on Ly is an
Enflo operator.

Thus, to prove Theorem 7.55, it is enough to prove Theorems 7.59 and 7.62.

A proof of Theorem 7.59 and its generalization for operators from L; to
any Banach space

The following lemma will be used below in different contexts.

Lemma 7.63. Let (2,3, ju) be a finite atomless measure space and 1 < p < oo.
Then we have the following:

(a) For each x,y € Lp(i) we have
min{[x + y[l. [lx = I} < (Ix1? + [yI)7 if 1 < p <2, and
(X117 + 1y 117)7 < max{[|x + y|l. [lx = y[I} if 2 < p < oo.

(b) For eachn € N and each vectors (zg)y _, in Lp(w) there is a collection of sign
numbers (O )y, such that

= " 1/p
[ bz < (X 1ze0?) " i 1< p <2, ana
k=1 k=1

(i ||Zk||l’)”” < Him” if 2 < p < oo,
k=1 k=1
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(c) For any unconditionally convergent series Z;;O:l Xp in Lp (1) there is a sequence
(On)5, of sign numbers such that

1> tna| < (X al?) " i 1= p <2
n=1 n=1

00 1/p 00
Xn = nXn
(Z I ”,,) HZ 2
n=1 n=1

Note that Lemma 7.63(b) for the case | < p < 2 exactly means that the space
Lp(p) has infratype p with constant one (see [95]). Lemma 7.63 is a consequence
of the Orlicz theorem (see [25, p. 101]). However, one can prove the lemma in an
easy way. Indeed, for p = 1 inequality (a) follows from the triangle inequality, and
for 1 < p < oo itis a consequence of Clarkson’s inequality (see, e.g. [25, p. 117-
118]) (b) and (c) are consequences of (a).

if 2<p < oo.

Proof of Theorem 7.59. Fix any A € ¥+ and ¢ > 0. To prove that T is narrow it is
enough to prove that || Tx|| < eu(A)'/? for some sign x on A.
Assume, for contradiction, that for each sign x on A we have

IT x| > ep(A)/?.

We will construct a transfinite sequence (Ag )<, Of uncountable length w; of dis-
joint sets A € X, A4 C A, which will give us the desired contradiction.

By the definition of a somewhat narrow operator, there exist a set Ag € >t 4y C
A and a sign x¢ on Ag such that

ITxoll < ep(Ao)"/? .

Observe that by our assumption, x¢ cannot be a sign on A, therefore, (A\ Ag) > 0.

Suppose that for a given ordinal 0 < 8 < w; we have constructed a transfinite se-
quence of disjoint sets (Ag)o<g S YT, Ay C A and a transfinite sequence (Xa)a<p
of signs x4 on Ay such that

I T xe |l < e1t(Ag) /P .

Let B = Ua<B Ag. Our goal is to prove that u(A \ B) > 0. Since (Xg)q<g is
a disjoint sequence in L, (p) with |x¢| < 1 a.e., we have that the series ), _ B Xa
is unconditionally convergent, and so is the series ), _ g T'xq. By Lemma 7.63(b),
there exist sign numbers 0, = +1, a < B so that

|3 ] = (X7l )
a<p a<p

< (Z 8”/f«(z‘loz))l/p = eu(B)'/7.

a<p

(7.70)
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Observe that x = ), _g 0aX¢ is a sign on B and, by (7.70), | Tx|| < e (B)'/P.
By our assumption, x cannot be a sign on A and hence w(A4 \ B) > 0. Using the
definition of a somewhat narrow operator, there exists A g € >+, Aﬂ C Aand a
sign xg on Ag such that ||Txg| < 8M(A/3)l/p. Thus, the recursive construction is
done. O

When p = 1, the assertion of Theorem 7.59 holds for operators valued in any
Banach space (this statement was mentioned by Ghoussoub and Rosenthal in [44]).

Theorem 7.64. Let X be a Banach space. Then every somewhat narrow operator
T € £(L1, X) is narrow.

Proof. Fixany A € % and ¢ > 0. Denote by # the set of all B € 7 (A4) for which
there exists a sign x on B with |Tx| < ¢|x||. By Zorn’s Lemma we deduce that
there exists a maximal collection M of disjoint elements of /. Since each element of
M has support of positive measure, M is at most countable: M = {Bj};e; with [

finite or countable. Let
Ag=|JM=|B:.
iel
We claim that Ag € #. Indeed, for eachi € I choose a sign x; on B; with | Tx;| <
ellxi||. Then x = >, .7 x; is a sign on A and

ITx] <Y ITxill <& flxill =efx] -
iel i€l

Thus, Ay € 4. Now we prove that (A \ Ag) = 0. Supposing the contrary, we
would obtain by the theorem assumptions that there exist B € V(A4 \ Ag) and a
sign x at B with ||[Tx|| < ¢||x|. This contradicts the maximality of M. Thus, the
sets A and A coincide a.e.

We have proved the following statement: for each A € £ and & > 0 there exists
a sign x supported on A with |7 x|| < e. By Proposition 1.9, T is narrow. O

A proof of Theorem 7.62. Part 1. Preliminary arguments and an outline

First we recall the Khintchine inequality which will be the starting point of the proof.
Let (r,) be the Rademacher system on [0, 1]. Then for every p € [1, +00) there are
constants 0 < A, < B, < oo such that

n 1/2 " p Ve z 1/2
ap (X la?) ' < (/[O 1]‘Zairi([)‘ dt) = Bp(Y_laxl?)
=1

1=

for every n € N and every choice of scalars (a;)_,, see [79, p. 66].

The following statement, which is due to Maurey (see [80, p. 50] for a general
setting of g-concave Banach lattices) is the main tool of the proof.
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Lemma 7.65. Let (x;)7_, be a K-unconditional basic sequence in Ly with 1 < p <
oo. Then

G| = el <o ()

where A1 and B are constants from Khintchine'’s inequality.

) , 7.71)

Proof. By unconditionality, the triangle inequality and the left-hand side Khintchine’s
inequality for p = 1, respectively, we have

n n
DIET =N ol N DRI
i=1 i=1

[0.1]

=t (S )

On the other hand, by unconditionality, Holder’s inequality, Fubini’s theorem and
the right-hand side of Khintchine’s inequality, respectively, we obtain
) 1/p

Hgm ‘ [o, I]HZH(S)XI ‘ds =F </0 1]Hzr’ (5)xi
< B”KH(; |xi|2)l zH |

“Ufgrente)

Forn = 0,1,...and 7 = 1,...,2", let I, ; be the dyadic interval 27" —
1),27"i). Then we use the following notation for the Lo-normalized Haar system

ds > K71

/ 1]12 ri(s)id

I/\

hoo =Xjo,1): hni =410 = Upyrns n=0.1.... i=1..2".

Observe that supp hy,; = n i- The Lp-normalized Haar system in L, will be
denoted by {f¢,0} U (hp ,)n 01—1’ or by (hy.;), in short.
The square function S : L, — L+ with respect to the Haar system (/,, ;) is defined

by
S(Z an,ihn,i) = (
(n,i) (n,i

Using this notation, we obtain the following consequence of Lemma 7.65.

, 2) vz (7.72)

Corollary 7.66. Forany x € Ly, 1 < p < oo we have

ALK S| < lxll < By K| (7.73)

where A1 and By, are constants from the Khintchine inequality and K, is the uncon-
ditional constant of the Haar system in L.
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Following [49], a sequence (x;) in X is said to be disjointly supported with respect
to a basis (e;) of X provided that e (xy)e] (x») = 0 for all integers i and n # m,
where (e) are the biorthogonal functionals to (e;). We will use the following two
simple observations.

(a) Every block basis of (. ;) is disjointly supported with respect to (A,,;).

(b) If a sequence (x,) is disjointly supported with respect to (4, ;) then the square
function S has the following property:

SZ(Z x,,) =3 8% (). (1.74)

n

The proof of Theorem 7.62 is very long and will be split into several propositions
and lemmas. We start from statements of these intermediate results postponing their
proofs to the end of this section. This will provide the outline of the proof of Theo-
rem 7.62.

Lemma 7.67. It is enough to prove Theorem 7.62 for an operator T for which the
sequence (T hy, ;) of images of the Haar system is disjointly supported with respect to
the Haar system (hy ;).

Lemma 7.68. Let T € £(Lp), 1 < p <2 be so that (T hy, ;) is disjointly supported
with respect to the Haar system (hy, ;) and there exists § > 0 so that

IThIl = S|iA]
for every sign h. Define
2}1
Un =S(ZTh,,,,~), n=0,1,.... (7.75)
i=1

Then the following properties are satisfied:
(P1) There exists y > 0 such that ||v,|| > y for eachn =0,1,....

(P2) The sequence (vY) is equi-integrable, i.e. for each ¢ > 0 there exists R < oo

such that
/ vPdu < e
{va=R}

foreachn =0,1,....

(P3) There exist numbers R,n > 0 such that

/ vPdu=>n, n=0.1,.... (7.76)
{vn<R}
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Foreachn = 0,1,... we define an L, /,-valued measure on the algebra J;, gener-
ated by the dyadic intervals [, ; of length 27" by setting

un(A)=SZ( > Th,,,i)-l{vn<R}, Aed,. 7.77)

Supph,”'gA

The finite additivity of v, on d, follows from the fact that the sequence (T ;)
is disjointly supported with respect to (h,,;) and (7.74). We denote & = | ;2 dn-
Observe that for each A € & the sequence (v, (4));2, is uniformly bounded. Indeed,
by (7.74)

2= ()= Y i)+ (Y )

i=1 supphy i SA supphy i A

and hence,
Sz( Z Thn,i) Ev,zl.
supphy i CA

Multiplying the last inequality by 1¢,, < g}, we obtain
vn(4) < vp Ly, <py < R?. (7.78)

Since a bounded set in L is relatively weakly compact, there exists a subsequence
(vny (A))32, which converges weakly in L3 to a limit which we denote by v(A). By
Mazur’s theorem, there exist disjoint sets Ny = Ny(A4), £ = 1,2, ... of integers, and
numbers o, = o, (A) > 0,n = 1,2,... with ZHENg oy = 1 foreachl =1,2,...
such that

Jim. > opva(4) = v(4). (7.79)

neNy

where the convergence is in L5, and thus, alsoin Ly, in L p/2> and almost everywhere.
Using (7.79), one can easily show that v is a finitely additive measure on &. Observe
that (7.78) and (7.79) imply

v(4) < R? ae.on [0,1]. (7.80)

Lemma 7.69. The above defined finitely additive measure v has the following prop-
erties:

(P4) v([0.1]) # 0.

(P5) There exists a measurable set Q' C [0, 1] and ¢ > 0 such that for everyn € N

/ max v(l,;)du > e,
Q

r1<i<2”
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and for every F € & the pointwise convergence in (7.79)

lim Z apv(F) = v(F)

Z—)ooneNz

is uniform on Q'.

(P6) There exists a constant C > 0 so that
| v = cuc. 7.81)
[0,1]

and thus v can be extended to an L}L—valued countably additive measure on 3.

The next lemma is a s]ight modification of [49, Lemma 9.8]. We start with defi-

nitions. A tree (Fyi)3%, 2 i—1 of sets is a family of measurable subsets of [0, 1] such

that F,; = Fu+12i—1 U Fpy12; and p(F,;) = 27" foreveryn = 0,1,... and
i=1,...,2". Fora constant C > 0, a C-tree over a measure space (2, % ,1) is a
collectlon of sets (Gp,i)ne 01_1 n ¥ suchthat G, ; = Gy4+1,2i—1 U Gpr41,2i and
1 C
con — A(Gn,t) = 2_}1

foralln =0,1,...andi = 1,...,2".

Lemma 7.70. Let v be a measure on ([0, 1], X) taking values in L+(SZ F ', A) where A
is a finite measure. Assume the following:

(i) The semivariation of v is absolutely continuous with respect to the Lebesgue mea-

sure [, i.e.
lim / v(A)dAa = 0.
w(A)—0 JQ
(ii) There are e > 0 and Q' € F such that for eachn = 0,1, ... we have

/ max v(/l,;)dA > e
Q/ 1<i<2n
Then there exist constants C.§ > 0, a tree (Fy ;)5> 01 | With Fy; € &, and
a C-tree (Gp i )5~ 01211 in ¥ (") such that for eachn = 0,1,...andi = 1,...,2"
V(Fn’,’)([) >§& forall t € Gy . (7.82)

Lemma 7.71. Using the same notation as in Lemma 7.70, there exists a sequence
(Nm,j ) 0]’ , of disjoint finite sets of integers such that min Ny, j > min{{ :
Fm,j € &} and a collection of nonnegative numbers {B, : n € Um,] Nm,j}, such
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thatheij Bn=1form=0,1,...,j=1,...,2" and
> Buvn(Fmj) @) = % forall t € Gp,j . (7.83)
neN,,, ;

We are now ready for the final step of the proof of Theorem 7.62. We define for
m=0,1,...,j=1,...,2",

hoo =1,

=y B Y (7.84)
ne€Np supphy i CFm

koo = Thoo = T1,

kmj =Thmj= Y BY* > Tha. (7.85)

neN,, ; supphp i SFm,j

It suffices to prove that both (71/,,1, )m,j and (K, j)m,; are equivalent to the Haar
system in L,. When this is established, we see that T acts as an isomorphism on
H = [hpm,j] C Lp, which will end the proof of Theorem 7.62.

The proof that (k;,,j)m,; is equivalent to the Haar system in L, follows from the
following modification of [49, Proposition 9.6]:

Proposition 7.72. Let X be an r.i. function space on [0, 1] whose Boyd indices satisfy
0 <Bx <ax <L Leti{koo} U (km,j)p— 01_1 be a block baszs of some enumera-

tion of the Haar system, and for some C > 0, let (Gp, _1 be a C-tree on [0, 1]
such that

I’le

1) {ko,o} U (km,j)o—o ]221 is C-dominated by the Haar system, i.e.

[ st = €| am st
m,j m,j

for every sequence {ao,0} U (am,j)o—0 1221 of scalars;

(ii) / Stkm j)dp>C™ 27" m=0,1,...,j =1,...,2™
mj
Then the system {ko,o} U (km,j) oy J’_1 is equivalent to the Haar system in X.

We check that the system {ko,0} U (k)5
of Proposition 7.72.

=0 ]_1 satisfies assumptions (i) and (ii)
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To see (i), let {ag,0} U (am,;)>

H Z am,jkm,;

=0 ] , be any scalars. Then

=[S X a5 )]

ne€Npy j supphy i S Fpn.

" Tk, By ( ICYD UL i)

nENp, supp by i SFp.j

(7.86)

—||T||KpoH(Zam, > bntn) |

n€Ny, ;

1/2
= IT1Kp By | (D 1ms) |-

m,j

On the other hand, by (7.65),

Hzam,jhm,j
m,j

1/2
=, (S i) |
m’.]
1/2
— 4K (Za;,jllmvj) H (7.87)

= 5 [(C e tnn,)
m,j

since (£, ;) is a tree of disjoint sets with (£ (Fy,,j) = ((Lm,j), and L, is anr.i. space.
Then (7.86) and (7.87) together give (i).

(ii) By the definitions of (ky;,;), (Nm,;) and (B,) from Lemma 7.71, for all ¢ €
Gm,j we have

St )0 = (X BuvnlFn)0) s %

neENy, ;

Since u(Gm,j) = Cy127™, we get (ii).

This completes the proof that (K, j)m,; is equivalent to the Haar system in L.

To prove that (h,,j)m,; is equivalent to the Haar system in L, we first recall a
notion which was introduced in [49].

oo 2

Definition 7.73. Let (Fm e 0]_1 be a tree of elements of &, and (Nm,J ) ol 07=1

be a family of subsets of the integers such that
(i) minNp, ;j >min{l: F, ;€ &)

(i1) Nk,j N Nm,i = () whenever Fk,j - Fm,r

-
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Let En, n € Un; Nm,j be reals such that Zneﬁm ]E% = 1 for every m =
0,1,...and j = 1,...,2™, and let 6,, ; be sign numbers +1. A Gaussian Haar
system (gm,j)m,j 1s defined by setting go,0 = 17;0 , and

8m,j = Z En Z Qn,ihn,i

nefﬁm.j supphn,igffm,j
form=20,1,...and j = 1,...,2™.

Observe that our system (Zm j)m,j is a Gaussian Haar system, by construction.
The fact that it is equivalent to the Haar system (A, )m,; follows directly from [49,
Lemma 6.2], which we state here for readers’ convenience.

Lemma 7.74. ([49, Lemma 6.2]) Let X be an r.i. function space on [0, 1] which is s-
concave for some s < oo. If the Haar system (hm,j)m,; is unconditional in X then
any Gaussian Haar system (hm_ j)m,; is also unconditional and equivalent to the
Haar system (hm,j)m, ;.

A proof of Theorem 7.62. Part 2. Proofs of all statements
We now give proofs of all above lemmas and propositions.

Proof of Lemma 7.67. We need the following lemma, the proof of which uses the idea
of precise reproducibility of the Haar system.

Lemma 7.75. Let X be an ri. function space, T € £(X), (g0,0) U (8,“)12; 1‘,’;:0 be
any sequence of positive numbers. Then there exists a sequence (h;l ;), isometrically
equivalent to the Haar system in Ly, and a block basis (gn i) of the Haar system such
that ||Th;”. — gn,ill < én,i forall indicesn,i.

Proof of Lemma 7.75. We denote by Py, the basic projection of the Haar system onto
the linear span of (f19,0) U (hn,i)izllffpo, m > 0. We set h6,0 = ho,o. Then choose
mo,o so that ||Pm0.0 T%’0 — Th{),0 | < €0,0 and set go,0 = Pm(),() Thi)’o.

Let (r) be the Rademacher system. Since (7'r;) is weakly null and Py, |  is a finite

rank operator, we can choose n9,1 > mpg,o so that

£0,1

H Puny Tt ( <= (7.88)
Set h6,1 =Trng, - Then choose mg,1 > no,1 so that
H Pu,  Thiy,y — Thgm” < 2oL (7.89)

Then, putting go,1 = (Pmo, — PmO!O)ThE)’l, we obtain by (7.88) and (7.89)

1

£0,1 , €0,1
2 + 2

| Thy, — o] = HTh(M — Py, Thiyy + Py Thy H < = e .
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For the next two steps, denote A1,; = {¢t € [0,1] : h{)’l(t) = l}and 41 =
[0,1] \ A1,1. Consider a Rademacher system (rj(A1,1)) in L,(A1,1) (actually, any
weakly null sequence of signs supported on Aj,1). Then choose n1,1 > my,1 so that

e1,1

| Py, T, (A1) < 5 (7.90)
Set h’L1 =TIn, 1(Al,l). Then choose my,; > ny,; so that
H Pp, [ Thy = Thy, H < 8171 : (7.91)

Then, putting g1,1 = (th1 - P’”o,l )Th’l,l, we obtain, using (7.90) and (7.91) as
above, that ||Th/1,1 —g11ll <e1a.

Analogously, we do the fourth step using a Rademacher system supported on A1 >,
and choosing h/L2 and g1,2. Continuing the construction in this manner, we obtain
the desired sequences. O

For the proof of Lemma 7.67 we choose any &, ; > 0 with Z(n’i) 2”/1’8,1,,' <1/2

(the coefficients 2"/ 7 appeared to normalize the Haar system) and, using Lemma 7.75,
choose the corresponding sequences (h;,i) and (g5,; ). By the Krein-Milman—Rutman
theorem on stability of basic sequences [79, p. 5], there exists an isomorphism S :
[Th;’i] — [gn.i] extending the equality STh;”. = gp,; foreach n,i. Since the se-
quence (h;l,i) is isometrically equivalent to the Haar system, there exists an isometric
isomorphism U : [hy ;] — [h;z,i] extending the equality Uh, ; = h;u. for each n,i.
Observe that U is a sign whenever £ is.

Weset Ty = STU. Since T1h,,; = gn, for eachn,i, we have that (Th, ;) is a
block basis of the Haar system, and hence is disjointly supported with respect to the
Haar system. Observe that 77 is sign-embedding. Indeed, if / is a sign then

ITihll = ISTUR| = [STHTHTUR| = ISTHTSIUAN = ISTHIT 814

where § > 0 is taken from the condition || 7 x|| > §||x|| which is true for every sign x.

Assume that we have proved the theorem for 7. Let E be a subspace isomorphic
to L, such that the restriction 77| g is an isomorphic embedding. We claim that the
restriction T'|y(g) is an isomorphic embedding. Indeed, given any x € U(E), say,
x = Uy with y € E, we obtain

_ _ _ _ —1
ITx]| = |TUy|l = ISITHIST Uyl = [SITHTyl = IS17 Tl |~ Iyl
_ _ —1 _
> ISI7H B | I
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Proof of Lemma 7.68. To prove property (P1), we see that, by Corollary 7.66,
1 = 1 <
] = e (500
B,K, lezl B,K, ;

=y>0.

vl >

pp

For the proof of property (P2), assume the contrary and choose &9 > 0, a subse-
quence (vn, )7~ and disjoint sets (Ag)7— so that

D D
/ Vn, du > g
Ay

for each k € N. Then for every m € N

ml/2 — ( )1/2 = HZ Zhnk,

m 2"k
= szhnk,i »
k=1i=1

m 2"k
S DI
k=1i=1
by Cor. 7.66
1717 4K, Hs( ZThnk,)H
k=1i=1
m 27k 1/2
- ||T||—1A1KP—IHSZ<ZZTh,,k,,-)H i
k=1i=1 P

1/2

m 2"k
R R o D DR O SEL) |
k=1 i=1

—1 -1 - 2 1/2
=TI K D002,
k=1
/2 )I/P

p/2
m 1/p
> | T 4K, (Z//; vl du)
k=1"7k

— T A K (/ )Z w2,
> T A K eqm

which is impossible for large enough m, since p < 2.
Finally, note that (P3) follows directly from (P1) and (P2). O
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Proof of Lemma 7.69. To prove (P4), we see that (7.79) implies that

/[0,1] ([0 1]) dpu = lim Z oy /[.0’1] Vn ([0, l]) du . (7.92)

j—)OO

Since ZneNj an = 1, it is enough to show that the sequence f[o 1 v, ([0, 1]) du,
n = 0,1,..., is uniformly bounded away from zero. By (P3) and the definition
of v, (7.77) we have

/
[ man= ([ (o) an)" =g
[0,1] [0,1]

Thus, by (7.92),
/ v([0, 1]) dpe = /7, (7.93)
[0,1]

which ends the proof of (P4).
To prove (P5), we first observe that since p/2 < 1 and v([0,1]) < R?, (7.93)
implies that

/ v([0, 1P/ dp > / v([0, 1) R2P2=D qy > ?/PRP72 . (7.94)
[0,1]

0,1

On the other hand, for any A € & we have the following estimate from above

p/2
v(A)P2du = lim apvn (A d
[, perean= i [ (3 ann)”

J=o0 neN;
. 1/2 ] (7.95)
= hjn—lfolip /[.0,1] SP(T( Z “n Z h””)) du

neN; supph,, ;CA
< (K241 1) u(A).

Next we claim that there exists & > 0 such that

[ max v(I,;)?>dpn > 2e)?2, n=01,.... (7.96)
[0,1] 1=i=<2"
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Indeed, by (7.94) and Hélder’s inequality for conjugate indices 2/p and 2/(2 — p),
we get foranyn = 0,1,...,
=4 p/2
Rp—znz/p E/ v([O, 1])17/2 du :/ (Z U(In,j)) du
[0,1] 0.1
2)1

p/2 _
=/[ ]<ZV(1n,j)p/2> oI ) 1=PID@ID gy
0,1

2"[

/ Zv(ln,j)p/) max v(/y, )(1 P/z)(P/2)du
[0.1] "3

1<i<2”

p/2 2-p)/2
=(/ Zv(ln,)”/zdu) ([ max vitnor2an)” "
[0.1] ; [

0,1] 1<i<2n

by (7.95) _ 2/ 2-p)/2
=g ary (f mas v an) T

Thus, the existence of € > 0 such that (7.96) holds, is proved. Then (7.96) implies

/ max v(Il;)dpu > (/ max v(In,)p/zd/L) 2r > ¢
[0,1] 1<i<2" [0,1] 1<i<2" - ’

Since v(A) are uniformly bounded (see (7.80)), there exists o > 0 so that for every
measurable subset Q¢ of [0, 1] the inequality ©u(2¢) > 1 — o implies
/ max v(/,;)dpu > ¢,
Q

o 1=i<2n
foreachn =0,1,....
— )OO [e.¢]
We enumerate & = (F}) 7=1» and choose a sequence (oj) -, of positive numbers

so that ]_[;';1(1 —o0j) > 1 —o. By Egorov’s theorem, there exists a measurable
subset 2; of [0, 1] so that the convergence in (7.79) for F; is uniform on ;. Then
for Q' = ﬂf’;l Q; we have that convergence in (7.79) is uniform on Q' forall F € &
and, since 1 (2’) > 1 — o, we also have foralln = 0,1, ...,

max v(/,;)dp > ¢,
Q/ 1<i<2n

which ends the proof of (P5).
To prove (P6), by (7.78) and (7.95), we obtain

/ v(A)du:/ V(A)P2 (A P2 ap
[0.1] ]

0,1
< Rz(l—p/Z)/ 1/,(A)P/Z du
[0,1]

< R*P(KJANTIN 1(A)

as required. m|
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Proof of Lemma 7.70. Foreachn = 0,1,...and ¢ € Q" we denote
My (1) = max v(lni)(1) .
1<i<2n

The sequence (M, (1))32, is decreasing for each t € Q. Indeed, let My 1(t) =
V(In41,7)(t), and let i be such that either j = 2i — 1 or j = 2i. Then

My(t) = v(Ini)(t) = v(lpt1,2i-1)() + vUng1,2i) () = Mp (1) .
Thus, there exists the limit

M(t) = im My,(t), t € Q.

By condition (ii) of the assumptions, [o, M dA > &. Thus there exist £ € F (Q)

and & > 0, such that
/ M dA >
E

M(t) =& forall t € E . (7.98)

(7.97)

N ™

and

We define a sequence of functions ¢, : E — [0, 1] by ¢, (t) = i2— L where

i =min{j €{1,....2"} 1 v(I,,;)(t) = M(1)} .

Observe that (¢, (7));2 is an increasing sequence for each ¢ € E. Indeed, assume
on(t) = 12;,11 Then for eachi < j — 1 we have

M(t) > v(In,i)(®) = v(In41,2i-1) (@) + v(In41,2i)(7)
Hence, M(t) > v(In+1,5)(¢) foreach s < 2j — 2. This implies that

2j—1—-1
Pnt1(t) = —— o — = en()..

Since (¢n(1));2 is an increasing sequence bounded from above by 1, there exists
a limit
p(t) = lim ¢n(?)
for each t € E. We are going to show that
(@) 1104 ()M () = v(A)() for every A € X and A-almost all t € Q';

1

(b) the measure A o ™" is absolutely continuous with respect to [t on .
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Notice that if A = I,,; and t € ¢~ !(A) then ¢(t) € A and therefore, i (1) € A
and ¢ (¢) + zlk € A for large enough k. Thus, by the definition of ¢y, ,

VA 2 V(). i) + 2 )0 2 MO).

Hence, in order to complete the proof of (a), it is enough to prove (b).
Let A € X and (1,);2, be a sequence of disjoint open intervals from [0, 1] such
that A C (JO2 | In. If 1 € 971 (A) then ¢(¢) € I, for some n € N, and hence,

8

v(U 1n) 0 = vt @) = M)

Thus,
/ v(A)dA > / M dr > Ex(e~1(A)) .
=14 o~ 1(4)

Then (i) implies that
lim A~ 1(4)) =
w(4)—0 ((p ( ))
which proves (b).
Next we consider the vector measure

m(4) = (). 2™ ). [

o M dA) .

The measure m is atomless since it is absolutely continuous with respect to . Thus,
by Lyapunov’s theorem, there is a partition [0,1] = F ,1u F 1,2 into measurable sets
with m(F 1.1) = m(F 1,2). By a suitable small perturbation of these sets, we get a
partition [0, 1] = Fy,;1 U Fy 2 with Fy 1, Fi2 € & such that

p(F11) = pn(F12),

(1-3)"2 =i ) = (1+5) 22

(1—— /de</ Mdx < 1+ /Md/x
_1(Fll)

fori =1,2.

We denote P = ]_[;-";1(1 — %) and Py = [[%2 =145 ) By partitioning the sets
Fy,1 and F 5 into subsets from & in a suitable manner and continuing the process of
partitioning to infinity, we obtain a tree (Fy,i )=, 12:1 with F, ; € & such that for all
n=0,1,...andi =1,...,2"

and

P

ME) " ME) _ o ntl ME) _ o, ME)
on j=1(1_2_1) = e JH(1+21) on P on
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and analogously,

1 1
Pl—/MdA</ de<P2—/de.
2" JE o= (F.i) 2t JE

We define G,,,; = ga_l(Fm’i) forn =0,1,...andi = 1,...,2". Clearly, G, ;
E C Q’. We use (a) to finish the proof of Lemma 7.70. O

N

Proof of Lemma 7.71. We start with (m, j) = (0,1). Using (P5), we choose £¢,1 €
N so that ¢
Z anvn (Fo,1) () — V(FO,I)(t)‘ =7
n€Neg 4
for all t € Q', where a, = a,(Fp,1) and Ngo, = Ngo (Fo,1). We set Noj =
Ny, (Fo,1) and By = an(Fo,1) forn € Ny, 1. Observe that by (7.82), forallz € Go,1,

> Bava(Fo)(0) = V(FO,l)([)_‘ > anVn(FO,l)(t)_V(FO,I)(I)‘

n€No.1 n€Ny,

. £
zf-2=2.

2
Suppose that for all (m, j) with 2™ 4 j < 2™0 4 jg, sets Ny, ;j and numbers
(Bn)nen,, ; are constructed. Now we will construct Ny, j, and By for n € N, jo-
Using (P5), we choose £, j, € N so that

N |V

‘ Z nVn (Fmg, jo) (1) — V(Fmo,jo)(’)‘ =
neNem()J-O
forallz € Q', where oy, = an(Fn,,jo) and Ny, = Ny
NmO,J'O = NZmO’jO

(P7) min Ny, j, > max Ny, j for each pair (m, j) such that 2" + j < 20 + jg;

- (Fmy,jo)> and the sets
meo.J B
(Fimo, jo) satisfy the additional properties:0 ’

(P8) min N g jo > min{l : F g jo € E¢}.

(Property (P7) guarantees disjointness, and property (P8) will be used later.)
Then, setting B, = an(Fmy, j,) for n € Ny, j,, we obtain by (7.82)

Z ,ann (Fmo,jo)(t)

nENmO_jO
> (o) = | 32 v (Fngio) 0 = ¥ (Fna o) 0|
neN[””O’jO

It remains to notice that the condition >,  Bn = 1 follows from the corre-
sponding condition for o, (Fi, ;). O
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Proof of Proposition 7.72. For the proof we need two following statements.

Lemma 7.76 (Stein, Johnson, Maurey, Schechtman, Tzafriri, [49]). Let X be an r.i.
Sfunction space on [0, 1], whose Boyd indices satisfy 0 < Bx < axy < 1, and let
(En)y2, be a sequence of conditional expectation operators with respect to an in-
creasing sequence of sub-o-algebras of the Lebesgue o-algebra on [0, 1]. Then there
exists a constant K1 so that

()] = ()]

for any sequence (x,)72, in X.

Lemma 7.77 (Johnson, Maurey, Schechtman, Tzafriri, [49]). Let X be an r.i. function
space on [0, 1] with 0 < Bx < ax < 1. Then there exists a constant K, > 0 so that

—1 2 2 1/2
K, H E an,ihn,i = H (} an,ihn,i> H = KZH E an,ihn,i
n,i n,i n,i

Sfor any sequence (an ;) of scalars.

We remark that Lemma 7.77 for the case when X = L, is exactly Lemma 7.65
applied to the unconditional sequence (a,,;/,.; ), and for the general case it is an easy
consequence of the above-mentioned Maurey statement [80, p. 50] for a g-concave
Banach lattice X for some g < oo.

To prove Proposition 7.72, we will use Lemma 7.77 and Lemma 7.76 for the condi-
tional expectation operators with respect to the finite o-algebra generated by the sets
(Gn,i),-zil and the functions x, = leil lan,ilS(kn,i)lG, ;»n=0,1,....

Let {ao,0} U (am,; )‘,’n°=0]2.’; be any sequence of scalars. To avoid huge notation,
we assume that ago = 0, however one can see from the proof below that all the
inequalities are true for the general case.

Since (ki) is a block basis of some enumeration of the Haar system, we have that

oo 2N oo 2"

SZ(Z Zan,ikn,,) = ZZai’i 2(kn,i).

n=0i=1 n=0i=

Another simple observation is that Lemma 7.77 asserts that

KXl < 1IS@)] < Kallx]| (7.99)
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for every x € X. Thus, we get
00 2)‘[

oo 27
H Z Zan,ikn,i byggg) K5! H (Z ZaiiSz(k,,,i)y/z H (7.100)

n=0i=1 n=0i=1

- (S S ane.,) |

n=0i=1
oo 2"

- &5 (Z[Xlanals )16, ]) "

n=0 i=1

bylemma?do 2 2\1/2
> K, K H(Z[E"(Z |an,i|S(kn,i)1G,7_,->:|) H

n=0 i=1

- (DS, metstn ] 6,,)|

By (ii) and (iii) we have that

1
/ S(k”»")dy“zczzn for n=0,1,... and i =1,...,2".

Thus, we can continue to estimate (7.100)

|55 S nstos|= 16| 3 Dk o) o
oo 2" 1/2
T
n=0i=1

Now let (Hp ;)52 1221 be a sequence of measurable subsets of [0, 1] such that
Hpi = Hyqy12i—1 U Hyq10; and u(Hy ;) = C 127" forn =0,1,...and i =
1,....,2". Since u(Gp,;) > u(Hpy,;) for all indices n, i, we have

I ;;“ t6..) | =|( ZZ% )" | (7.102)
Y Ses)|

n=0i=1
oo 27
by Lemma 7.77 -1 1
> C Kz HE E an,ihn,i s
n=0i=1

which together with (7.101) and (i) prove that (k, ;) is equivalent to (/i ;). O
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Thus, proofs of all statements are finished. Theorem 7.62 and therefore, Theo-
rem 7.55 are proved.

7.4 An application to almost isometric copies of L

The well-known James theorem [79, Proposition 2.e.3] says that if a Banach space E
is isomorphic to £; then for each ¢ > 0 there exists a subspace Eg € FE which
is (I 4+ &)-isomorphic to £;. The same is not true for Lq: for each A > 1 there
exists a Banach space E isomorphic to L; which contains no subspace A-isomorphic
to Ly [78]. However, as an application of Theorem 7.46, we can prove that if a
subspace of L is isomorphic to L then it contains an almost isometric copy of Lj.

Theorem 7.78 (Rosenthal [128]). Let X be a subspace of L1 isomorphic to L. Then
for each € > O there exists a subspace Y of X which is (1 + €)-isomorphic to L.

Theorem 7.78 is a consequence of the following more general result which will also
be used below.

Theorem 7.79. Let S € £(L1) be an into isomorphism. Then for each ¢ > 0 there
exist A, B € XV, atomless sub-o-algebras ¥1 C X(A) and ¥, € X(B), and an
isomorphism J : L1(A,X1) — L1(B, X3) such that

(a) S = S|L,a,x,) is an into isomorphism with ||§|| ||’§_1 | <1+e;
®) ST <e.

Proof of Theorem 1.79. Fix ¢ > 0. By Theorem 7.46, S = Sy, + Su, where Sy,
is a pseudo-embedding and S, is narrow. Since S is not narrow, Spe # 0. By
Theorem 7.39, there exists Ag € 7T so that So = SpelL,(40) is an into isomorphism
with [|So[[|Sg 'l < 1 + &, and ad.p.o. Up : L1(Ag) — Ly with [|[So — Up|| < &/2.
Since the operator S1 = Sy|z,, (4) is narrow, by Theorem 2.21, there exists a Haar-
type system (g, ) in L1(Ag) so that ||S1|g| < 8, where E = [g,] and § € (0,&/2) is

so small that
[ Soll + 8

TSg Tt =6

Let A = suppgi € Ag. Observe that £ = Ll(z, 31) where X is the sub-o-
algebra of S (4) generated by the sequence (g5). Since U = Up|g : Li(4,%)) —>
L is still a d.p.o., we can apply Proposition 7.36 to find A € St,Be =t anda
sub-o-algebra X5 of X(B) suchthat J = U|p,(4,5,) : L1(4,Z1) — L1(B,X2) is
an isomorphism (this implies that X, is atomless).

If x € Li(A,%1) C E then

<l+e. (7.103)

ISxIl < ISpexll + 1Snx]l = |Sox ]| + [IS1x[l < (ISoll + 8)llx]



172 Chapter 7 Strict singularity versus narrowness

and
ISx] = [[Soxll = 1 S1xll = (I1Sg 7 = 8) x|l -

Hence for § = S|z, (a,z,) by (7.103) we obtain

_ S )
SIS < ¢ [Soll +3

—11—
So 1_§
It remains to observe that

IS—JIl<|S- Sol, sl + 150l casy =7

&€ &
< |S1e = Spele | + 1So = Vol < IS1lel + 5 =8+ 5 <e.

Another consequence of Theorem 7.79 is the following result of Rosenthal [128,
Theorem 2.1], which will be used in Section 8.5.

Theorem 7.80. Let X be a Banach space and suppose that T € £(L1, X) fixes a
copy of L1. Then there exists Ag € X+ and an atomless sub-o-algebra ¢ of £ (Ao)
such that the restriction T' |, (4,,5,) iS an into isomorphism.

Proof. Let Y be a subspace of L isomorphic to L; such that T'|y is an into iso-
morphism, and let S : L; — Y be an isomorphism. Let § > 0 be such that
ITy|| = §||y| foreachy € Y. Fore = § || S™'||~||T|~'/2 we choose by The-
orem 7.79 A, B € £, an atomless sub-o-algebra X1 of ¥ (A), an atomless sub-o-
algebra X, of ¥ (B) and an isomorphism J : L;(A4, ¥1) — L1(B, X2) such that (a)
and (b) hold. Then for any x € L(B, X3) we have

ITx|| = TSI x| = I TIIJT 'x — ST x|
> 8|S x|l — ITII1J — ST x|
)

> SIS = 1T ) 11 x ] = ST

(B

Thus, the thesis of the theorem is valid for A9 = B and Xy = X». O

It is unknown whether Theorem 7.80 is true for the spaces L.

Open problem 7.81. Suppose 1 < p < oo, p # 2. Let X be a Banach space and
suppose that T € £(L,, X) fixes a copy of L,. Does there exist Ag € YT and an
atomless sub-o-algebra X of X(Ao) such that the restriction T'|1,(4,,5,) 18 an into
isomorphism? What if X = L,?
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7.5 An application to complemented subspaces of L,
Here we show that “well” co-complemented subspaces of L, are isomorphic to L.

Proposition 7.82 (Plichko and Popov [110]). Let1 < p < 2andletL, = X @Y
be a decomposition into subspaces with Y nonisomorphic to Ly. Then X is a rich
subspace.

Proof. We show that the projection Q of L, onto Y with ker Q = X is narrow.
Since Y is not isomorphic to Lj, by [80, Proposition 2.d.5] for 1 < p < oo, Y
contains no isomorphic copy of L, (the same for p = 1 follows from [37]), and
thus, Q is a non-Enflo operator. Then we consider the following cases to show that Q
1S narrow.

(a) p = 1. The assertion follows from Theorem 7.30.
(b) 1 < p < 2. The assertion follows from Theorem 7.55.

(c) p = 2. In this case the proposition is obvious. O

We do not know whether Proposition 7.82 is true for 2 < p < oo. The stan-
dard duality argument does not work, since if L, = X @ Y is a decomposition into
subspaces with X rich, then is does not follow that ¥ L is rich in Lg [118] (where
Yt ={fc¢ Ly :Vy eY, (f.y) = 0}). Indeed, by Corollary 4.16, there are two
decompositions L, = Eo @ E; = Eq @ E» with E; rich and E, not rich. If Y1
was always rich, then since E is rich, Ed- would also be rich, and so would be E5,
which is false. However, this does not provide a counterexample to Proposition 7.82
for 2 < p < oo, because all the spaces Eo, E1, E> are isomorphic to L.

We have the following consequence of Corollary 6.12 and Proposition 7.82. Let k,
be the best constant for which Corollary 6.12 is true.

Corollary 7.83. Let 1 < p < oo and let P : L, — X be a projection onto a
subspace X so that

o |[I—P|<kpifl <p=<2

o || —P| < kg, whereq = p/(p—1),if2 < p <oc.

Then X is isomorphic to L.

Proof. The proof in the case 1 < p < 2 is immediate. Assume 2 < p < oo.
Then L; = X L @ (ker P)L+. Moreover, (I — P)* is the projection of L, onto
(ker P)* along X L Suppose on the contrary that X is not isomorphic to L,. Since
the conjugate operator to an isomorphism is an isomorphism, X is not isomorphic
to Ly. By Proposition 7.82, (ker P)L is rich, and by Corollary 6.12, || — P|| =
(I — P)*|| = kg, which is a contradiction. |



174 Chapter 7 Strict singularity versus narrowness

To the best of our knowledge, the following closely related Alspach’s problem
(see [7]) is still unsolved.

Let1 < p < oo, p # 2. Does there exist a constant A, > 1 such that every
Ap-complemented subspace of L, is isomorphic to Lj?

(Recall that every 1-complemented subspace of L, is isometric to an Ly-space.)

7.6 Narrow operators defined on rich subspaces,
and the Daugavet property for rich subspaces of L

In this section we define the notion of a narrow operator on a rich subspace X of a
Kothe—-Banach space. We then show that any rich subspace X of Lj(u) with a finite
atomless measure . has the Daugavet property with respect to narrow operators on X
and L-strictly singular operators. The results are of a very similar nature, but for
C10, 1], the results are presented in Section 11.3.

The results of this section were obtained by V. Kadets and Popov in [57].

Definition 7.84. Let E be a Kothe—Banach space on a finite atomless measure space
(2,32, u), X arich subspace of £ and Y, a Banach space. An operator 7’ € £(X,Y)
is called narrow on X if for each A € ¥ and each ¢ > 0 there exist a mean zero sign r
on A and x € X such that ||x —r| < eand ||T x| < &.

We remark that for general spaces the restriction of a narrow operator to a rich
subspace X need not be narrow on X.

Example 7.85. Suppose a Kéthe—Banach space E is represented as a direct sum of
rich subspaces £ = X @ Y (for example, this is the case if E is an r.i. space with an
unconditional basis, see Corollary 5.3). Then the projection P of E onto X parallel
to Y is a narrow operator, and the restriction P |y, being the identity of X, is not
narrow on X .

We do not know whether the restriction of a narrow operator on L to a rich sub-
space X of L is always narrow on X, however we do have the following result.

Theorem 7.86. Let X be a rich subspace of L1(jt). Then every L-strictly singular
operator T € £(X) is narrow on X.

For the proof we need some lemmas.

Lemma 7.87. Let X be a rich subspace of L1(j), A € ¥V and ¢ € (0,1/2). Then

there are x, ) € X and Ay . € St neN k=1,...,2" ! such that
: n(4)
D) A=A, Apg = Apv12k—1 U Any10k, W(Apg) = =

.. e
(i) ”xn,k - hn,k” < 8_”’ where hn,k = 1An+1,2k—1 - 1An+1,2k'
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Proof of Lemma 7.87. Since the set A1,1 is given, it is sufficient to show how to con-
struct the sets A, 41 2k—1, An+1,2k and the function x,, ;, once a set A, x is known.
By Definition 1.7 there exist x € X and a mean zero sign y € L1(u) on the set A, x
such that ||x — y|| < &/8". Let x, x = x, and

Apgiph—1 ={t € Api : yO) =1}, Apgrpk = {t € Aug: y(1) = -1} .
Then conditions (i) and (ii) hold. O

Lemma 7.88. Let X be a rich subspace of L1(un), A € 2% and 6 € (0,1/2). Then
there exists an atomless sub-c-algebra 31 of X(A), a subspace Y of X isomorphic
to Ly and complemented in L1 (i), and a projection P from Ly () onto Y such that
for every y € LY(A, El,u) {x € Li(A. 21, ) ¢ [y xdu = 0} we have

[Py =yl <0yl . (7.104)

Proof of Lemma 7.88. Let e = 0/100, and A, ., X, x and &, ; be as in Lemma 7.87.
Let X1 be the least o-algebra containing all A, ;. Then L1(A, X1, ) is isometrically
1som0rphlc to L (a natural isometry is obtained by extending the equality Jh, =
w(A) - hzn 14k, Where (h ) is the Haar system in L1). Thus the system (h, x :
neN, k=1,...,2""1)is abasis of the subspace Z = L%(4, =1, 1), which is a
subspace of codimension one in L;(A, X1, ), and hence, is isomorphic to L. By
the Krein—-Milman—Rutman theorem on the stability of basic sequences ([52, p. 64],
[79, p. 5]), the system (x, ) in its natural order is a basis of its closed linear span Y.
Moreover, the operator 7 € £(Z,Y), which extends the equalities Th, = X, k., is
an isomorphism and

max{[|T|. [T~} < 1+e |z=Tz| <e|z| (7.105)

forallz € Z.

Thus, Y is a subspace of X isomorphic to L and complemented in L.

Now we will construct a projection P. Denote by Vi : Li(n) — L1(A) the
restriction operator Vix = x-14 foreachx € Li(u),by Vo : L1(A) — L1(A, X1, )
the conditional expectation operator with respect to X, by V3 : L1(4, %, u) — Z
the projection, defined by

Vix = x — ﬁ xdu, xeLi(A, 21, u).

By [80, p. 122], ||V2|| = 1. Itis also not hard to show that || V1| = 1 and || V3] = 2.
Therefore, for the projection V = V3 0 V, o V; from L onto Z we have ||V < 2.
LetU =ToV e £(L1,Y), W = Uly € £(Y) and Iy € £(Y) be the identity
operator on Y. By (7.105) we get forevery y € ¥

Iy =77yl =T @ y) =Tyl <elIT7yl = 2¢ |y,

IT Yy =Vyll = [V (T y —p)ll < 4elyl.
[Vy =TVy| <e||Vyll <2¢e]yll.
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Hence,

Ty = W)yl =Illy=Uyll =1y -TVy| <
<y =T '+ IT 'y =Vyll + [[Vy = TVy|| <8e|lyll .

Thus, ||Iy — W|| < 8e, and therefore the operator W is invertible with ||W ™| <
1 4 16e.

Set P = W~IU. Observe that P : Ly — Y and P|ly = Iy, thatis, P is a
projection onto Y of norm || P || < 3. It remains to prove (7.104). Let z € Z. Then

[Pz =zl <[Pz = P(TD)|| + Tz —z| = (IP] + D ezl <Ollz]. 4

Proof of Theorem 7.86. Assume for contradiction, that 7 € £(X) is Lq-strictly sin-
gular and not narrow on X. Then there are A € X1 and ¢ > 0 such that for any
x € X and any mean zero sign y € L1(u) on A, the inequality ||x — y|| < & implies
that ||Tx|| > e. For A and 6 = ¢, we construct a projection P and a o-algebra ¥
satisfying properties of Lemma 7.88. Then the operator T=ToP |4, ) acts
from L1(A4, 1, ) to X. Given a mean zero sign y € LY(4, 1, 1), by (7.104), we
obtain that [Py — y|| < ||y|| < ¢, and hence, ||Ty|| = |T (Py)| > &. Thus, the
operator T is not narrow on X .

By Theorem 7.45, there exists B € ET such that T|L1(B,):1(B),u) is an isomor-
phic embedding. On the other hand, since T|L1(B,E1(B),M = TP|L,(B,=,(B),u)» W€
have that P|r,(B,x,(B),n) 1S an isomorphism from L;(B,X1(B),u) onto
PL{(B,X1(B),u) € X, thatis, PL{(B,X1(B), ) is isomorphic to L and T
is bounded from below on P L1(B, X1(B), i). In other words, T fixes a copy of L1,
which is a contradiction. O

The following lemma which will be needed for the proof of the Daugavet property
for rich subspaces of L1(u), is an analog of Lemma 1.11.

Lemma 7.89. Let E be a Kothe—Banach space, Y a Banach space, X a rich subspace
and T € £(X,Y) a narrow operator on X. Then for every A € ¥, ¢ > 0andn € N
there exists x € X and a decomposition A = A" U A” with A’, A” € X of measure
w(A) = A-=27") u(A) and w(A”) = 27" 1(A) such that forh = 14— (2" —1) 14~
we have ||x — h| < e and ||T x| < e.

‘We omit the proof of Lemma 7.89, which is very similar to the proof of Lemmal.11.

Theorem 7.90. Every rich subspace X of L1 has the Daugavet property with respect
to the class of narrow operators on X.

Proof. Let X be a rich subspace of Ly, T € £(X) a narrow operator on X, and
e > 0. Letx € Sy with ||Tx|| > ||T|| — e. Fixn € N so that ||[1p - Tx|| < ¢ for any
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B € % such that u(B) < 27". Choose a simple function

m
X0 = Zaklflk S SL1
k=1

with disjoint (A ) so that || x — xg|| < &. By Lemma 7.89, for every Ay, there exists a
decomposition Ay = Aj LA} with (A4} ) = (1-27") u(Ag), p(Ay) = 27" u(Ag),
and functions x; € X, hy = Ly — 2" — 1)1y, for which lxg —hgll < ep(Ag) and
I 7xxll < &pm(Ag). Thenforz = Y ;| axgxg, h = Y p—, axhy we obtain

m
ITz) < > lakl e w(Ai) = e lxoll =& (7.106)
k=1
m
Iz =l = 3 laxl I —hell <, (7.107)
k=1
m m
o + 4l = | D2 ax2" gy = D laxl wa) = Il = 1. (7.108)
k=1 =

Observe that the support B = | J{—, A} of the function xo + / is of measure 1 (B) <
27" and thus, |15 - Tx|| < &, by the choice of n. Hence,

[[(xo + ) + Tx|| = [[(xo + &) + 1o,ip\B) - Tx|| — |15 - Tx||
= |lxo + hll + |1jo,in5 - Tx| = 15 - Tx|
> |lxo + Al + | Tx|| = 2|1 - Tx| = |lxo + All + || Tx|| —2¢
> 1+ (T —3e. (7.109)

By (7.107) and (7.108), we obtain
lx 4+ z|| < lx —xoll + llxo + 2| + Iz =h| <1+ 2¢.
By (7.106) and (7.109), we obtain

A4+29)|I+T|=||I+T)Yx+2)||=lx+z+Tx+Tz|
> |lxo +h + Tx| —[lxo —x[| = lz = r|| = ITz]
> 14 ||T| — 6e.

Since € > 0 is arbitrary, the theorem is proved. m|

Corollary 7.91. Let Y be a Banach space that embeds into Ly. There exists an
equivalent norm || - || on the space X = L1 & Y so that (X, || - ||) has the Daugavet
property with respect to L1 -strictly singular operators.
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Proof. By Corollary 4.16, there exists a decomposition of the space L into a direct
sum of subspaces L1 = V & W, both isomorphic to L, one of which (say, W) is rich.
Let V1 be a subspace of V' isomorphic to Y. Then V; @ W is a rich subspace of L
(because it contains W), isomorphic to X. By Theorem 7.90, the space V; & W has
the Daugavet property with respect to narrow operators on X, and, in particular, to L -
strictly singular operators (see Theorem 7.86). Hence, X is isomorphic to a Banach
space having the Daugavet property with respect to L 1-strictly singular operators. O



Chapter 8
Weak embeddings of L

There are several weakenings of the notion of an isomorphic embedding of Banach
spaces, which still preserve some properties of isomorphic embeddings. Here we
consider three of them: sign-embeddings, semi-embeddings and Gg-embeddings. All
of these notions have close connections with narrow operators.

This chapter contains an analysis of the relationships between them due to Mykhay-
lyuk and Popov [101] (2006), and related important results due to Ghoussoub and
Rosenthal [44] (1984), Rosenthal [126] (1981) and Talagrand [138] (1990).

8.1 Definitions

Sign-embeddings
The following notion was introduced by Rosenthal in [126] (1981), see also [127].

Definition 8.1. Let X be a Banach space. An injective operator 7 € £(L1,X) is
called a sign-embedding if there exists 6 > 0 so that for every sign x € L1,

ITx] = 8llx| . (8.1

Recall, that in Chapter 7 we considered a similar notion of operators satisfying (8.1)
but without the assumption of injectivity. We called that notion a generalized sign-
embedding (see Definition 7.61). Below we construct an example of a projection
of L1 which is a generalized sign-embedding and with kernel isomorphic to L (Ex-
ample 8.14). Thus the injectivity assumption is essential in Definition 8.1.

Clearly, the notions of sign-embeddings and narrow operators are mutually exclu-
sive, but the operator 7' € &£(L1) defined by T'x = x - 119 1] for each x € Ly, is an
example of an operator which is neither a sign-embedding nor narrow.

A natural question concerning Definition 8.1 is whether one could equivalently
relax the requirement that (8.1) holds only for mean zero signs instead of all signs,
similarly as it can be done in the definition of a narrow operator (Proposition 1.9).

We show that the answer is negative (Example 8.11). However, if an operator
T € £(L1, X) (not necessarily injective) satisfies (8.1) for each mean zero sign then
there exists a subspace £ of Lj, isometric to L1, so that the restriction T|g, is a
sign-embedding (see Proposition 8.6).
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Semi-embeddings

The following weak version of the notion of an embedding was introduced by Lotz,
Peck and Porta [84] (1979), and was investigated by several mathematicians, e.g.
Bourgain, Drewnowski, Fonf, Ghoussoub, Maurey, Rosenthal, etc.

Definition 8.2. Let X and Y be Banach spaces. An injective operator 7' € £(X,Y)
is called a semi-embedding if T By is closed.

One of the main results of Bourgain and Rosenthal [20] (1983) states that, if a
separable Banach space semi-embeds in a Banach space with the Radon—Nikodym
property (RNP, in short) then it itself has the RNP. In particular, L; does not semi-
embed in a Banach space with the RNP. In fact, for L{ we have the following stronger
result which follows directly from the definitions: L does not semi-embed in a Ba-
nach space with the Krein—Milman property (KMP, in short) (recall that a Banach
space X has the KMP if every nonempty closed bounded convex subset of X is the
closed convex hull of its extremal points). This result is stronger because the RNP
implies the KMP by a classical theorem of Lindenstrauss.

Bourgain and Rosenthal in [20] showed that the restriction of a semi-embedding to
a subspace of the domain space need not be a semi-embedding. This motivated the
definition of a weaker type of embedding, which is however inherited by restrictions
to a subspace.

Gs-embeddings

The following notion was introduced by Bourgain and Rosenthal in [20] (1983).

Definition 8.3. An injective operator 7 € £(X,Y) is called a Gg-embedding if TK
is a Gg-set for each closed bounded K C X.

Ghoussoub and Rosenthal studied Gg-embeddings in [44] and proved in particular
that a Gg-embedding 7 € £(L1, X) cannot be narrow, which is the strongest result
in the direction that a Gg-embedding cannot be a “small” operator, see Theorem 8.16
and Section 8.4.

Properties

Fonf showed in [42] that for a Banach space X the following assertions are equivalent:

(i) X contains no subspace isomorphic to a conjugate space.
(i) Each semi-embedding from X to a Banach space Y is an into isomorphism.

(iii) Each Gg-embedding from X to a Banach space Y is an into isomorphism.
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Bourgain and Rosenthal [20] showed that every semi-embedding is a Gg-embed-
ding. Apart from this, there are no relationships between the three notions of embed-
dings. Below we show examples of the following embeddings of L:

e a Gs-embedding which is not a semi-embedding (Example 8.12);
e a semi-embedding which is not a sign-embedding (Example 8.13);

e asign-embedding which is not a Gg-embedding (Example 8.15).

8.2 Embeddability of L,

We say that L semi-embeds (resp., sign-embeds, or Gg-embeds) in a Banach space X
provided there exists a semi-embedding (resp., sign-embedding, or Gg-embedding)
T e £(L1,X).

Rosenthal [127] proved the following characterization of non-sign-embeddability
of L 1-

Theorem 8.4. For any Banach space X the following two assertions are equivalent:

(1) L does not sign-embed in X.
(ii) Every operator T € £(L1, X) is narrow.

Proof. Note that (ii) trivially implies (i).

To prove the converse implication, suppose that T € £(L1, X) is not narrow.
By Theorem 7.64, T is not somewhat narrow, that is, there exists A € >+ sothat T
satisfies (8.1) for every sign on A. This is almost a sign-embedding that we are looking
for, however T does not have to be injective. By a standard argument, which we
show below as a lemma, for easy reference, there exists an atomless sub-o-algebra
F of X, so that T restricted to L1 (") is one-to-one. Since there exists an isometry
V : Ly — Li(F) sothat Vx is a sign, whenever x is a sign, the operator 7'V is the
desired sign-embedding from L; into X. m|

Lemma 8.5. Let X be any Banach space and T € £(L1, X). Then there exists an
atomless sub-o-algebra ¥ of X, so that T restricted to L1(¥) is one-to-one.

Proof. By induction on n, we will construct measurable sets £, < [0, 1], and finite
subsets F,, of the unit ball of X™* so that foralln € N

(i) En= EznU Ezpyyand Ezy N Ezpqy = 0
(i) 1(E2n) = p(E2nt1) = $u(En);

(iii) if ho = 1y0,1], hn = 1E,, — 1E,,,, and Y, = span{h;
xeTY,

n

=0 then for every

max{| ()] f € Fa 2 3l

)
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(iv) f(Thy) =0forall f € F,_1;

(v) Fp—1 C Fy.

To start the construction, let E1 = [0, 1], ho = 1[o,1], f be an element of the unit
ball of X * so that f(Tho) = ||Tho| and Fo = {f'}.

If {h;j };‘;}), E, and F,_; have been constructed then, by the Lyapunov convexity
theorem, there exists a measurable set £ = Ej;, sothat £ C E,, u(E) = %,u(En)
and [ fdu = %fEn fduforall f € T*F,—_1. Let Eapy1 = E, \ Ean. This
defines 4, and by the choice of E,, f(Th,) = 0 for all f € F,—;. We choose
fn & Fn—1 so that (iii) holds, and put F;, = F,—1 U{ f,}, so the inductive step of the
construction is completed.

Let 7 be the sub-o-algebra generated by the sets { £, };2 . It follows that {%, };2
is a basis for L1(¥) and (T'hy);2, is a basic sequence in X, so T\Ll(ﬁ) is one-to-
one.

Using a very similar idea we also obtain.

Proposition 8.6. Suppose T € £(L1,X) satisfies (8.1) for some § > 0 and each
mean zero sign x. Then there exists a subspace E1 of L1, isometric to L1, so that the
restriction T' | g, is a sign-embedding.

Proof. Consider the map S : L1[0, 1] — L1][0, 1] given by

. 1
—x(1-2t) if0=<t=3y,
<

x2t—1) if $<tr<lL

Sx(t) = {

Then for all x € Lq[0, 1], |Sx|1 = |lx|1, f[O,l] Sxdu =0, and Sx is a sign if x
is a sign. Thus, for all signs x, we have ||TSx|; > §|x||1. By Lemma 8.5, there
exists an atomless sub-o-algebra ¥ of X, so that 7'S restricted to L (¥ ) is one-to-
one. Since S is an isometry, E; = S™!(L(¥)) is isometric to L1, and T|El is a
sign-embedding. |

Rosenthal [126] showed that, if L Gg-embeds in X then L; sign-embeds in X
(see Corollary 8.18 below). We do not know whether there any relations for other
types of embeddabilities.

Open problem 8.7.
(a) Suppose that L sign-embeds in X. Does L; Gg-embed in X?
(b) Suppose that L1 Gg-embeds in X. Does L; sign-embed in X ?

(c) Suppose that L sign-embeds in X. Does L semi-embed in X ?
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Each of the notions of weak embeddings naturally leads to the question whether it
is in fact weaker than the isomorphic embedding. That is, assuming that L; semi-
(Gg, or sign)-embeds in X, does it imply that L; embeds isomorphically in X ?

For semi-embeddings and Gg-embeddings this problem was posed by Bourgain
and Rosenthal in [20] and for sign-embeddings by Rosenthal in [127]. Since, as men-
tioned above, G- and semi-embeddings of L; are weaker than sign-embeddings, a
negative answer to the problem concerning sign-embeddings will imply the same an-
swer to the problem concerning Gg-embeddings and semi-embeddings. Thus, we will
concentrate on the following problem posed by Rosenthal.

Problem 8.8. Suppose L sign-embeds in X. Does L; embed isomorphically in X ?

It follows from Talagrand’s work on the three-space problem for L [138], that
the answer to Rosenthal’s problem is negative, see Corollary 8.25 below. Thus sign-
embeddability, semi-embeddability and Gg-embeddability of L; are all distinct from
isomorphic embeddability of L;. However, Ghoussoub and Rosenthal [44] showed
that they do coincide for embeddings into a large class of Banach spaces, including
separable dual spaces, see Corollary 8.23 below.

Rosenthal [126] showed that sign-embeddings satisfy the following three-space

property.

Theorem 8.9. If L sign-embeds in X and Y is a subspace of X then L, sign-embeds
eitherinY orin X/Y.

Proof. LetT : L1 — X be a sign-embedding, and let 7 : X — X/Y be the quotient
map. Choose § > 0 so that || Tx|| > §|/x|| for every sign x € L;. Assume that § =
tT : Ly — X/Y is not a sign-embedding. In other words, S is somewhat narrow.
By Theorem 7.64, T is narrow. By Theorem 2.21, there exists an Lj-normalized
Haar-type system (g,) on [0, 1] so that ||Sg,| < 277726 for each n € N. Hence,
by the definition of a quotient map, for each n € N there exists y, € Y so that
| Tgn — ynl < 27"26. Let £1 be the sub-o-algebra of ¥ generated by (g,). Define
an operator 77 € £(L1(X1),Y) by setting T1g, = y, for all n € N and extending
by linearity and continuity to the entire domain space. It is a standard exercise to
show that 77 is well defined and bounded. Observe that for every x = Z;ozl angn €
L1(X1) we have

o o0
1
1T = Toxll = | Y an(Tgn = yw)| < 21x1 Y 1Tgn = yull < 51l
n=1 n=1

(we use here that |a, | < 2| x|| foreachn € N [79, p. 7]). Therefore, ||T1 —T|| < §/2.
Hence, for every sign x € L{(X21)

) 1)
ITaxll = WTxll =Ty = THllxll = 8llxll = Sllxll = Zllx]l-
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Thus, T is a sign-embedding. Finally, if J is the isometry of L; onto L{(X) that
sends the usual Lj-normalized Haar system on [0, 1] to (g5), then T J is a sign-
embedding of Ly to Y. O

Talagrand [138] proved that the isomorphic embeddings do not have the three-space
property (see Theorem 8.24). We do not know whether the notions of semi- or Gg-
embeddings have the three-space property like sign-embeddings.

Open problem 8.10.

(a) Assume that L semi-embeds in X, and Y is a subspace of X. Does L; semi-
embed eitherin Y orin X/Y?

(b) Assume that .1 Gg-embeds in X, and Y is a subspace of X. Does L; Gg-embed
eitherin Y orin X/Y?

There is one common property of semi, Gg and sign-embeddings: Theorems 7.2
and 8.4 imply that every sign-embedding and every Gs-embedding (hence, each semi-
embedding) T : L; — X to any Banach space X fixes a copy of £; [20].

8.3 Examples

First, we answer negatively the question whether we could require that (8.1) holds
only for mean zero signs in the definition of a sign-embedding of L.

Example 8.11. There exists an injective operator 7 € £(L1) such that (8.1) holds
for some § > 0 and every mean zero sign x € L1 but which is not a sign-embedding.

Proof. Let [0,1] = | |72 Ap with u(A,) > 0. Let ()32, be a bounded sequence
of scalars. For eachn > 1, define T, € £(L1(Ay)) by setting for each x € L,

T = <fAHXd“> ta (X B u(iin) (/An“i“) IA") '

Note that || Ty, || < |an|+2. Define an operator 7' € £(L1) by putting for each x € L,

o0
Tx =) Ty(x-14,).
n=1

Thus, we have that ||T'|| < sup,, |ax| + 2. If y, # O for some n, then T, and hence T
is injective.

We claim that if inf, |o,| = 0 and sup,, |a,| < é then T satisfies the conditions of
Example 8.11.

Indeed, for each n we have T1y, = T,14, = aply,. Thus, if inf, |a,| = 0
then 7 is not a sign-embedding.
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Next, suppose that (A4,) = 4% and sup,, |og| = o < % We claim that then (8.1)
holds for some § > 0 and every mean zero sign x € L.
To see this, fix any mean zero sign x € L; and set B = suppx, B, = B N A,,
Xp = x-1p, and
1

= 1A Ju,

Vn xdu

for each n. Observe that
o0
Ixl = pu(B) = > (Bn) and |xull = pu(Bn).
n=1
Put M ={n: |y, < %} and show that

> (B = %/L(B)- (8:2)

nemM

Supposing the contrary, we obtain

4
D 1(Ba) > 2 u(B). (8.3)
n¢éM

If we put ng = min(N \ M) then

Z u(By) < Z w(By) < Z w(An)

n¢M n=no n=nqo (8.4)

11 4
- M(Ano)(l AT ) = 5 1(Any).

Combining (8.4) and (8.3), we get

3 3
W(Ang) = 7 D i(B) > < ju(B). (8.5)
né¢M

Since |y, | > %, we have that
5 1
[ xdu|> Zuidng) > SuB). (8.6)
no
Since x is a mean zero sign, we have that

1
\/xdu\s—u(B)
A 2

for each measurable A C B, that contradicts (8.6). Thus, (8.2) is proved.
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Suppose t € By. Then
(Tx)() = (Txp) () = (Tyxn)(t) = anyn + xn(t) —yn = X0 (1) — yn(l —an) .
Ifn e M andt € B, then

[(T)O] = [xn (O] = ynl - 1 = an| = [xn (O] = |yal - (1 + |en])

-1 5(1+ )_1 S 1—S5a
= 76 Y76 6 T e
Hence I_s
— S
[ rxian = 22 ).
and by (8.2)
1 —5a
17 x]| = Z Tl d = > w(By)
neM neMm
11— —Sa
> B) = .
> o uB) = — ]
Thus, (8.1) holds for § = 2 and every mean zero sign x € L. O

Example 8.12. Thereis a Gg-embedding T € £(L) which is not a semi-embedding.

Proof. Let (A )ae; be any sequence of disjoint elements of %*. Foreachn > 1, we

sete, = ( T o Let X be the closed linear span of {e, }, in L1, and Y be the natural
complement toX in Lq,1ie.

Y:{xeLl:(Vnzl)/ xd/L:O}.
Ay

Let (dy)n>1 be a sequence of positive reals with d,, \, 0. For (ag)ken in £1 and
y € Y we define the following:

00 oo o0
T(Z agey + y) = (Z ak)el + Z ap_1dr—1€x + .
k=1 k=1

k=2

Since (en)n2; is isometrically equivalent to the unit vector basis of £1 and by the
definition of Y, T is a well-defined operator on L.

We show that 7" has the desired properties.

Since ey ¢ TLy and Te,, = e1 + dyen+1 — €1 asn — oo, we get that 7' is not a
semi-embedding.

To prove that T is a Gg-embedding, consider the Banach space E = {1 &1 L.
Define the operator S € £(E) by S(en,y) = (dnen.y), where (€,)72; is the unit
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vector basis of £; and y € Ly, and extend to E by linearity and continuity. It is
routine to check that S is a semi-embedding. In particular, S is a Gg-embedding.
Define U € £(L1) by

[e.¢] [e.e]
U (Zakek +y) =Y arpriec +
k=1 k=1

where y € Y. Denote S; = U o T'. Then

o0 o0
S1 (Z agey + y) = Z ardrer +y,
k=1 k=1

where y € Y. It is an easy observation that £ is isomorphic to L and operators S
and S are isomorphically equivalent (i.e. S; = J ! 0 S o J for some isomorphism
J : L1 — E). Hence, S is a Gg-embedding.

Let K be any closed bounded subset of L. We will show that M = TK is a Gg
setin L1, and thus that T is a Gg-embedding.

Since S is a Gg-embedding, we can write M; = $1K = ﬂ;’lozl G, where G,, are
open sets in L for all n € N. Fix any n € N and any

oo
Z=anek+yeM.
k=1

Since z € TLy, we have ny = Y22, d; 'ng41. Let k > n so that

k
_ 1
)UI_E di 177i+1) < ; .
i=1

By continuity of the coordinate functionals in £, there exists a neighborhood Vz(n)
of z open in Lj such that foreachv = Y 7o | €xex + ) € VZ(") ,

ko |
‘51—;0& §i+1‘ <
Let
V, = ( U VZ(”)) NU~YGy).

zeM

Since M1 = UM C G, we obtain that M € U~!(G,) and hence, M C V,,.
We will show that M = (2 Vy. Indeed, the inclusion M C (72, V; is already
shown. To prove the converse, let

00 00
ZOZZHk€k+y€ m Va .
k=1 n=1
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Then Uz € Gy, for all n € N. Therefore, zg € (e Gn = M;. Thus,

o0
XOZde_lek_i_l—l-yGK.
k=1

Fix any n € N. Since zy € V}, there is z € M such that zy € VZ("). Then there
exists k, > n so that

kn 1
—1
‘771 —Zd,‘ 77i+1‘ < 0
i=1
Passing to the limit as n — oo, we obtain n; = Z;’il dl._lniH, ie. zog = Txop.

Hence, M is a Gg setin L. Thus, T is a Gg-embedding. |

Example 8.13. There is a semi-embedding 7" € £(L) that is not a sign-embedding.

Proof. Decompose [0, 1] = |_|§>, Ak, where Ay € =T, and for each x € L put

1
Tx = ZE(IA}C 'X) .
k=1
T is not a sign-embedding, since || 714, || = k1 || 14, ||-
It is an easy technical exercise to prove that 7 is a semi-embedding. Indeed, the
injectivity of 7" is obvious. Let x,, € By, be elements with lim, 00 T X, = ¥, i.€.

>
y=n£%o;;(lAk'x")-
=1

For each k € N, let Py be the projection Pxx = 14, - x. Then
.1 . .
Py = lim — Prx,, ie. lim Prx, =k Pry.
n—oo k n—o00

Letx = Y peqk (14, - ¥). We claim that Y g k [|L4, - y|| < 1. Indeed, if not,
then there exists m so that ) p—, k ||14, - y| > 1, and since lim, o0 T'x, =y, there
exists n with Y 7' k |14, - Txn| > 1. But

1
14, - Tx, = ElAk - Xp

and

o0 o0
D kg Txall = ) ay - Xl = [lxal < 1.
k=1 k=1

which is a contradiction. O
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Example 8.14. There exists a projection Q € £(L) with the following properties:

(1) ||@x] = 8||x]|| for some § > 0 and each sign x € Lj.
(i) Both the range and the kernel of Q are isomorphic to L.

Proof. We define an operator J : L1[0,1/2] — L1[1/2, 1] by setting for each x €
L4[0,1/2]
(Jx)(t) =2x(1—1), t €]0,1].

Then for each x € L; we set

Ox =x 10— J(x- 1[0,1/2)) :

Evidently, Q is a projection of L onto L1[1/2,1]. Since L1[0, 1/2] is a comple-
ment to L1[1/2, 1] which is isomorphic to L;, we obtain that ker Q, being another
complement to L1[1/2, 1], is also isomorphic to L.

To prove (i), we consider any sign x € Ly, say x> = 1¢ for some C € X. Then
we set

y=x-1j1/2), z=x1ppa,
A={re1/2.1]: (Jy)r) =0}, B={re[l/2.1]: z(t) = 0} .

Note that z takes values =1 on [1/2,1] \ B and 0 on B and Jy takes values +2 on
[1/2,1] \ A and 0 on A. Hence,

10xl = Iz — ] =/ 2= Jyldu = u({1/2.1\ (AN B))
[1/2,1]\(ANB)

1

1 1
3= WAN B) = max{5 = u(A), 5 = u(B)}.

Denote C; = C N[0,1/2) and C, = C N[1/2,1]. Since u(Cy) = % — n(A) and
w(Cy) = % — u(B), we obtain
p(C) [lx ]l

10x] = max{u(C1), u(C2)} = = =5 o

Example 8.15. There exists a sign-embedding 7" € £(L 1) which is not a Gg-embed-
ding (and hence not a semi-embedding).

Proof. Let Q be a projection of L from the previous example and L; = X @ Y be
the corresponding decomposition with X = Q(Lj)and ¥ = ker Q. Let S € £(Y)
be any injective compact operator and set

T=0+S-(I-0).
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We claim that T satisfies the desired properties. Indeed, if x € L1 is a sign then

ITx||=[0x+S-(I-0Q)x|l = [Q]7"|Q-(Qx+S-(—Q)x)|
= ol ox] = o178 x|

Now we show that T is injective. Suppose Tx = 0. Then Qx = 0Oand S - (I —
0)x = 0, because

Q(L)NS-(I-0Q)Ly) € XNY ={0}.

Since Qx = 0, we have that x € Y and 0 = S - (/ — Q)x = Sx. By injectivity
of §, we obtain x = 0.

It remains to show that 7" is not a Gg-embedding. Since S is compact and hence
narrow, it could not be a Gg-embedding (see Corollary 8.16 below). Thus there exists
a closed bounded subset K C Y so that SK is not a Gg set. But TK = SK and
thus 7 is not a Gg-embedding. m|

8.4 Gjs-embeddings of L; are not narrow
This section is devoted to the proof of the following theorem.
Theorem 8.16. Let Y be a Banach space. Then any Gg-embedding S € £(L1,Y) is
not narrow.
This is a consequence of the following more general result of Ghoussoub and

Rosenthal [44].

Theorem 8.17. Let S be a Gg-embedding of a Banach space X into a Banach space Y.
Then for any T € £(L1, X) the operator T is narrow if and only if ST € £(L1,Y)
is narrow.

Indeed, Theorem 8.16 is Theorem 8.17 applied to X = L and T the identity
operator on L.
Theorem 8.16 combined with Theorem 8.4, immediately gives the following result.

Corollary 8.18. If L1 Gg-embeds in a Banach space X then L, sign-embeds in X.

To prove Theorem 8.17, we need several lemmas and definitions.

Trees and martingales

Let X be a Banach space. A sequence (xn,k),(;O:12]:=1 in X is called a tree if 2x, j =

Xp+41.2k—1+FXn41,2k,-forn =0,1,...andk = 1,...,2". Note that if (En,k)zo:12;=1
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is a tree of sets in the sense of Definition 1.3 then x, ; = is a tree in any

1E, &
mwaE, )
Kothe-Banach space on [0, 1].

Let (¥¢) be an increasing net of sub-o-algebras of X. A net (fy) in L (X) with
the same index set is called a martingale with respect to (¥y,) if for every ¢ < f,
MY /g = fa. Taking o = B in the definition, we obtain that fy is F,-measurable
for each . Since M¥ is a contractive projection, || f; Iz, x) < I /gllL,x) for every
a<pBandp > 1.

Let ¥, forn = 0, 1,.. ., be the algebra generated by the dyadic intervals (/ ,lf )inzl
An X -valued martingale ( f)52, with respect to ()52, is called a dyadic martin-
gale. There is a close connection between dyadic martingales and trees. Indeed, for
each tree (xn,k)zo:o,%;l in X the sequence f, = Zill xn,klmc, n=20,1,...isa
dyadic martingale. Conversely, if ( f,);> is an X -valued dyadic martingale then the
sequence x, ; = 2" flr'f Jodu,n=0,1,..,k=1,...,2" isatreein X.

Lemma 8.19. Let X, Y be Banach spaces, S € £(X,Y), (2, X, i) a finite measure
space, and K C X a closed bounded separable convex set. Suppose that S(K) is a
Gg-set and S|k is an injective map. If (f) is a K-valued martingale with respect
to a sequence () of sub-o-algebras of X such that (Sf,) converges a.e. to some
S(K)-valued function g € L1(Y), then ( f,) converges a.e.to S™1g.

Proof. Let f = S~1g. Since K is a Polish space and S|k is injective and continu-
ous, it follows from the selection theorem [26, Theorem 8.5.3] that f is measurable.
Since K is bounded, so is f, and hence, f € L;(X). Fix any n € N. Passing to
a limit as m — oo in the equality M =" f,, = f, which holds for every m > n, we
obtain M f = f,. By the Doob martingale convergence theorem, f, — f a.e.
on €. |
o0

n=0
,2k"=1 in the sense of Definition 1.3 such that

An L;-valued dyadic martingale ( f;,

oo

is called a standard dyadic martingale if
there exists a tree of sets (E, k)

n=1
2}1
Sa0) =2"Y g, A (0). 1 €[0.1], (8.7)
k=1
1
that is, the corresponding tree is e, = 2k
k= T

Let # = {x € SL, : x > 0} be the positive face of L.

Lemma 8.20. Let X be a Banach space and T € £(L1, X) be a narrow operator.
Let G be a Gg-set in X such that TP C G. Then there exists a standard dyadic
martingale (fn)ne such that (T fn)72, converges a.e. to a function g € L1(X) with
values in G.
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Proof. Let Uy 2 U D ... be open sets in X so that G = ﬂ,‘f:l U,,. We construct
recursively a tree of sets (E,, J)ee g ]: , With Eg 1 = [0, 1], and a sequence of open
balls (B, )72 %_, in X such that foreveryn = 0,1,...andk = 1,...,2"

(a) By is centered at the point 7'(7722%+) = 2"T1g, , and has radius 0 < r, <
I|1 || n.k

I/nand 0 < rp < rp—q <.

(b) Byx < Usnyg and §n+1,2k—1 UBpt12k S Bk

At the first step we choose an open ball By,; € U centered at T'1{p 1] with radius
0 < rop < 1/2. Since T is narrow, we can partition Eg;; = Ep,; U Eq 2 so that
w(Eo,1) = u(Er,1) = 1/2and || Tx|| < ro/2, where x = 1g, ; — 1g, ,. Then for
j=12

12711, ; = Tl 13| = |2T1; = T(A11 + 1i2)|| = ITx]| < ro/2.

Hence we can find 0 < r; < rp and r; < 1/8, so that the balls B;,; and Bj » defined
by (a) satisfy (b). We continue the construction inductively to obtain the desired
sequences.

Let (fn)p>, be the standard dyadic martingale with respect to the constructed
above tree (E, ) _1]: , defined by (8.7). Given any 7 € [0,1] and n € N, let
kp € {1,...,2"} be such that r € E, s, . Since r, tends to zero, by (b) there exists
a unique point g(t) € NpZy Buk, C G. Since fu(1) = 2"1g, , . we have that
(Tfu)(t) € By i, foreachn € N. Thus, limy—oo(Tfn) () = g(). Since it is a limit
of a sequence of simple functions, g € L (X). O

Lemma 8.21. Let (f;) be a standard dyadic martingale, X a Banach space, and
T € £(L1, X) a generalized sign-embedding. Then at no point does (T f,) converge.

Proof. Let § > 0 be such that || Tx| > §||x]|| for each sign x. Let (£}, x) be the tree
of sets such that (8.7) holds. Fix any ¢ € [0, 1]. Foreachn € N, letk, € {1,...,2"}
be the number such thatt € E, g, . Then (Tf,)(¢) = 2"T1g, , and (Tfu+1)(1) =
2’”‘1TlLr:nJrl,k'H_1 . Choose 6 € {—1, 1} so that

1g, 4, = 1En+1,k,, .t 1En+l.kn 146 -
+ +

Then

(T @) = (Ths)®| = 2" | T (15, 4, =21 E0y1k,,,) ]

N | >

=" ||T(1En+l_kn+l+9 — 1En+1-kn+1)|| > on i

Thus, the sequence ( f;(¢)) is divergent. O
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Proof of Theorem 8.17. If T is narrow then so is ST, by Proposition 1.8.

For the other direction, suppose that S7 is narrow. Assume on the contrary that 7'
is not narrow. By Theorem 7.59, T is not somewhat narrow, and thus there exist
A € T and § > 0 such that |[Tx| > §|x]|| for each sign x with suppx < A.
With no loss of generality we may and do assume that A = [0, 1]. Indeed, by the
Carathéodory theorem, there exists a linear isometry J : L; — L;(A) sending signs
to signs. Then the operator 77 = TJ € £(L1, X) satisfies || T1x| > §]|x]|| for every
sign x, and ST, = STJ is narrow.

Set G = S(T#). By Lemma 8.20, there exists a standard dyadic martingale ( f,,)
with (STf) converging a.e. to a function g valued in G. By Lemma 8.19, (T'f;)
converges a.e. which contradicts Lemma 8.21. m|

A class of Banach spaces X such that L sign-embeds in X if and only
if L, isomorphically embeds in X

Let & be the minimal class of separable Banach spaces such that
(@ L e6;
(b) IfY € & and X Gg-embedsin Y, then X € &.

By minimality, & = Uf;o:I &, where &, is the class of all separable Banach
spaces X such that there are Banach spaces X1,..., X, and Gg-embeddings T; €
£(Xi, Xiy1) fori =0,...,n, where Xo = X and X,,4+1 = L.

As pointed out by Ghoussoub and Rosenthal in [44], the class & contains all sep-
arable dual spaces. Indeed, by a result of Bourgain and Rosenthal [20], all separable
duals semi-embed in £, which, in turn, isomorphically embeds in L. Thus, all sepa-
rable duals semi-embed (and hence, Gg-embed) in L.

Theorem 8.22. Suppose that a Banach space X € & contains no subspace isomor-
phic to L. Then every operator T € £(L1, X) is narrow.

Proof. Fixany T € £(L1,X). Let X = Xy, X1,...,Xn, Xn+1 = L1 be Banach
spaces, so that there exist Gg-embeddings 7; € £(X;, Xj+1) fori =0,...,n. Con-
sider the operator T = Tws1Ty...ThT : Ly — Ly. Since T is Li-singular, so is
T. By Theorem 7.30, T is narrow. Using Theorem 8.17 n + 1 times, we obtain that
operators Ty, ... TW T, Ty—1 ... ThT, ... ,T1T and T are narrow. O

The following immediate consequence of Theorems 8.22 and 8.4 gives a partial
positive answer to Rosenthal’s Problem 8.8.

Corollary 8.23. Suppose X € &. If Ly sign-embeds in X then Ly isomorphically
embeds in X.

As noted above, in general, Problem 8.8 has a negative answer, which is given by a
counterexample of Talagrand presented in the next section.
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8.5 Sign-embeddability of L does not imply isomorphic
embeddability

Talagrand in [138] solved in the negative the three-space problem for isomorphic em-
beddings in L;. His remarkable example also shows that L sign-embeddability is
distinct from the isomorphic embeddability.

Theorem 8.24 (Talagrand [138]). There exists a subspace Z of Ly such that nei-
ther Z nor L1/ Z contains an isomorph of L.

Corollary 8.25. There exists a Banach space X such that L sign-embeds in X
but L1 does not embed isomorphically in X.

Proof. Let X be the quotient space L;/Z where Z is the subspace of L; from The-
orem 8.24. We show that X has the desired properties. By Theorem 8.24, X contains
no subspace isomorphic to L. By Corollary 2.23, X is not rich, and hence, the quo-
tientmap 7 : L1 — X is not narrow. By Theorem 7.64, T is not somewhat narrow,
that is, there are § > 0 and A € X1 such that |Tx| > §| x| for each sign x with
suppx € A. Let J : Ly — L1(A) be a linear isometry sending signs to signs (it
exists by the Carathéodory theorem). Then the operator 77 = TJ € £(L1,X) is a
generalized sign-embedding. By Proposition 8.6, L sign-embeds in X. |

Outline of the proof of Theorem 8.24

The proof is rather long and it requires several auxiliary results, so we start with an
outline of the whole proof postponing the proofs of intermediate claims and proposi-
tions to the end of the section. In our proof we follow [138].

The main idea of the proof is to apply Rosenthal’s characterization of subspaces X
of L for which the quotient map from L; onto L;/X does not fix a copy of L.

Corollary 8.26. ([128, Theorem 2.1]) For a subspace X of Ly the following are
equivalent:

(8.26.1) The quotient map L1 — L1/ X does not fix a copy of L.

(8.26.2) For each § > 0, each A € X, each atomless sub-o-algebra X' of X (A)
there exist x € L1(A, X)) and y € X suchthat || x||; > %and lx—yl1 <6.

Corollary 8.26 is a reformulation of Theorem 7.80.

Our goal is to construct a family of functions satisfying (8.26.2) in such a way
that if X is the span of these functions, then, in addition, neither X nor L1/X con-
tain L. We will achieve this by choosing functions x for which ||x|ls and || x| are
not of the same order, and which we will control in measure. The idea of employing
convergence in measure in this context goes back to Roberts [120].
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For each m = 0,1,..., we denote by ¥, the collection {I,’f, 1 <k < 2™} of
dyadic intervals of length 27" and by X,, the algebra that they generate. For any
x € L1, E™x will denote the conditional expectation of x with respect to X, so for
I € Fp,, the constant value of E”x on [ is 2™ [; x dp.

We now will describe the families D, that we want to construct.

Let S»,—1 be the set of all strictly increasing functions o : {0,...,2n — 1} — N.
Consider a collection By, ..., Byy—1 in ¥ and 0 € Sz, with the following proper-
ties:

B; is X5 (;)-measurable; (8.8)
; 1
E°D1p,,,) = g, for0 =i <2n—1. (8.9)

This latter condition means that B; 1 C B;, and that for each I € 370(,-) with I C B;,
we have u(I N Bj4+1) = %//L(I).

Let
1 2n—1 o
= — —1)'2'1p. . 8.10
¥ = 5B iZZO( )'2'1p, (8.10)
If we denote By, = @, then
1 2n—1
Y = 3o > ailpap,,, - (8.11)
i=0

where a; = Yoy (—=1)'2" = (D2 + 1)/3.

We define D, to be the set of all y € L; given by (8.10) for all possible choices
of Bo,..., Bay—1 that satisfy (8.8) and (8.9) with respect to some o € S»,_1, and
w(Bg) = 27", Observe that

y€Dn = |ylloo =2%". (8.12)
We also have 1

yE€D, = |lylh = 3 (8.13)
Indeed, since w(B;) = 27" u(Bo),

| 2n—1

Iyl = 55 - Z @i |4(Bi \ Bi+1)
1 P& 1( Di2itl 41,
2 3w (Bo) Z 27 u(Bo)

2n—1

= —( X+ enz) 3

since Y70 (=1)i27i1 > 0,
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First we claim that for every n, the set D, satisfies a condition similar to (8.26.2).

Proposition 8.27. For eachn € N, each set A € X with u(A) > 27", each atomless
sub-c-algebra X' of X (A) and every n with 0 < n < % there exist x € L1(A, X))
and y € Dy, such that || x|y > L and |x — y|1 <n.

We denote by absconv D,, the absolute convex hull of D, i.e. the set of elements
> 1er c1vi, where L is a finite set, y; € Dy and ) ;7 |c7] < 1.

Our principal tool is the following result about the control in measure of elements
of the sets absconv D,,.

Theorem 8.28. For any ¢ > 0, there exists n > 0 such that u({|y| > €}) < ¢ for
every y € absconv Dy,.

Our task is to construct small perturbations of the functions in Dy, in such a way that
their span will be isomorphic to £;. To do this, we construct recursively a sequence
of numbers ¢(/) € N and a sequence of disjoint measurable sets (B;); satisfying the
following conditions:

0 < u(By) =273¢-D=2=2, (8.14)
w{|x| = 272y < 2711 rin<i51/L(B,~), Vx € absconv D). (8.15)

We start the construction with By = [0,274].
At each stage of the construction, using Theorem 8.28, we choose ¢(/) so that (8.15)
holds. Then we choose By satisfying (8.14).
Now we fix a one-to-one map ¢ : N x N — N, and define A(n.k) = By, k)-
. def ’
Let (x5 k )k>1 be a sequence in C,, = Dy (), and

Yk = Xnk +27" (8.16)

—1 .
H(AG k) 0

The next proposition asserts that (y, x)x>1 is the sequence of small perturbations
that we are looking for.

Proposition 8.29. For each n € N and for each sequence (ay) of numbers with all
but finitely many equal to zero, we have

[ynilh <1427" <2, (8.17)

Ik — Xnilll <277, (8.18)
o0 o0 o0

R NUE HkZlakyn,k |, = 23 lexl. (8.19)

We will use our main tool, Theorem 8.28, to show that the following result is im-
portant for our further construction.
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Proposition 8.30. For any sequence u, € 2"T2C,, where C,, is the norm closure of
conv Cy, the series ) _, - Un converges in measure, and if its sum belongs to L then

o0 o0
> lunlh = |
n=1 n=1

Next, for each n € N, we define H,, to be the closed linear span of the sequence
(Vn.k)k>1- By (8.19), foreachn € N, the space H,, is isomorphic to £1. Moreover we
obtain that the span of the spaces Hj is isomorphic to their £;-sum. More precisely,
we have the following.

X +6. (8.20)

Proposition 8.31. For each sequence h,, € Hy that is eventually zero, we have

1 o0 o o0
= D Whale <[ X ha) = Y Whaly
n=1 n=1 n=1

Now we are ready to define the space X which is the objective of our construction .

X (|
= span( U H,,) .

n=1

By Propositions 8.29 and 8.31, the space X is isomorphic to an £1-sum of spaces
isomorphic to £, and thus does not contain L. It follows from the construction and
Proposition 8.27 and Corollary 8.26, that the quotient map 7 from L; onto L'/X
does not fix a copy of L. It remains to be shown that L1 /X does not contain a copy
of L 1-

For this we will use the following result in the spirit of [44].

Proposition 8.32. Let T be an operator from a Banach space Y onto a Banach
space Z. For z € Z with |z|| < 1, let U; = T~1({z}) N By. Suppose that there
exists a constant K > 0 so that for every sequence (yn)ne, € Uy, there exists a point
©((yn)y2y) € Y with the following properties:

P((xn)nZy) = @((yn)sZy) if x4 = yn for n large enough, (8.21)
lo(nnz1)| = K, (8.22)
T(e(Om5Zy) = 2. (8.23)
n+ 1/1 1 00 /00 ’
w((¥)n>l) = 5[¢((yn)n=1) +(p((yn)n=l):|’ Vyn.yy €Uz (824)

If, in addition, there exists an isomorphism V from Ly into Z, then there exists S €
E(L1,Y)sothat ||S|| < KandV =T oS, and, in particular, T fixes a copy of L.
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To finish the proof of Theorem 8.24, we denote by Lo the space of all measur-
able functions on [0, 1] considered with the topology of convergence in measure.
Let M, = 2”5,,, the absolute convex hull of 2"C, = 2" D), and define the set
G C L as follows:

o o0
def
G={xi+ ) anyn:xi € Ly, |xilli < Lyn € My, Y lan| < 1.

We observe that by Proposition 8.30, the series ZZO=1 o yp converges in measure and
that G is bounded in L. Let N be the Minkowski functional of the set G given by
N(z) = inf{a > 0 : z € aG}, if this set is nonempty, and N(z) = oo otherwise. We
set E ={z e L% : N(z) < oo}, and provide E with norm N. Since G is bounded
in Lo, E is a Banach space, and the canonical map j from L; to E is one-to-one.
Since the unit ball of L is closed in Ly, j is a semi-embedding. Moreover E has the
following properties.

Proposition 8.33.

(a) E does not contain L.
(b) Let W be the closure of j(X) in E. Then W is isomorphic to £.
(c) L1/X isisomorphic to E/W.

Thus to prove that L;/X does not contain a copy of L1, it is enough to prove that
E /W does not contain a copy of L. This will follow from Proposition 8.32.

Indeed, by Proposition 8.33(b), W is isomorphic to £, which is a dual space.
Denote by t the weak™® topology on W induced by an isomorphism with £, and
fix an ultrafilter U on N. Let Z = E/W and V be the quotient map from E
onto Z. For a sequence (y,)5—; inU; = {y € E : |y]| < LLV(y) = z}, we
set o((y2)S2;) = y +lim,eq (yn — »), where y is any point of V! (z) and the limit
is taken in the 7 topology in W. It is clear that (8.21)—(8.24) are satisfied. Since, by
Proposition 8.33(a), £ does not contain a copy of L1, Proposition 8.32 implies that Z
cannot contain a copy of Lj, which ends the proof of Theorem 8.24.

Proofs

We now present the proofs of all results used in the proof of Theorem 8.24.

Proof of Proposition 8.27

This proof is a standard technical exercise. We need the following lemma.

Lemma 8.34. Foralle > 0,k € N, A € ¥, B € ¥ with u(AAB) < ¢, and all
A" C A so that (A’ NIy = %M(A NTI) forall I € Fy, there exist m > k and
B’ € Sy, sothat B' C B, W(A'AB') < 4e and E¥(1p) = 115.
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We first prove the proposition using the lemma, and then we prove the lemma.

Let n, A, X and 75 be as in the assumptions of the proposition. Let 0 < & <
u(A) — 27", By induction over i, 0 < i < 2n — 1, we will construct numbers o (i)
andsets A; € X/, B; € Y4 (i) so that (8.8) and (8.9) hold and

1 .
Ao =A, Ait1 CAi, p(Aigr) = EM(Ai)a n(Ai AB;) < 4e.

We start the induction with 0(0) € N and By € X4(g) so that u(AABg) < e.
When A;, B;,o (i) have been constructed, since X’ is atomless, by Lyapunov’s con-
vexity theorem, there exists A;4+1 € X’ so that A;+1 C A; and

1
/ 1y dp = p(Aig1 N 1) = spu(A; N ),
Ai1 2

forall I € F4(;). In particular, pu(A4;4+1) = %M(Ai). By Lemma 8.34, there exist
o( +1)>o0(i)and Bit+1 € Ty(i41) so that u(A;+1ABj+1) < 4u(A4; AB;) and
E"(i)(IBiH) = %131.. This completes the construction.

The function
2n—1

1 .
(_1)1 2! lAi
=0

X =—-"
2nu(Bo)
is X'-measurable and is supported on A9 = A. Let

2n—1

1 .
(—1)"2'1p, .
=0

Y =5 "5
2nu(Bo)

Since w(Bg) > n(A) —e > 27" we have y € D,. Moreover

1 2n—1 1 2n—1 82n+1

[x =yl =57~ 2|1, — 141 £ 57— 24l < ——&.
2np(Bo) ; 2nu(Bo) = 2np(Bo)

Since n is fixed, ||x — y||1 can be made smaller than 7. Since n < ﬁ, by (8.13), we
1

also get that ||x|; > % -n=gz
Proof of Lemma 8.34. Let Ay = A’ N B. Since A’\ A1 = A\ B C A\ B, we get
p(A'AAy) = p(A"\ A1) <e.

Let A, € ¥, Ay C A, C B, with A, N A = Ay, be such that for all I € Fp,
I CB,wehave AN A, NI =A; NI =ANTIandpu(d, N 1) = Su(l). Then
p(A28A41) = p(A2\ A1) < p(B\ A) <e.

There exists m > k and By € X, so that u(B1AAy) < 27k,

For every I € Fi, I C B, we have |u(By N 1) —27%1 = |u(ByN1T) —
w(As N 1| < u(BiAAy) < 27Ke. Moreover, there exists B’ € %,,, B’ C B,
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such that forall I € %%, I C B, we have u(B' N 1) = 27% = %M(B’ N 1) and
w((B'NI)A(By N 1)) <2 ¥e Hence w(B'AB;) < e.
Combining all of the above, we get

w(A'AB") < u(A'AAy) + (A1 AAz) + u(A2ABy) + u(B1AB) <4s.

Proof of Theorem 8.28

The idea of this proof is to first replace sets D, with sets F,, C L, whose convex
hulls contain D, but which consist of elements of a simpler form than those of D,,,
and then to prove the result for these larger sets.

Givent € [0, 1] and m € N, we denote by (¢, m) the unique dyadic interval from
Fm containing t. Given o € S»,—1, i.. an increasing sequence of natural numbers
o(l)<o(2) <...<0(@2n—1), weset

1 2n—1
x(1.0) = o Z ~1)12°D15¢ 06y » (8.25)
i=0
F,={x(t,o0)eLy:t€]0,1], 0 € San—1}.
Since u(I1(t,0(i))) = 279D, we have ||x(¢,0)||; < 1. _

Foreacht € [0,1] and 0 € S2,—1 we set C = I(1,0(2n — 1)). Since E°D1c =

20(H)—0(2n-1) 1;7(1,0())> we have

1 2n—1 (—l)i ) )
x(t.o)=— Y —22°ORE D1c(). (8.26)
2n = n(C)
First we prove that the sets F,, are large enough.

Lemma 8.35. Foreveryn = 1,2,..., the convex hull of Fy, contains D,.

Proof. Let y € Dy, be given by (8.10). Then (8.9) implies that for every 0 < i <
2n — 1 we have
w(Ban—1)"'E° D1, = 22" u(Bo) 1, , = 2'u(Bo) 1,
and hence -
1 &~ (=D 0
y=— ——E°W1p, . (8.27)
2n ; w(Ban—1) et
By (8.8), Bap—1 = | ez Ci1, where L is finite and C; € F5n—1). Thus,
by (8.27),

2n—1 i
1 /1 1 .
y = — —Ea(l)lcl) .

card L \2n = w(Cy)
By (8.26), y belongs to the convex hull of Fj,. |



Section 8.5 Sign-embeddability of L; does not imply isomorphic embeddability 201

Now we need more notation. For eachn € N, 0 < j .k < n,t € [0,1] and
o € Sr,—1, we set

xj(t,o0) = 2"(2j)11(z,o(zj)) - 20(2j+1)11(t,0(2j+1)) :

and
1 k—1 1 2k—1 ) '
x(t,0,k) = o ij(;,g) = Z (_1)120(1)11050(,-)) .
j=0 i=0

Thus, x(t,0,n) = x(t,0) and ||x(t,0,k)||1 < k/n, for all values of the parame-
ters.

Lemma 8.36. Let L be a finite set and n,r € N. For each !l € L, let t; € [0,1]

07 € San—1, kj € {1,....n} and a; € R with ) ;c; loy| < 1. Consider x =
> jer «rx(ty,07,kp). Assume that ||x|| > 27" and n > 3(r + 1)23" 7. Then there
exist A € X with u(A) < 272" and numbers m; € {1,...,k;} such that

1 > am; < 1 > k-2 (8.28)

n ~n ' '

leL leL
X'ty =x(t), forall t €[0.1]\ A, where x' = o;x(t.07.m;). (8.29)
leL

Proof. The main ingredient of the proof is the following estimate.
Given y with ||y|lecc < 1,m €{0,1,...},a,8 € R witha > 8, we set

A(y,m,a, B) =
{t: (30 € Sw)(Vi €{0,....,m — 1) ((E D y)(1) > &) &((E TV y)(1) < B)}

Then

(A.ma.p) < (-—2)" (8.30)
l’L y’ b b — 1 _ ﬁ . .
This follows from Doob’s inequality [103, p. 27] applied to the martingale (E” (1 —
¥))n (or it can be proved directly by induction on m).
Now consider y = signx. We have ||y]lco < I and

k;—1
1
2 sl = [ wvde= oo Ya ) [ ygonde. 63D
[0,1] iz o

Let m = 3(r + 1)2" %3, and for each [ € L, let m; be the largest integer < k; so
that

card{i €{0,....k;}: / yxi(t;, 07)dp > 2_r_1} <273
[0,1]
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et = S my < . €n 1or ever € W€ have
Let L' ={l € L : my < k;}. Then f yl € L' weh
card{i €{0,...,k;}: / yxi(t;,071)dp > 2—r—1} =2"3m . (8.32)
[0,1]

Since [ 17 ¥2" 11(t,m) dit = (E™y)(t), we have that

/ yx;(t,00) dpe = (EPD ) (1) — (BT D y) (1)) .

5

Hence, if /[0 1 VXj (t7,07)dp > 27771, then there exists s € Z with —2"t2 < 5 <
2"%2 such that

ECDy) (1) = (s + 12772, EF Ty (@) <5272 (8.33)

By (8.32), for every [ € L’ there exists s € Z with —2rt2 < 5 < 2"*2 quch
that (8.33) holds for, at least, m indices j < m; — 1. Hence,

I(t,002m; — 1)) C AsdéfA(y,m, (s + 12772 527772)

By (8.30),

< (1 _ 2—r—3)m < e—m2_’_3 <733

(s + 1)277"2\m
—)

uiag = (1=

Thus, for A = U_2r+253<2r+2 As we have u(A) < 2727, Note that if j > 2my;,
then 1(¢,07(j)) € A, which implies (8.29).
Since foreach/ € L

‘/[‘0 1 yxj(tl’al)d//" = ”y”oo”xj(ll,al)”l <2,
we have

‘/ yx(t, oy, m;)du‘ 2’+4m+n2 Tl < 2’*3 42772 <L
0,1]

This implies that ) ;. O‘lf[o,l] yxj(t,01)dp < 27"~1, On the other hand, by (8.31),
we get

271 < Z / y(x(tp. 00, k) — x(t7, 00, mp))dp
leL (8.34)

<Y el x(.00.kp) = x (@t 01.mp)|)
leL

Finally, since || x(¢;, 07, k;)—x(t;, 01, mp)||1 < (k;—my)/n, (8.34) implies (8.28). DO
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Lemma 8.37. For every ¢ > 0 there exists n € N, such that u({|x| = ¢}) < ¢ for
each x € conv Fj,.

Proof. Let r,n € N, so that 2277/2 < gand n > 3(r + 1)23 17, An arbitrary
element of conv F;, has the following form:

x =Y ax(y.01.kp),
leL

where L is a finite set, and for each/ € L, t; € [0,1], 07 € Sy, and (;);er, C R
satisfy D ;cp log| < 1.

Recursively on v = 0, 1, .. ., we construct natural numbers (kl")lE L with 0 < k}’ <
n and sets A, € X’ with the following properties:
1 1
= leylk) < = eyl Tt =27 (8.35)
n n
leL leL

w(Ay) <272 and xW (1) = x(¢) forall £ € [0, 1]\ A, where A4, = Ui <y 4i and
x® = drer x(ty, 07, k7).
To start the construction, let k? =nforall/ € L and Ay = @. The induction step

is done by applying Lemma 8.36. The construction stops at the first value of v for
which [|[x™]| <277. Thus, u({|x™| > 277/2}) < 277/2. By (8.35), we have

1
0< — Vo1 _ —r—1
_n§j|a,|k,_1 p2
leL

and thus, v < 2"T1 Hence, n(A,) < p272" < 277+l Since x and x) coincide
outside A4, we obtain

M({|x| > 8}) < /L({|x| > 2_’/2}) < 27 7r/2 4 gl < 22-r/2 _ o

By Lemma 8.35, Theorem 8.28 follows from Lemma 8.37.

Proof of Proposition 8.29

Observe that (8.17) and (8.18) easily follow from (8.16). The upper estimate in (8.19)
follows immediately from (8.17), so we just need to prove the lower estimate in (8.19).
We do this in the following lemma.

Lemma 8.38. Let (an k)i, be a sequence of reals with Yo 27 v ank| <
oo. Then the series fozl(z;zozl Qp kYn k) converges in measure. Denoting for
simplicity its sum by Y 2% _1 an k Y k. we have

00 00
> 2kl =4 Y ansrn

n,k=1 n,k=1

(8.36)

‘1'
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Proof of Lemma 8.38. Forn € N, let b, = Y ey |ank|. Thus > 02 27"b, < oo.
Let hy = Y g dniXnk. Then, foralln € N, h, € bnCp, where C, is the
norm closure of conv Cy,. By (8.15), the series Y o 1 (3 pw1 dn.k Yn k) CONVerges in
measure. By (8.12), we have that ||/, |leo < 5,237 and hence, by (8.14), for all
[ >n,

|hn|dp < 5y239 1 (By) < b2 272 < by 271172 (8.37)
B,

Let A, = {|hn| > b,272"}. By (8.15), u(A4,) < 27771 min; <, ((Bj). Let
A} = Upsy An. Since n(An) < 27" u(By), for all n > I, we have that p(4)) <
271 (By) < w(By)/2. Let Bj = B;\ Aj. Then, for all | < n, we have

[l ah = 272" B}y = 272, (538)
B,

By (8.37) and (8.38), for all /,n € N, we obtain fBz’ |hn|du < bu2~1="=2 Thus, for
each/ € N,

o
: )dME/ ’Zhn
B;n=1

Given any 7,5 € N, let/ = ¢(r,s). We have B; N A(n,k) = @, unless n = r and
k = s. So, since u(B)) > p(B;)/2, we have

Al’n:

o0

—n dnk
Z 27— 2= 1 A(nk)‘dME/
o MAmk) A

This, together with (8.39), implies that

o0 [e.e]
// Z an,kyn,k‘ du > 27" VNaps| — 27172 Z 27"by, .

! nk=1 n=1

o0
dp <2772y 27", (8.39)
n=1

2—7'

S
1p,

ar,
w(By)

Summing up this inequality over all 7, s € N and using disjointness of B}, we obtain

| > o0
” Z an kYnk) =3 Z 27 ar,s| — 22_nbn =7 Z 27" ap | -
r,s=1

nk=1 n,k=1 O

Proof of Proposition 8.30

From (8.12) we have that ||upllee < 2394742 Let A4, = {|u,| = 2712}
Then (8.15) and (8.14) imply that

LW(Ay) < 2771 (B,) < 273401303
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Define A, = |J;-, 4i. Then pu(4)) < 273¢(n—1)=3n=2 Thys, for every i < n,

/ i | A2 OF2047) <2720 (8.40)
A/

n

Let L, = A". \ A,,. For eac_:h i > n, since |u;| < 27i*2 on L;, we have
Jp, luildu < 272 (Ly,) <2782, Thus,

[ 3w

" i#n

o0
|u|dus/( ”
o 12

Since the sets L, are disjoint, summing over n gives

o0 o0
> [ tualde = |3
n=1"Ln i=1

Since |u,(t)| <2772, fort € [0,1] \ An, by (8.40) we have

dpu <n2™" + 272 < g7

and hence,

du +27".

L (8.41)

unllr < / [un|dp +277F2 4272
L,
By (8.41), this implies (8.20).

Proof of Proposition 8.31

To prove Proposition 8.31, it is enough to consider the case when each element 4,
is a finite sum Y oy ap g Vn k- We have to prove that if || Y ;2 hnlli < 1 then
Yoo llhalli < 15. It follows from Proposition 8.29 that Y peq Y peq 27"
lankl = 4. Since |[ynr — Xnil1 = 27", we have | Zzozlunnl =< 5, where
Un = Y gy AniXng foralln > 1. Since Y goy |a x| < 2712, the element u,
belongs to the closure of 2”12 conv C,,. It remains to be seen that

o0 o o0 o0
D lhnlle < D7 lunlls + Y- 27" angl < D llunlls + 4.
n=1 n=1

n,k=1 n=1

using Proposition 8.30.
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Proof of Proposition 8.32

Let V : L1 — Z be an into isomorphism. Without loss of generality we assume that
V] < 1. Form € N and I € %, let vy = V(2™1y) and choose any uy € Uy,.
Define
| uyp, if n <m,
Uln = { pm—n Z?msjcl uy, ifn>m.

Obviously, uy , € Uy, . If I1 and I, are the two distinct elements of 5,11 contained
in I, for every n > m we have

1
Ui = (Uryn +ULn) - (8.42)

Let z; = @((urn)n=1).- By (8.22), |lzr|| < K. By (8.21), (8.24) and (8.42),
z; = %(21] +z1,). By (8.23), Tz; = vy. Thus, there exists S € £(L1,Y) such that
S(2™1;) = zy foreachm € N and I € %,,. Moreover, |S| < KandV =T o S.
Since V is an into isomorphism, 7 is an isomorphism from S(L) onto its image, and
thus, 7" fixes a copy of L.

Proof of Proposition 8.33(a)

By our construction, ||j(x)| < 27" for eachn € N and x € Dg(,). Hence, by
Proposition 8.27 and Corollary 8.26, j does not fix a copy of L. Suppose that there
is an into isomorphism J from L to E. Without loss of generality we assume that
I/ < 1. Let§ > 0 be such that for every x € L

/x| = 8lx]1 - (8.43)

We will show that j fixes a copy of L1, which will complete the proof by contradic-
tion.

Let X, be the Banach space | J,cg AM, endowed with the norm given by the
Minkowski functional || - ||, of M,,. Let X = Oy Xn)g, and Y = (L1 & X)goo.
Consider the operator 7 € £(Y, E) given by T'(x, (yn)) = x + ZZ‘;I Vn. Observe
that 7 is surjective and ||T]| < 1.

Fix any z € E with |z||g < 1,and let U, = T~'({z}) N By.

Consider any sequence (Ug)x = (Xk, (Vnk)oeq)k € Uz. By definition of U, for
each k € N, we have

o0
z=Tug =g+ Y k- (8.44)
n=1

Let U be any ultrafilter on N. Since M, is closed convex and bounded in L, it is
0 (L1, Loo)-compact, and there exists the 0 (L1, Loo)-limit y, = limgeq Y k-
Letx =z —Y 2, yn. We claim that ||x|; < 1.
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Indeed, by Mazur’s theorem, for any m € N, there exists a finitely nonzero se-
quence (a ) of nonnegative numbers with ZI?:] o = 1 such that, for all n < m,

Iyn = %=1 @k Vnillt <277 By (8.44) we get

o0 o0 o0 oo
x=z=Y yn= Xk + ) var)— Y n
n=1 n=1

k=1 n=1
and thus
o0 m o0 o0 o0 o0
X—Zakxk = - Z(yn—zakyn,k)— Z yn+ Z ZakYn,k- (8.45)
k=1 n=1 k=1 n=m+1 n=m+1k=1

Since U, C By, forall k € N, we have ||xg|[1 < |luglly < 1. Therefore, (8.45)
shows that x belongs to the closure in measure of By,,, and hence ||x||; < 1.

Observe that if we define p((ug)72,) = (x,(yn)yZ;) € Y for each (ug)72, €
U, then (8.21)—(8.24) hold with K = 1. Thus, by Proposition 8.32, there exists
Sef(Ly,Y)suchthat J =T o S.

The remaining part of the proof follows from the following lemma.

Lemma 8.39. For any m € N, let Yy, be the subspace of Y consisting of all u =
(x,(yn)y>y) such that y, = 0 for alln > m. Forevery S € £(L1,Y) and every & >
0, there existm € N, A€ £1 and S" € £(Ly, Yy) such that ||[(S — S")|L, )l < &

Indeed, if e = §/(2||T||), where § > 0 is from (8.43), we get that for every x €
L1(A), |T oSx —T o S’x|| <8|x||/2. Since T o Sx = Jx, by (8.43), we get that
forevery x € Ly, |T o S'x]| > %||x||1. Note that T(Yy,) € Ly and T : Yy — L1 is
bounded. Considering T o S’ as valued in L1, we have for each x € L1(A)

) )

joT oS'x|| > >
I 0T 08" = 3lxlh = e

IT o S'x]y .

and thus, j fixes T o S’(L1(A)), which ends the proof of Proposition 8.33(a).

Proof of Lemma 8.39. For any n € N, let P, be the canonical projection from Y
onto X, (we identify X, with the obvious subspace of Y) and S, = P, o S. By the
definition of the norm of Y, for each x € L. we have

o0
D ISnxlln < ISx]y - (8.46)

n=1

Define ¥, y = 2k > re;, ISnlrllnlr, foreachn, k € N. Then by (8.46), a.e.

o o0 1
2 vk =23 Ylsatl = Y AS(E Iyl < 1S1 847
n=1

IeFn=1 1€Fy
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Recall that a sequence (gy) in L1 is called a submartingale with respect to (Xy)
(the latter is an increasing sequence of sub-o-algebras of %) if Ek+1xk+1 > Xk
for each k € N, see e.g. [18, Definition 10.3.1], and observe that (Y, x)pe; is
a submartingale for each n € N. Indeed, for each I € F; with I = 1" U 1",
I, 1" € Fi 41 we have

/1 Vg du = /1 1Sz I djt = 1Sz ln < [SuLsrlln + SuLs7lln

= [ St dut [ 248 d = [ s d
By (8.47), nkdéfzzil Yk € L1, and (1) is a submartingale as well, with
Vnk =< Nk, for each n,k, and supy ]Ekwn,k < supy Efne < S| < oo, ae. for
each n € N. By [18, Theorem 10.3.3], for every n € N, there exists an a.e. limit
Yn = limg ¥, &, and moreover, the a.e. limit ¥ = limg Y oo Yk = D opey ¥n
satisfies ¥ < ||S|.
Foreachn,k € N and I € ¥, we have

1Suls ln =/wn,kdu§/ 19 di
I [0,1]

s

Thus, by the density of simple functions, for every x € L1, we get ||Spx|ln <
f[o 1] |x|¥, die. Hence, for eachm € N and x € L we have

00 00
Z 1Snx | f/ |X|(Z Wn)d,u
n=m [0,1] n=m

Since Y 72, ¥n < ||S], for every & > 0 there exists m € N such that u(4) > 0
where A = {Z;;O:m Y < &}. Thus, if S’ is the composition of S with the canonical
projection from Y onto Yy, for any x € L;(A), we have

s

o0
I 'xlh = Y USwla = [ Ieledn < el

n=m 0,1 O

Proof of Proposition 8.33(b)

Letu, x = j(2"y, k). By the definition of || - | g, we have |lu, ¢ || < 2, since

n

1
2 =—1 " . 8.48
Vn k LA ©) Ank) T2 Xn k (8.48)

Let a,  be a finitely nonzero sequence of numbers with || ka:l aniuniklle < 1.
By the definition of the norm of E, there are x € L with ||x||; < 2, y» € My, and
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oy € R with Y 2 | |an| < 2 such that

Z ank”nk—x+zanyn

nk=1

Without loss of generality we assume that y, € 2" conv Cy,, and hence

00
UnYn = Z 2nbn,kxn,k
k=1

for some numbers b,  with 72, |b, x| < a, for each n € N. Thus ) % _,
|bp k| < 2. Using (8.48), we obtain that there exists x" € L with [x’||; < 4 such
that

) 00
Z Z”an,kyn,k =x'+ Z 2nbn,kyn,k ’
nk=1 nk=1

or equivalently, Y 7% 1 2" (ank — bn k) Vnk =
Since ||x’||; < 4, Proposition 8.29 implies that Zn k=1 lank — bp | < 16 and

S0, Zn,k—l la, x| < 18. Thus, the closed linear span of (u, i), k>1, Which is the
closure of j(X), is isomorphic to £;.

l

Proof of Proposition 8.33(c)

LettX : Ly — Ly/X andt%" : E — E/W be the quotient maps. Since 1% o j|x =
0, there is a continuous linear operator 7" : L1/ X — E /W such that TorX =1%o j.
Since j(L1) is dense in E, the image T'(L1/X) is dense in E/ W and hence, it is left
to show that 7" is an into isomorphism.

Consider any u € Ly with |T o t¥u| < 1. Then ||z% o ju| < 1, and so, there

exists v € X such that || j(u) — j(v)|g < 1. Thus

u—v=x-+4+ E UpVn,
n=1

where x € B, a, € R with ) 7> |an| < 1 and y, € M,. By Proposition 8.31,
> 21 lanlllynll < oo, and hence we can write

N
u—v=x+ Zanyn,
n=1
where ||x’|| < 2. Then we have that y, € 2" convC, foreachn = 1,..., N.

By (8.48),2"x, x € Br, + X, and thus, 2" convC,, € B, + X. Since ZZO=1 || <
1, we have that Zfl\’:l onyn € Br, + X. Thus, there exists v’ € X such that ||u —
v —v'|l; < 3. This shows that ||[tXu|| < 3, finishing the proof that T is an into
isomorphism.



Chapter 9

Spaces X for which every operator T € £(L,, X)
is narrow

The classical Pitt theorem [109] (see also [79, p. 76]) asserts that, forany 1 < p <
r < oo, every operator I € £({,,{,) is compact, and every operator 7 € £({,. co)
is compact. In this chapter we are interested in analogs of Pitt’s theorem for narrow
operators. That is, we want to identify classes of spaces X, so that every operator
T € £(Lp, X) is narrow. In Section 9.1 we recall some characterizations of spaces
so that every operator T € £(L1, X) is narrow, which are presented elsewhere in
this book, and we show a characterization due to V. Kadets and Popov [56] in terms
of ranges of vector measures. In Section 9.2 we show that every T € £(E, co(I"))
is narrow, where E belongs to a large class of spaces including L, for all p, 0 <
p < oo. Section 9.3 gives the closest analog of Pitt’s theorem, namely it gives the
characterization of parameters p,r so that every operator 7' € £(Lp, L) is narrow.
Section 9.4 addresses the same question for operators I € &£(Lp, £;). This is the most
involved section in this chapter. It combines a geometric argument and a probabilistic
method which uses the martingale structure of the partial sums of the Haar system,
stopping times and the central limit theorem (although the notions of martingales
and stopping times are not explicitly mentioned). These ideas were first used in this
context by V. Kadets and Schechtman in [59], and later also by V. Kadets, Kalton
and Werner in [53] (cf. Section 11.1). In the last section we use methods developed
in Section 9.4 to study {»-strictly singular operators on L,. We partially answer
a question of Plichko and Popov [110] (cf. Chapter 7) by proving that every {5-
strictly singular operator from L to a space X with an unconditional basis, is narrow.
Another, incomparable, partial answer to this problem is presented in Section 10.9.
Results of Sections 9.4 and 9.5 come from [102].

9.1 A characterization using the ranges of vector measures

In this section we study spaces X so that every operator from L to X is narrow.

We already saw a characterization of such spaces: Rosenthal’s Theorem 8.4 says
that these spaces are exactly the spaces X so that L does not sign-embed in X.
Later V. Kadets, Kalton and Werner [53] proved that if X has an unconditional basis
then every operator T € £(L1, X) is narrow, and that this implies that L; cannot be
sign-embedded in a Banach space with an unconditional basis, which was announced
earlier by Rosenthal without published proof, see Section 11.1 (Theorem 11.11).

The class of spaces with the property that every operator from L; to X is narrow
includes spaces X which have the RNP. Indeed, we saw that every representable op-
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erator is narrow (Proposition 2.4) and it is well known that if X has the RNP then
every operator 7 € £(L1, X) is representable [29, p. 63]. Also it follows from Theo-
rem 8.22 that every operator from L to a separable dual space is narrow, and even the
larger class & is identified so that every operator T € £(L1, X) is narrow for every
X € & (see the discussion before Theorem 8.22).

The goal of this section is to give a characterization of Banach spaces X for which
every operator 7 € £(L1, X) is narrow in terms of ranges of vector measures.

First we recall some definitions. Let (€2, X) be a measurable space, that is, a set 2
and a o-algebra ¥ of subsets of 2. Let X be a Banach space. Amapm : ¥ —
X is called a o-additive (= countably additive) vector measure if m(|_|;—; An) =
Zflozl m(A,) for each sequence of disjoint sets A, € X. Given a o-additive vector
measure m : X — X, the variation of m is the positive scalar o-additive measure
m| : ¥ — [0, oo] defined by

n n
Im|(4) = sup{z Im(Ap)|:neN, Agex. A= | Ak}
k=1 k=1

for each A € X. A vector measure m : X — X is said to have bounded variation if
m(2) < oo (in this case m(A4) < oo for each A € X). Otherwise, the measure is said
to have unbounded variation. For example, m(A4) = 14, A € X is a o-additive vector
measure taking values in L, (u) where (€2, X, 1) is a measure spaceand 1 < p < oo,
and is not o-additive if we consider its values in Lo (1t). Notice that this measure has
bounded variation if p = 1, and unbounded variation if 1 < p < oco. For finite
dimensional X, any X -valued o-additive measure has bounded variation. We refer to
Diestel and Uhl’s book [29] (1977) for more information on vector measures.

The classical Lyapunov theorem [86] asserts that if X is finite dimensional then the
range of any X -valued measure o-additive vector measure is convex. The converse is
also true [29, p. 265]: if the range of any X -valued measure o-additive vector measure
of bounded variation is convex then X is finite dimensional. Here is a simple proof:
letdimX = oo and T € £(L1, X) be any injective operator, then m(4) = T1y4 is
an X -valued o-additive vector measure of bounded variation with nonconvex range.
Indeed, putting x = m([0, 1]), we obtain that x/2 does not belong to the range of m,
because otherwise m(A) = x/2 would imply that m([0, 1] \ 4) = m([0, 1]) —m(A),
and hence, T' (14 —1(jo,1]\ 4)) = X/2—x/2 = 0. This contradicts the injectivity of T".

It is natural to ask for which infinite dimensional spaces X, every X-valued o-
additive vector measure of bounded variation has a convex range closure. The above
example shows that this will not hold if there exists an injective operator from L
to X. It turns out that the characterization of such spaces can be formulated in terms
of narrow operators. The following result was obtained simultaneously and indepen-
dently by V. Kadets and Popov.

Theorem 9.1 ([56]). A Banach space X has the property that every X -valued o-
additive vector measure of bounded variation has convex range closure if and only if
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every operator T € £(Ly, X) is narrow (which, by Theorem 8.4 is equivalent to the
condition that L1 does not sign-embed in X ).

For the proof we will need the following lemma.

Lemma 9.2. Let m be an X -valued o-additive vector measure of bounded variation.
If for every A € X and every & > 0 there exists B € X(A) such that

1
Hm(B) —3 m(A) H <e,
then the range m(X) of the measure m has convex closure.

Proof of Lemma 9.2. Using induction on n, we prove the following statement: for any
neN,k=1,...,2" A € ¥ and ¢ > 0 there exists B € X(A) such that

k
Hm(B) — z—nm(A)” <e.

The induction base is given by the assumptions of the lemma. Suppose that the
statement is true for a givenn > 1. Fix k < 2"t 4 e Tande > 0. Let By € 2(A)
be such that

n—la

m(B1) ~ S m(4)] <

We consider the following two cases:
(1) Assume that 1 < k& < 2". We choose B € E(Bl) so that

|m(B) — —m(Bl)H <z
Then,
k
|m(B) = Zzm(4)] < [m(B) - —m(Bl)|| + || Zm(B1) — Zgm(4) |

ek 2"7le

<yt T T
(2) Assume that 2" < k < 2"*t1. We choose B, € E(Bl) so that

< —
andlet B = (4 \ By) U B;. Then,
2n
|m(B) — TES ——=m(A)| = [m(4) —m(By) +m(Bz) — —m(A) 2n+1 ——m(4)|
k —
< HEm(A) m(By)| + ||m(32) o m(Bl)H

n—lg k—2"
< 3 (l—l-
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Thus, the statement is proved by induction. Since the set of all dyadic numbers
k /2" is dense in [0, 1], we obtain that for any ¢ € [0, 1], A € ¥ and ¢ > 0 there exists
B € X(A) such that
[m(B) —tm(A)|| <e¢. 9.1)
Fixany A, B € X,t € [0, 1] and & > 0. Using (9.1), we choose A1 € A\ B so that
[m(A1)—tm(A\ B)|| <&/2,and By € B\ A sothat [m(B1)—(1—#)m(B\ A)| <
€/2. Thenfor C = A; U B U (AN B) we get

[m(C) —rm(A4) — (1 —1)m(B)||
= |m(41)4+m(B1)+m(A N B)—tm(A\ B)—(1 —t)m(B \ A)—m(A N B)||

< Im(A) = m(A\ B)|| + [m(B)—(1=mB\ )| <5 +5 =&

Proof of Theorem 9.1. =. Suppose T € £(L1,X). Then m(4) = T1y is an X-
valued o-additive measure of bounded variation. Fix an arbitrary A € ¥ and consider
the restriction of m to X(A4). Since every X-valued o-additive vector measure of

bounded variation has convex range closure, the element
1 1
5 Tl = 5 (m(A) + m(@))

can be approximated by values of m, so for each ¢ > 0 there exists A € X(A) with

1
S T1,-T1
Hz 4 Ae

€
< —-.
2

We have

”T(IA\AS — lAg) <é.

= ||T(14 —214,)

Thus T is narrow.

<. Assume m is a o-additive X -valued measure of bounded variation. We define
an operator T : L1([0,1], £, |m|) — X by setting 714 = m(A) for any 4 € X.
Then for any simple function x = Y 3", axla,, where [0, 1] = |_[{"_; Ax we have
that

ITxl =Y axm(4p)] < Y lak| - Im|(Ag) = x|l .
k=1 k=1

Thus the operator 7' can be extended by linearity and continuity to the whole space
L1 ([0, 1], =, [m]).

Since every operator from L; to X is narrow, for an arbitrary finite atomless mea-
sure space (€2, X, ), every operator from L;(u) to X is also narrow. Indeed, if
A € X1, then we can construct a sub-g-algebra ¥; € X (A) and a measure-pres-
erving map (see Carathéodory’s theorem 1.16), up to the multiple of p(A4), from [0, 1]
onto A, such that the range of ¥ is X;. Hence, the restriction of every operator
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S € £(L1(n), X) to the subspace L1(A4, X1, t|x,) is a narrow operator. Thus, there
exists x € L(u) such that x2 = 14, Joxdu=0and|Sx| <e.

Thus, 7T is a narrow operator. Choose y € L;([0,1], =, |m]|) so that y? = 1y,
Joydlm| =0and | Ty| < e. Thenfor B ={r € A: y(t) = 1} we obtain

[m(8) ~ 3 m(A)| = |m(B) ~ m(B) ~ sm(4\ B)|

— %”m(B)—m(A\B)” = %||Tx|| <e.

By Lemma 9.2, m has convex range closure. |

9.2 Every operator from E to ¢¢(I') is narrow
The following theorem is valid for the case of the real scalar field.

Theorem 9.3. Let E be a Kithe F-space over the reals on a finite atomless mea-
sure space (2, X, ) for which there exists a reflexive Kithe—Banach space E1 on
(2, X, ) with continuous inclusion embedding E1 C E. Let I be an arbitrary set.
Then every operator T € L£(E, co(I")) is narrow.

For the proof, we need the following simple observation concerning linear operators
on vector spaces.

Lemma 94. Let S : X — Y be a linear operator acting between linear spaces. If
a linear subspace Yo C Y has finite codimension in Y then Xo = T ™'Yy has finite
codimension in X.

Proof of Lemma 9.4. Let m be the codimension of Yy in Y, and x1, ..., X;;+1 be any
vectors in X. Since dimY /Yy = m, there are scalars (a,')lm:"'ll with Z?:ll lag| >
0 such that Z?:ll apTx; € Yo. But since 2?211 arxy € Yy, we conclude that
dim X/ X¢ < m by arbitrariness of x1,...,Xm+1 € X. O

Proof of Theorem 9.3. Fix any ¢ > 0 and set

K:{xeBLOO(M):/ xdp=0 & |Tx| <e}.
Q

Observe that K is a nonempty convex and closed subset of E. Moreover, K is
bounded in E{, and by continuity of the embedding £; € E we obtain that K is
closed in E;. Thus, by the Banach—Alaoglu theorem, K is a nonempty convex weakly
compact subset of E1. By the Krein—-Milman theorem, there exists an extreme point
xo € K. We prove that |xo(¢)| = 1 for almost all 1 € Q. Suppose on the contrary,
that there exists § > 0 and B € T such that |xo(t)] < 1 —§ forallt € B. Let
Txog = ZyEF ayey, where (ay)yer are scalars with limyer a, = 0, and (ey)yer is
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the unit vector basis of co(I") with the biorthogonal functionals (e)yer. Choose a fi-
nite set I'g C I so that |a, | < &/2 foreach y € T" \ T'g. By Lemma 9.4, the subspace
T_l([ey]yep\po) has finite codimension in E. Since the intersection of two finite
codimensional subspaces is a finite codimensional subspace as well, the subspace

X = T_1<[€y]y€1"\1"0) N {x e E: / xdp = 0}

Q
has finite codimension in £. By Lemma 2.9, Loo(B) N X # {0}. We choose any
X € Loo(B) N X, x # 0, such that ||x||cc < 6 and ||Tx|| < &/2. Now it is easy to
verify that both (x¢ + x) € K and (xo — x) € K. Indeed, since x € X and xo € K,
we have that [ (xo £ x)dA = 0. Since |xo(r)] < 1 -8 forallz € A, x € Loo(A)
and || x||co < 8, we obtain that (xo & x) € Br,__(,). Observe that then

=lay| <e, ify e T

eX(Txo £+ x
iy( 0 )i{f lay| +ley(Tx)| <5+ 5 =¢e  ify el \To.

Thus, || 7 (xo £ x)|| < e and hence, (xo & x) € K. This contradicts the fact that x¢ is
an extreme point of K. |

Remark 9.5. Observe that we proved that both in the real and the complex case for
every & > 0 there exists x € E such that |x| = 1g, [q xdu = 0and |[Tx| < e. In
general, such an x is called a complex sign.

By Theorem 3.5 we obtain the following consequence.

Corollary 9.6. Let E be a strictly nonconvex Kothe F-space over the reals on a finite
atomless measure space (2, X, L) for which there exists a reflexive Kothe—Banach
space E1 on (2, X, u) with continuous inclusion embedding E1 C E. Let I be an
arbitrary set. Then £(E,co(I")) = {0}.

Note that for £ = L, with 0 < p < 1, Kalton proved much more, that for
any topological vector space X every {5-strictly singular operator 7 € £(Lp, X) is
zero [65]. Hence, if X contains no isomorph of £, then £(L,, X) = {0}.

9.3 An analog of the Pitt compactness theorem
for L ,-spaces

The following result of V. Kadets and Popov [57], is an analog of Pitt’s compactness
theorem for narrow operators on the Lebesgue spaces L.

Theorem 9.7. If1 < p <2and p < r < oo then every operator T € £(Lp,L;) is
narrow.
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We remark that Theorem 9.7 is false for any other values of p and r. If p > 2
then the composition J; o I, > of the identity embedding /> : L, — L> and the
isomorphic embedding J, : L, — L, is evidently not narrow. And if 1 < p < 2 and
1 < r < p then the identity embedding of L, into L, is not narrow.

Before the proof, we recall that a Banach space X is said to have infratype ¢ > 1 if
there exists a constant C > 0 such that foreachn € N and x¢,...,x, € X,

min HZ e | = C(Z el?) "

Maurey and Pisier [95] showed that for every ¢ > 1, L, has infratype min{g. 2}
(for 1 < g < 2, cf. also Lemma 7.63(b)). Thus, Theorem 9.7 follows from the next
more general result.

Theorem 9.8. Let 1 < p < 2 and X be a Banach space with infratype q > p. Then
every operator from Ly to X is narrow.

Proof. Assume T € £(Lp,X), A € ¥, n € N. We decompose A into n subsets of
equal measure A4, ..., A,.

Then
< C(Z I1T1419) "

mm ”Z Ok T 1y,
< cuTn(Z 1,197 = ey (32 (22)"7)

k= k=1

1/
= CITIEA) "7 (n70/7) ™ = 0 a5 n = o0

This implies that for every & > 0 there exist n and sign numbers 01, ..., 8, so that for
n
X = Z Ok 14,
k=1
we have | Tx|| < &. By Proposition 1.9, this implies that T' is narrow. O

9.4 When is every operator from L, to £, narrow?

The main theorem of this section is Theorem 9.9 which characterizes all values of the
parameters 1 < p,q < oo for which every operator T € £(L,{;) is narrow. We
finish the section with a few corollaries that provide additional examples of spaces X
so that every operator from L,, for p > 2, to X is narrow. We also prove that
despite the existence of a nonnarrow operator from L, to {5 if p > 2, there is no
sign-embedding from L, p > 2, to {5.
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Let2 < p <o0,Ipn: L, = Ly be the identity embedding, and S : L, — £, be
an isomorphism. Then, obviously, the composition S o [, 5 : L, — L» is not narrow.
The following theorem asserts that for all other values of the parameters p,r every
operator T € £(Lp, {;) is narrow.

Theorem 9.9. Let 1 < p,r < oo, and assume that eitherr # 2orr =2 and p < 2.
Then every operator T € £(Lp, L) is narrow.

In our proof we consider separately the following cases:
i) I1<p<2andp<r;
(i) 1<r <2

(i) p>2andr > 2.

Case (i) follows easily from Theorem 9.7; case (ii) is a simple observation
from [110], and case (iii) is a deep result from [102].

Proof of Theorem 9.9 in case (ii). Let 1 < r < 2, T € £(Lp,4r), A € =T and
¢ > 0. Consider a Rademacher system (r,,) in L,(A). By Khintchine’s inequality,
[rn] is isomorphic to £, and by Pitt’s theorem, the restriction T'[[., ] is compact. Since
() tends weakly to 0, we have that lim;,, o 77, = 0. Thus there exists n € N with
| Tra|l < e. It remains to observe that 72 = 14 and f[o,l] rpdu = 0. O

The proof of Theorem 9.9 in case (iii) is much more involved. The idea is to
first prove that a generic operator ' € £(Lp, {;) can be replaced with the operator
S € £(Lp,{;) which sends the normalized Haar system in L, to the unit vector basis
of £, (Proposition 9.10). We then prove that, when r > p, the operator S is narrow by
constructing a sign which S sends to a vector of small norm. The construction of this
sign is probabilistic in nature and uses the martingale structure of the partial sums of
the Haar system, stopping times and the central limit theorem (although the notions of
martingales and stopping times are not explicitly mentioned). Similar ideas were first
used in this context by V. Kadets and Schechtman in [59], and later also by V. Kadets,
Kalton and Werner in [53] (cf. Section 11.1). Our proof follows [102].

For the rest of the section we use the following notation:

° (E,,)zozl —the Loo-normalized Haar system;

e (hp) and (hy;) — the L,- and L -normalized Haar functions, respectively, where
I/p+1/q =1

Proposition 9.10. Suppose 1 < p < oo, X is a Banach space with an unconditional
basis (x,), T € £(Lp, X) satisfies | Tx|| > 28 for each mean zero sign x € Ly on
[0, 1] and some § > 0. Then there exists an operator S € £(Lp, X), a normalized
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block basis (up) of (xn) and real numbers (ap) such that

(a) Shy, = ayuy, for eachn € N withay = 0;
(b) ISx|| = 8, for each mean zero sign x € Ly on [0, 1];

(c) There exists a linear isometry V of Ly into Ly, which signs sends to signs, so that
ISx|| < |TVx| + 28 for every x € L, with ||x|| = 1.

If, moreover, |T x|| = 25||x|| for every sign x, then |a,| > 6 for eachn > 2.

Proof. Let (Pn);Z, be the basis projections in X with respect to the basis (x,) and
Py = 0. First we construct an operator S which has all the desired properties of S,
with the small difference that S is defined on the closed linear span of a sequence
which is isometrically equivalent to the Haar system. For this purpose we construct
a sequence of integers 0 = 51 < 52 < ..., atree (4 Jm—o k , of measurable sets
Amx S [0,1] and an operator S e éﬁ(Lp(El) X), where X is the sub-o-algebra
of ¥ generated by the A,, ; with the following properties:

(P1) Ao,1 = [0, 1];
(P2) Ak = Amsi1,2k—1 U A1k (A i) =277 forall m, k;
(P3) ||§x|| > § for each mean zero sign x € L,(21) on [0, 1];

(P4) if h'1~= 1 and h/zm,jk = 2"P (14, 2oy — L4y, o) fOr all m k, then we
have Sh| = 0 and Sh), = (Ps, — Ps,_,)Th), forn =2,3,....

We will use the following convention: once the sets A,,1 1 2k—1 and A,, 4 > are

defined for given m, k, we consider /7, 4k to be defined by the equality from (P4).

To construct a family with the above properties, we set A1, = [0,1/2) and A1, =
[1/2,1]. Then choose s> > 1 so that

8
(C2) |Thy — (Ps, — Ps,)Thy | = || Thy — Py, Thh || < >

Since the operator Py, T is finite rank and hence narrow there exists a mean zero
sign x1,1 on the set A1,; such that || Ps, =775 Thenset Ay 1 = X7 1(1) =
{t €[0,1] : x1,1() = 1}, A2 = xl_’}(l) and observe that 7y = 21/1’x1,1 and
| Ps, Thy| < 8/8. Now we choose s3 > s2 so that ||Thy — Pg;Th%|| < §/8. Then
we have

)
(C3) |THs = (Psy = Py)Ths | < 7.

Since Py, T is narrow, there is a mean zero sign x1,2 on Ay 2 such that || Pg; Txq 2 ||
< 1 81/,, Put A>3 = x| 2(1) and Az .4 = x| 2( 1). Observe that 1), = 21/px1 2
and ||Ps3 Thy| < d/16. Choose 54 > s3 so that ||Th’ PS4Th/ | < 5/16 Then

(Ca) ”Thit - (PS4 PS3 Th ” 8.
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Further we analogously find a mean zero sign x 1 on Az 1 suchthat || Pg, Tx2 1] <
32~2L2/1" Then putting A3,1 = xz_’ll(l), A3,2 = xz,l(—l), we obtain hls = 22/pXQ,1
and || Ps, This|| < 8/32. Now choose s5 > s4 so that || Thy — Py, Thi| < /32, and
obtain

)

(Cs) |Ths — (Pss — Py, ) Ths| < e

Continuing the procedure, we construct a sequence of integers 0 = 57 < s <...,a
m . . ., .
tree (A, k) oeo i:l of measurable sets 4, x C [0, 1] which satisfies conditions (P1)
and (P2), for which we have

(Cn) HTh’ (P, — P, )T,

n = on—1"°

Note that property (P4) defines the operator S on the system (h},). We show that
S could be extended by linearity and continuity on L,(X1). Let x = Zr]zv=1 Bnh,, €
Lp(21) with | x]| = 1. Note that |B,| < 2, because the Haar system is a monotone
basis in L. Then by (C,), we obtain

N
[Sx = |3 Ba(Ps, = PoTh, 9.2)
n=2

+ ” i Bn (Th;, — (Ps, — Psn—l)Th;z)

N
< |3

”T'x” + maX |/3n| Z ||Th/ Sn - Psn—l)Th:'l “
n=2
N

§
<ITh+2) St < IT1+25.
n=2

This proves that S is well defined and bounded. Moreover, (9.2) implies that for
each x € L,(X1) one has

ISx|| < (1T + 28) x| - 9.3)

It remains to verify that S satisfies (P3). Let x = Y00, Buh, € Lp(E1) be a
mean zero sign on [0, 1]. Using the inequality

Bal = | [ ] < [l = a0 < 1 = 1
[0,1] [0,1]
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we obtain

[l = |32 B, — o TH,
n=2

o0
> |2 aTh,
n=2

)

> || Tx| — ZHT}Z; —(Ps, — PSn—l)Th;l ”
> _5

- Z on—1
n=2

Thus, the desired properties of S are proved.

Now we are ready to define S, (a,) and (u,). Let V : L, — L,(X1) be the linear
isometry extending the equality th = h), for all possible values of indices (V' exists
because of (P1) and (P2)). Set § = S o V. Then, by (9. 3, 1S = IS < IT| + 26.
Set a, = ||Sh’ | foralln € N, and u, = ||Sh’ I~ 1Sh’ if Sh’ # 0, and u, =
ys, =Ly, if Sh/ = 0. By (P3) and (P4), S satisfies (1) and (2) (one has a; = 0
because Sh} = Sh1 = SVh1 = SVh = 0). Property (3) follows from (9.3).

If, moreover, ||T x| > 25| x| for every sign x, then || T'h),|| > 26 for all n > 2, and
by (Cy) we have

o0
_ H > Bu(Th), — (P, — Py, _)TH})
n=2

%

=2—-6=396.

anl = [hal = | Py, = Py, )T |

> | Thy | = IThy, — (Ps

n

)
— Py, )Th] 228—2,1—_128- O

Proof of Theorem 9.9 in case (iii). Step 1: 2 < p < r. Suppose that an operator 7" €
£(Lp,Ly) is not narrow. Without loss of generality we may assume that |7 x|, > 2§
for each mean zero sign x € L, on [0, 1] and some § > 0. By Proposition 9.10
for X = {, and x, = ey, the unit vector basis of ¢,, there exists an operator
S e £(Lp.¢r) with | S| < ||T|| + 268, which satisfies conditions (1)—(3) of Propo-
sition 9.10. Since every normalized block basis of (e;) is isometrically equivalent to
(en) itself (see [79, Proposition 2.a.1]), we may and do assume that Up = €p.

LetC > 0and N € N. We denote Ik supp hom = == m , 2,,,) We will define
several objects depending on N and C and in order not to comphcate the notation,
we omit the indices N and C. We start with the function

2N +1

v

ﬂ!“
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Since S has a special form and p < r, we obtain that

N+1 AN +1
ISf 1l = H% 3 shl, =l 2 Ishl; )"
1/r
||S||(lekZ1 [Family) 04
C AN Ir
= T +25)(mz=:12 a- )1

< C(|T|| +26)N+2.

Since r > 2, for N large enough, ||Sf |, is as small as we want. Our goal is
to select a subset J C {2,...,2¥+1} 5o that the element g = J— Y ney hn is very

close to a sign. This will prove that S fails (2) of Proposition 9.10, since by the special
formof S, ||Sgll» < |Sf|l» which was very small.
To achieve this goal we use a technique similar to a stopping time for a martingale.
A similar method was used in [59] and [53].
Set
A= {wE[O,l]: max

1<j<2N+1

C e
ﬁzh,(a))) > 1},
and

min{j <2N+1. ’ _h‘a)‘>l}, if wedA,
o [l =2 | S
2% +k, if o ¢ A and o € Iy.

Observe that if 7(w) = 2™ + k then w € I,’,‘,. Indeed, this is clear if ® & A. If

w € A, then
2" k—1

b_ Z h(a))‘<1

50 hym 4 (w) # 0 and thus o € I,ﬁ.

Further, if there exists w € 1,1,‘1 with 7(w) > 2™ + k then for every & € 1,’; we have
() > 2™ + k. Indeed, since w € I,],‘[, for every i < 2™ + k and every & € I,],‘[ we
have h; (w) = h; (£). Thus,

2m+k 1 2" +k—1

\f 3 hi(®)] = 1f Z hi(@)] = 1.

Thus, 7(€) > 2™ + k.
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Define a set J:
J={j =" 4k <2V 3 € 1K with r(a))zj}
- {j = 2" 4k <2V ve e 1K with r(g)zj}.

Let g : [0, 1] — R be defined as:

C —
g@)=—= > hj@).
\/ﬁjsr(w)
Since hym +x(w) = 0 forevery w ¢ I,’,i, we have
C — _
g@) = = > (@) = —= Y hj(w).
{j=2m+k<t(w):welk}

Thus, by the form of S and (9.4),

ISl = H%szsaﬂ _ %<§ stz )”

c M _ 1/ 9.5
= Tr (2 Tstnatr) =150 o

<C(|T| +28)N+2,

By the definitions of 7(w) and g(w), for every w € A one has

C
l<l|gw)| <1+ —,

VN

and for every w € [0, 1]\ 4, g(w) # 0, if N is odd, being a sum of an odd number of
+1 and zeros.
Define
g(w) = sgn(g(®)).
We have

C
~Zlp = |14+ 1o | -
g —%llp HJN atlomal)

Note that by the Central Limit Theorem, for large N we have

u([0,1]\ 4) = ,u{a) : |ﬁ i ihzmﬂc(w)‘ < E}
m=1k=1
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Thus, for large N,
1 _ 1 \l/p
[toanal, = (55) -

Hence,
g =%l < =+ (s5) "’
g g P — \/N 2C .
Thus, by (9.5),

ISgl- < ISgll- +1SNllg —¢llp
11 C 1 \1l/p
= CUTI+26N7 2+ (T +29)(—=+ (55) )
= CUTI +28) + T+ )W °C
Since r > 2, for every § > 0, there exists C > 0 and N odd and large enough so that

I1Sgll- <6

It remains to observe that g is a mean zero sign on [0, 1]. Indeed, the support of
‘¢ is equal to [0, 1], since N is odd. Observe that for every w € [0, 1] and every
M 4k < 2N +1 ,

hom k(@) = —hom _j41(1 — ) .

Thus, g(w) = —g(1 — w) for every w € [0, 1], and

p({w €[0,1]: g(w) > 0}) = p({w €[0.1] : g(w) < 0}).
Thus, ¢ is a mean zero sign on [0, 1], and (2) of Proposition 9.10 fails. |

Proof of Theorem 9.9 in case (iii). Step 2: r < p. Let2 < r < p < oo and suppose
that there exists a nonnarrow operator 7 € &£(Lp, /). Therefore, as in Step 1, there
exists an operator S € £(Lp, ;) with ||S| < || Tl + 26, which satisfies conditions
(1)—(3) of Proposition 9.10.

For every v € N we set

sz{j=2m+k22:||Sﬁj||r2v-2_m/r}andsz U 1k
2Mm+keN,

Denote by K, the set of all 2 + k € N, such that the interval / ,ﬁ is maximal
in A = {Il : 2" +i € N,} in the sense that it is not contained in some other
interval from this system. Observe that every interval from + is contained in a unique
maximal interval, and that distinct maximal intervals are disjoint. Hence,

A= || I oman= Y 2im

2m4kek, 2Mm4kek,
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Letxy =) ek, hj € Lp. Then ||x,||, < 1 and hence

— 1
(IT1+28)" = [1Sxollf = 3 IShilIF = 0" 37 oo =" p(Ay).
jek, 2m4kek,
Thus, u(Ay) < (BT 4+ 28)/v)" and limy 0 1(Ay) = 0.
Then B has measure 1.

We claim that for every v, the operator S is narrow when restricted to any of the
sets B, \ By—1. Indeed, note that on B, for (m, k) such that / ,’,‘, N B, # @ we have

ISham4ielly < v 27" = vl[hym gl . 9.6)

that is, S is bounded on the Haar system from L, to £,. We claim that, moreover,

S | L.(B)) is a bounded operator for each fixed v € N.

To see this, let x = Zzozl ,Bnh,(f) € L,(By) where hg22+k = z_m/rﬁzm_;,_k is
the L,-normalized Haar system. Let (6, x) be a sequence of signs, guaranteed by
Lemma 7.63(2), so that

— 1r > 1/r e
(Z 'ﬂ"|r> = (Z ||ﬂnh5,’)lli) < HZ OnBnh )
n=2 n=2 n=2

Taking into account that S hy =0, by (9.6) and (9.7),

> 1/r e 1/r i
IS5l = (3 1B 1SEE) < v( 3 1Bal7) T < 0] 3 Oubuh)
n=2 n=2 n=2

oo
< v[Bih{” 3" uBan
n=2

9.7)

r

r

. +v|B1] = v(Ky + Dx]lr,

where K, is the unconditional constant of the Haar system in L,. Thus § | L.(B)) is
bounded, and hence, by Step 1, it is narrow as an operator from L, (By) to £,. There-
fore, since signs belong to both L, and L, the operators S | Ly(By) and S | Ly (By\By_1)
are also narrow.

Since the union of the sets B, \ By,—_1 has measure 1, this yields that S is narrow,
which contradicts our choice of S.

Thus, Step 2 is completed, and case (iii) of Theorem 9.9 is proved. O

Case (iii) of Theorem 9.9 can be extended to the following statement.

Corollary 9.11. Let 2 < p,r < oo and X be such that for every n € N, every
operator T : L, — {}(X) is narrow. Then every operator T : L, — {,(X) is
narrow.
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Corollary 9.12. Let2 < p,r < oo and X be one of the spaces cg, s, with 1 < s <
00, s # 2. Then every operator T : L, — {£,(X) is narrow.

Proof. This follows from Corollary 9.11 and Theorems 9.9 and 9.3, since for all n €
N, r > 2, and X equal to one of the spaces cg, {5, with 1 < 5 < 00, s # 2, we
have that £7(X) is isomorphic to X and thus every operator 7' : L, — {,(X) is
narrow. |

By induction, we can further extend the statement of Corollary 9.12.

Corollary 9.13. Letn € N, 2 < p,r1,r2,...,1p < 00 and X be one of the
spaces co, Lg, with 1 < s < oo, s # 2. Then all operators in L(Lp,Cr,(Lr,_, (...
(£, (X)) ...)) are narrow.

Our final result is that, in spite of the existence of a nonnarrow operator from L, to
£, if p > 2, all these operators must be small in the following sense.

Proposition 9.14. Let2 < p < oco. Then there is no sign-embedding T € £(Lp,{2).

Proof. Suppose on the contrary, that 7 € £(Lp,{>) and ||Tx]| > 25| x| for some
6 > 0 and each sign x € L,. Then by Proposition 9.10, there exists a bounded oper-
ator S : L, — I which satisfies conditions (1)—(3) of Proposition 9.10. Moreover,
lay x| = 8 foreachn =0,1,...andk =1,...,2".

Let x, = Zi’;l 27"/Phy, ;.. Note that x, is a mean zero sign on [0, 1]. Then
Sx, = lec":l 2_%an,ke,,,k. Now we have

ISxa|| > 277625 = §27G=5) .

Thus, lim, -« ||S x5 || = oo which contradicts the boundedness of S. O

9.5 {,-strictly singular operators on L,

In this section we apply methods developed in the previous section to partially answer
Open problem 2.7, cf. also Open problem 7.1(b). Another, incomparable, partial
answer to this problem is presented in Section 10.9.

Theorem 9.15. For every p with 1 < p < oo, and every Banach space X with an
unconditional basis, every La-strictly singular operator T : L, — X is narrow.

The idea of the proof is very similar to the idea of Step 1 of the proof of case (iii) of
Theorem 9.9. Suppose that 7' : L, — X is {-strictly singular and not narrow. As in
Step 1 of the proof of case (iii) of Theorem 9.9, we use Proposition 9.10 to conclude
that there exists an operator S of the particularly simple form which cannot be narrow,
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quantified using a specific 6 > 0. The £,-strict singularity of 7" and condition (3) of
Proposition 9.10 guarantee that there exists a function x of the form

N N 2™ _
X = Z bmrm = Z Z bmh21n+k )
m=1

m=1k=1

where (r,) is the Rademacher system, so that ||Sx|x < 4. Similarly as in the
proof of Theorem 9.9, we construct a subset J C {2,...2N*1} 5o that the func-
tion g = ) smyres bmhom 4 is very close to a sign and ||Sgllx < |Sf|lx < &,
which gives us the desired contradiction. The only essential difference between the
present proof and that of Theorem 9.9 is that in Theorem 9.9, ||.S f || was small due
to the structure of the range space, and in the present proof it is due to the £,-strict
singularity assumption.

Proof of Theorem 9.15. Let X be a Banach space with an unconditional basis, 1 <
p <oo,and T : L, — X be an {,-strictly singular operator. Suppose that an
operator 7" is not narrow. As in the proof of Theorem 9.9, Step 1, we may assume
without loss of generality that |7 x||x > 2§ for each mean zero sign x € L, on
[0,1] and some § > 0. Therefore, there exists an operator S € £(Lp,,X) with
IS < Tl + 28, which satisfies conditions (1)—(3) of Proposition 9.10.

Since T is {»-strictly singular, for every N € N, C > 0 and a sequence ey | 0,
there exists

N
f = Z bmtm .
m=1
so that
N §
=1, b2=1 and ||T — 9.8
Il =1, 2,05 =1 and 1T/l < ¢ 9.8)
and
max |b,| < en . 9.9)
n<N

Indeed, to ensure that (9.9) holds, let M € N with v/M > 2/e, and for k =
I,...,M,let

Mmi41

fo= S b,

n=my+1

be such that (my ) is an increasing sequence and (9.8) holds for each k. Then

| M
fZW];fk

satisfies (9.8) and (9.9).
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As in the proof of Theorem 9.9, Step 1, we set

2k
Z bnE2"+i(a))) > 1} .

24 j=2

Az{a)e[O,l]: max
1<2m 4 k<2N+1

(@) = m1n{2m+k<2N+1 ‘C22n+z 2 bn h2n+l(a))‘>]} if weA,
2V 4k, if o ¢ A and w e IF,
J={j =2k =2V B0 € 1 it t) = )

and

g@)=C > buhansp(@)=C D bmhymyp(w).
2M 4 k<t(w) 2m4 ke

Thus, by (9.9) and (c) of Proposition 9.10,

[S(Cellx < IT(Cg)llx + Cend
<|IT(Cf)llx + Cené

5
< 3 + Cepnd.

Note that since ey | 0, by the Central Limit Theorem with the Lindeberg condition
(see, e.g. [17, Theorem 27.2]), f converges to a Gaussian random variable when
N — o0, so

N 27

H(0.0\A) = o s 303 1)) < & fo_ <5
Let[0,1]\ A = A U Ay, where (A1) = (Az), and define

sgn(g(w)) if we A,
g(@) =41 if we A,
-1 if weAd;.

Then g is a mean zero sign on [0, 1] and forevery w € 4,
1 <|g(w)| <1+ Cep.
Thus
g — Tl < Cow + (51) "
€ ’
§—CL&lp N 2C
and

IS(Clx = IS(CIx +1SIClg —2lp

((S + CeNS) +GIT| + 25)(C8N + ( c) /p).
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Hence there exists C > 0 and N large enough so that
ISglx <3,

which contradicts our assumption that 7" is not narrow. O



Chapter 10

Narrow operators on vector lattices

As we know, every operator on an r.i. Banach space E on [0, 1] with an unconditional
basis is a sum of two narrow operators (see Section 5.1). On the other hand, the sum
of any two narrow operators on L is narrow. This chapter is motivated by the desire
to understand the reason for this discrepancy.

It is known that L has “very few operators,” namely all bounded operators on L1
are regular, which is a distinctive property of L;. This inspired O. Maslyuchenko,
Mykhaylyuk and Popov to investigate narrow operators in the setting of vector lattices
and to specifically study the regular narrow operators. This presented some difficulties
since in vector lattices there are no analogs of characteristic functions or mean zero
functions. However, in [93] (2009) O. Maslyuchenko, Mykhaylyuk and Popov found
a correct extension of the notion of narrow operators to the setting of vector lattices
and proved that indeed the sum of two regular narrow operators is narrow in any
Banach lattice with only minor restrictions.

The goal of this chapter is to present this extension of narrowness to operators on
vector lattices and to prove that the set of all narrow regular operators between two
Dedekind complete vector lattices E and F, where E is atomless and F is an ideal
of some order continuous Banach lattice, is a band in the lattice of all regular order
continuous operators from E to F', and moreover that this band is complemented to
the band generated by the lattice homomorphisms from E to F (see Theorems 10.40
and 10.41). This result both strengthens and generalizes Kalton’s and Rosenthal’s
representation theorems for operators on L to vector lattices (see Section 1.6 for
details), and it extends Theorem 7.46, which was proved for operators on L.

The outline of the chapter is as follows: In Section 10.1 we introduce narrow and
order narrow operators (Definitions 10.1 and 10.6) and we show that these two notions
are different for operators from £ (L), but that they do coincide for operators from
an atomless vector lattice to an order continuous Banach lattice (Proposition 10.9). In
Section 10.2 we examine whether Proposition 2.1 has an analog in vector lattices, i.e.
whether every AM-compact operator is narrow. We discover that this is not the case
for operators from £ (L), but that it does hold for order-to-norm continuous oper-
ators (Theorem 10.17). Sections 10.3—10.5 build up tools for the proof of our main
theorem. The general idea is similar to the proof of Theorem 1.33 and uses analogs
of equivalences from Theorem 7.45. In Section 10.3 we prove that an operator 7' is
narrow if and only if its modulus |7'| is narrow, strengthening a result of Flores and
Ruiz on domination of narrow operators [39] (see also a survey [38]). Then we intro-
duce a generalization of the Enflo-Starbird function A and of A-narrow operators, and
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we prove two important characterizations of A-narrow operators (Theorems 10.30 and
10.35). In Section 10.5 we present classical theorems that we use. The main result
(Theorems 10.40 and 10.41) is proved in Section 10.7. Section 10.8 is devoted to gen-
eralizations of results from Sections 10.1-10.7 to the setting of lattice-normed spaces
which are a generalization of vector lattices. In Section 10.9 we present a generaliza-
tion of a result of Flores and Ruiz [39] which gives a partial positive answer to Open
problem 2.7, cf. also Open problem 7.1(b), for regular operators. Recall that another,
incomparable, partial answer to this problem was presented in Section 9.5.

Most of the material presented here, was obtained in [93], except for Sections 10.8
and 10.9, which are based on work by Pliev [111] and Flores and Ruiz [39], respec-
tively.

In this chapter we consider real spaces only.

10.1 Two definitions of a narrow operator on vector lattices

We introduce two notions of a narrow operator depending on whether the range space
is a Banach space or a vector lattice.

Narrow operators acting from vector lattices to Banach spaces

Definition 10.1. Let £ be an atomless Dedekind complete vector lattice and let X be
a Banach space. Amap f : E — X is called

e narrow, if for every x € E™ and every & > 0 there exists y € E such that |y| = x
and [| fF(y) <&

e strictly narrow, if for every x € E™ there exists y € E such that |y| = x and

f(y)=0.

This definition can be applied also to nonlinear maps. Nevertheless, our interest in
nonlinear maps will be reduced to an auxiliary result (Lemma 10.22) used to prove that
AM-compact order-to-norm continuous operators are narrow. Like in the definition
of a narrow operator on a Kothe space, there is no need to restrict to the atomless case
in these definitions, but evidently, a narrow map must send atoms to zero.

Proposition 10.2. Let E be a Kothe—Banach space with an absolutely continuous
norm on a finite atomless measure space (2, X, ) and X be a Banach space. For an
operator T € L(E, X) Definitions 1.5 and 10.1 of a narrow operator (resp., strictly
narrow operator) are equivalent.

Proof. Clearly, only one implication needs a proof (by Proposition 1.9, the condition
I o X dp = 0 can be equivalently removed from Definition 1.5). Let 7" satisfy Defini-
tion 1.5. Fix any x € E* and & > 0. By the absolute continuity of the norm, the linear
space of simple functions is dense in E (see Proposition 2.10). Thus, there exists a
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simple function u = Y 7, ax 14, with Q = | [/, A;, Ay € T and a; # 0 for each
k < m,sothat |[x—u| <e&/@2||T|) (ifa; = 0forsome j < m then we can “perturb”
aj # 0 alittle so the condition |[x — u|| < &/(2|T'||) remains true; on the other hand
we can assume that 7 # 0 because otherwise there is nothing to prove). Using Defi-
nition 1.5, we decompose Ay = A U A} so that A}, A} € ¥ and 17 (g, —Lap)ll <
smian]- Lety = x- Yh=1(y, —1g) and v = 373 ag(ly, — 1gy). Since
|y —v| = |x —u| ae., we have ||y —v| = ||x —u| < &/Q||T||). Observe that
|y] = x and

m
&
ITyl = W7ol + Ty = vl < Y lal [T (L, = Lag) [ + 5 <.
k=1

The equivalence of the definitions of strictly narrow operators is proved in a similar
way. O

We do not know whether the absolute continuity of the norm is essential in Propo-
sition 10.2.

Open problem 10.3. Are Definitions 1.5 and 10.1 equivalent for every Kothe—Ba-
nach space E on a finite atomless measure space, and every Banach space X? What
if £ = Loo?

As explained in the introduction to this chapter, the main problem that we consider
is the following.

Problem 10.4. Let E, F be Dedekind complete vector lattices with E atomless. Is
the set N, (E, F) of all narrow regular operators a band in the vector lattice L, (E, F)
of all regular linear operators from E to F'?

It is our goal to prove that Problem 10.4 has a positive answer in most natural spaces
(Theorem 10.40 below). However, in general, Problem 10.4 has a negative answer, as
the following result shows.

Theorem 10.5. The set Ny (Loo) of all narrow regular operators on Lo is not a band
in the vector lattice Ly (Lso) of all regular linear operators on L.

Proof. Enumerate by (J,)52; the set of all intervals from [0, 1] with rational end-
points. Note that for any measurable set A C [0, 1], there exists an n € N such that
w(Jn \ A) < % 1 (Jyn) (we can consider any sequence (J,)52 ; with this property in-
stead of the intervals with rational endpoints). For each n € N, we define an operator
T, € £(Loo) as follows: Tp,x = (ﬁfh X du) | PN

n¥i’n
Obviously, for each n € N the sum S, = Y ;_; T is a narrow positive operator.

We will show that the pointwise limit (in the sense of the convergence a.e.) operator
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Tx = limy—oo SpX = Y vy TuX, X € Lo is not narrow, while T = \/;=; Sy
(in fact, one can show also that 7 = \/y—, T,,). These two facts together imply that
Ny (Lso) is not a band.

Let us see that 7' is not narrow. Indeed, fix any y € Lo with |y(¢)] = 1 a.e. on
[0, 1]. Then, at least, one of the sets A = {t € [0, 1] : y(t) = 1} or B = [0, 1]\ 4 is of
positive measure, say, ;t(A4) > 0. Choose an integer n so that u(J, \ 4) < % w(Jn).
Then

/ ydp =/ ydu+/ ydp = pu(Jn N A) — u(JJn \ A)
Jn JuNA Jn\A

_ 2u(Jn) _ pu(Jn)
3 3

=pu(Jn) =2u(Jn \ 4A) > u(Jn)

Therefore,

T —( ! d)1 .
"= w(Jn) Jny A =

and hence, |Ty[| = [Tay| = 1/3.
The proof of the equality 7" = \/f;o:l Sy is a standard technical exercise. Indeed,
observe first that foreveryn € N and x € L, we have S, x = (Tx)'l(ﬁ,l]' Hence,

Sp < T for each n. Assume that S,, < § for each n and some S € L,(Ls). Then
for each 1, each x € L} and almost all 7 € (nl?, 1] we have (T'x)(t) = (Spx)(t) <
(Sx)(¢). By arbitrariness of n € N, we obtain 7x < Sx, and by arbitrariness of
xeL;"o,TfS.Thus,Tz\/ZozlSn. O

Order narrow operators acting between vector lattices

Next we introduce a notion of a narrow operator for the case when the range space is
a vector lattice.

Definition 10.6. Let £, F be vector lattices with E atomless. A linear operator 7 :
E — F is called order narrow if for every x € E™ there exists a net (xg) in E such

o
that |xy| = x for each , and T x4 — O.

For most cases this notion is equivalent to Definition 10.1, but in general the defi-
nitions are distinct as Example 10.8 below shows.

Proposition 10.7. Let E be an atomless vector lattice and F be a Banach lattice.
Then each narrow linear operator T : E — F is order narrow.

Proof. If |x,| = x and ||T x,|| < 27" then one can show that 7 x, > 0. Indeed, for
Zn = Y pen | TXk| we have that |Tx,| < z, | 0. O

However, the converse is not true in general.
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Example 10.8. There exists an order narrow positive operator 7 € £(Leo) that is
not narrow.

Proof. We show that the nonnarrow operator 7' constructed in the proof of The-
orem 10.5 is order narrow. Fix any x € Lg'o and n € N. Define an operator
Uy : Ly — (] by setting U,z = (fjlz-xdu,...,fjnz'xdu) forall z € L.
By Theorem 2.15, U, is strictly narrow. So, there exists a sign y, on [0, 1] so that
Unyn = 0. Since |yn| = 1jo,13, for x, = yn - x we have |x,| = x and Syx, = 0,
where the operator S, is defined in the proof of Theorem 10.5. Hence,

Txn=(Txn)-1( . 1]+(Txn)-1[0 1 ]

n—+1° > n+1

=S¥+ (Tx) - Apy 4 7= (Txn) 1 47

n—+1 > n+1

In particular, 7' x, — Oa.e.on [0, 1]. Since (7 x;) is order bounded (more precisely,
—1 < Txp(¢) <1 for almost all ¢ € [0, 1]), by Proposition 1.18, T x;, >0. |

Nevertheless, for operators with values in order continuous Banach lattices the two
notions of a narrow operator coincide. Recall that a Banach lattice E is called order
continuous if for each net (xq) in E the condition x4 | O implies that || xy| — O.

Note that in this case the condition x, > 0also implies that ||xy| — O.

Proposition 10.9. Let E be an atomless vector lattice and F be an order continuous
Banach lattice. Then a linear operator T : E — F is order narrow if and only if it is
narrow.

Proof. Let T € L(E, F) be order narrow. Given x € E ™, let (x4) be a net in E such

that |xy| = x for each @ and T xy 2. By the order continuity of Banach lattice F,
IT xq|| = 0, and thus T is narrow. By Proposition 10.7, this ends the proof. m]

A surprising fact about Definition 10.6 is that it does depend on the stated range
space and it may happen that the same operator is order narrow when considered as
an operator into G, but not, when considered as an operator into F for some F which
contains G. Indeed, let (e,) be any orthonormal basis of L, and let (k) be any
normalized sequence of disjoint elements in L, such that ||4,]|z, < 27". Consider
the into isomorphism T of L, such that Te, = h,. As an isomorphic embedding,
T : L, — L cannot be narrow (= order narrow). Nevertheless, T : L, — L is
compact and hence, narrow. However this cannot happen for regular operators.

Proposition 10.10. Let E, F, G be vector lattices such that E is atomless and F is
an ideal of G. If a linear operator T : E — F is order narrow then T : E — G
is order narrow as well. Conversely, if a regular linear operator T : E — F is such
that T : E — G is order narrow then sois T : E — F.
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Proof. The first part is trivial. Let T : £ — F be a regular operator such that
T : E — G is order narrow. Given any x € ET, we choose a net (xg) in E so
that |xo| = x and T'xy > 0, that is, |Txq| < yo 4 O for some net (y4) in G. By
regularity of 7" we have that |Txy| < |T||xq| = |T|x and hence |Txy| < z4 | O
where|T|xAya:zaeF.Thus,Txa—())OinF. O

We reformulate our main Problem 10.4 for order narrow operators.

Problem 10.11. Let E, F be Dedekind complete vector lattices with E atomless.
Is the set NP (E, F) of all regular order narrow operators from £ to F, a band in
L (E, F)?

We remark that Theorem 10.5 does not provide a counterexample to this problem
(cf. Example 10.8).

10.2 AM-compact order-to-norm continuous operators are
narrow

By Proposition 2.1, every AM-compact operator T € £(FE, X) from a Kothe F-
space E with an absolutely continuous norm on the unit to an F-space X is narrow.
This is not true in general, when E is an atomless Dedekind complete vector lattice
and X is a Banach space.

Example 10.12. There exists a bounded linear functional f : Lo, — R which is
AM-compact but not narrow.

Proof. Denote by 8 the Boolean algebra of the Borel subsets of [0, 1] equal up to a
set of measure zero. Let U be any ultrafilter on B in the sense of [48, p. 72]. Then
the linear functional fq; : £ — R defined by

, 1
Ju(x) =/}1§% m/Axdu

is bounded and AM-compact (a subset of L, is order bounded if and only if it is
norm bounded, hence, AM-compact operators defined on L, are exactly compact
operators). However fq; is not narrow. Indeed, for every sign x = 14 — 1p we have
fau(x) = £1 depending of whether A € U or B € U. |

The reason why some AM-compact operators on L, are not narrow is explained
by the following important additional property.

Definition 10.13. Let £ be a vector lattice and X be a Banach space. Amap f : £ —
X is said to be order-to-norm continuous whenever it sends order convergent nets in £
to norm convergent nets in X . The term f is called order-to-norm o-continuous if f
sends order convergent sequences in E to norm convergent sequences in X .
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Observe that the functional fq; from Example 10.12 is not order-to-norm contin-
uous. Indeed, consider a nested sequence (A4,) of members of U with u(A4,) — 0.
Then 14, | 0, however f(14,) = 1 foreachn € N.

For more details on order-to-norm continuous operators defined on L, see Section
11.4.

Proposition 10.14. Let E be a Banach lattice and X be a Banach space. Then every
AM-compact linear operator T : E — X is bounded.

Proof. Suppose that T is unbounded. Then there exists a sequence (x,) in £ with
X2 ]| < 27" and ||Txn|| — oco. Since (xp) is order bounded by x = Y 2| |xp|, the
sequence (T x,) must be relatively compact, which is a contradiction. m|

The following statement follows directly from the definitions.

Proposition 10.15. Let E be an order continuous Banach lattice and X be a Banach
space. Then every linear bounded operator T € L(E, X) is order-to-norm continu-
ous.

Propositions 10.14 and 10.15 imply the following statement.

Corollary 10.16. Let E be an order continuous Banach lattice and X be a Banach
space. Then each AM-compact linear operator T : E — X is order-to-norm contin-
uous.

The main result of this section is the following theorem.

Theorem 10.17. Let E be an atomless Dedekind complete vector lattice and X be
a Banach space. Then every AM-compact order-to-norm continuous linear operator
T : E — X is narrow.

This lattice analog of Proposition 2.1 has an involved proof. First we mention a
partial case of Theorem 10.17 which is of independent interest.

Corollary 10.18. Ler (2, X, t) be an atomless measure space and X be a Banach
space. Then every AM-compact order-to-norm continuous linear operator T from
Loo() to X is narrow.

In Section 11.4 we show a different short proof of Corollary 10.18 (Theorem 11.50).
Theorem 10.17 and Corollary 10.16 imply the following statement.

Corollary 10.19. Let E be an atomless order continuous Banach lattice and X be a
Banach space. Then every AM-compact linear operator T : E — X is narrow.

For the proof of Theorem 10.17 we need a number of lemmas, first of which is well
known [52, p. 14].



236 Chapter 10 Narrow operators on vector lattices

Lemma 10.20 (On rounding off coefficients). Let (x;)7_, be a finite sequence of
vectors in a finite dimensional normed space X and (A;)}_, be reals with0 < A; < 1
for each i. Then there exists a sequence (0;);_ of numbers 0; € {0, 1} such that

HXn:(M — 0i) xi

i=1

dim X
2

=

max ;|

For the rest of this section, £, X and T will mean the same as in Theorem 10.17.

Lemma 10.21. If x € E*, |x,| < x and xnL X, for all integers n # m then
limy, | Tx,| = 0.

Proof. Without loss of generality, we assume that all x,, > 0. Since E is Dedekind
complete, the sequence s, =Y p_; Xk = /- Xk order converges to s =\/pw Xk-
The order-to-norm continuity of 7 implies that 7's, = Y z_; T'xg converges to T's

in X. The series convergence yields that lim, |7 x,|| = 0. O

Lemma 10.22. Themap f : E — R given by f(x) = |T(xT)||—= T (x7)| for each
x € E is strictly narrow. (Note that this map is not linear:)

Proof. Fix any x € E*. If f(x) = 0 then there is nothing to prove. Let f(x) > 0.
Consider the partially ordered set A = {y C x : f(x —2y) > 0} where y; < y; if
and only if y; C y,. If B C A is a chain then y* = sup B € A by the order-to-norm
continuity of 7" and, hence, of f. By the Zorn lemma, there is a maximal element
yo € A. Observe thatif y C x then (x —2y)™ = x—y and (x —2y)~ = y. We claim
that f(x —2yg) = 0. Suppose on the contrary, that § = f(x—2y0) = |T(x—yo)|—
ITyo]l > 0. Since E is atomless, by Lemma 10.21, there exists a further fragment
0 # y C (x — yo) with || Ty|| < §/3. On the other hand, yo +y = (yo VvV y) C x and

fx =200+ ) =IT(x =y =yoll = IIT(yo + y)l

)
= 1T =yo)l =TI =1 Tyoll = IT¥ ] > 5.

which contradicts the maximality of yg. O
Lemma 10.23. Let x € E™ and (x,) be a disjoint tree on x. If | T x2n || = | T X2n+1||
foralln > 1, then limy_, o maXok <; pk+1 || Tx; || = 0.

Proof. Set 8 = maxyk o pk+1 |Txi|| and & = limsupy_, o, 6. Suppose on the
contrary that ¢ > 0. For eachn € N we set

&y = likrrl)solip zkir,nj;k+l HT(x,- A Xp) || )
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Note that if x; A x;, > 0 and i > n then x; A x, = Xx;. Therefore

&n = limsup max || T x; || .
k—oo 2K<i<2k+l x,Cx,

Thus, for each k € N we have

max & =¢. (10.1)
2k <j<2k+1

We construct recursively an orthogonal subsequence (xp; 7= such that I Txn; | =
/2, that will give the contradiction with Lemma 10.21. At the first step we choose k
so that maxX,x, _; ,«;+1 |Tx;|| > ¢/2. By (10.1) we choose i1, 2kt <y < 2kitl
so that &, = ¢. Since | Tx2,]| = | Tx2n+1ll, we choose ny # iy, 2K1 < ny < 21 +1
so that | Txp, || > /2.

At the second step we choose k > k1 so that max,k, o; ok +1 [|T(xi A x3))| >
e/2. By (10.1) we choose iy, k2 < i) < 2k2+1 g4 that €i, = &. Then we choose
ny # iz, 2K2 < ny < 22% 1 g0 that | Txp, || > €/2.

Continuing this procedure, we choose the desired sequence. Indeed, || T'xy; || > /2
by the construction, and the orthogonality is guaranteed by the condition n; # ij,
since the elements x;, +m are components of x; , which are orthogonal to x, . O

Lemma 10.24. Ifd = dim X < oo, then T is narrow.

Proof. Fix any x € E* and & > 0. Using Lemma 10.22, we construct recursively a

disjoint tree (x,) on x with |Tx2,| = ||Tx25+1]| foralln > 1. By Lemma 10.23,
there exists k so that d -8 < & where 8 = maxyk<; <pk+1 || TX;]|. By Lemma 10.20,
there exist numbers 6; € {0, 1} fori = 2k .. 2k+t1 _1 50 that
k+1_
T 1 d d £
H Z (——Gi)Txi‘f— max ||Txi||=—8k<—.
2 2 ok<j<2k+l 2 2
i=2k -
2k+1—1 1
Lety =2) 7 o« (5—0;)x;. Then|y| = x and | Ty|| <e. |

Lemma 10.25. For any set I' the Banach space E = oo (T") has the approximation
property, that is, for every relatively compact subset K of E and every ¢ > 0 there
exists a finite rank operator S € £(E) such that |x — Sx|| < e for each x € K.

We remark that the approximation property for classical spaces like C(K) (one can
consider £ o (I') as C(K) for a suitable compact K) was proved by Grothendieck [46].
The reader can find other proofs of the AP for C(K), described in [135, p. 718]. We
provide a short sketch presented to us by V. Kadets.
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Sketch of proof of Lemma 10.25. Since the set of values of any element x € E be-
longs to the segment [—||x||, [|x||] (or to the closed disk of the complex plane C of
radius ||x|)), which is compact, the set of all finite valued elements of E is dense in E.
The main technical observation here is that every finite dimensional subspace F of E
is contained in a finite dimensional subspace G of E which is 1-complemented in £
and isometrically isomorphic to ﬁggmG. Thus for every compact set K in E and every
& > 0 there exists a finite dimensional subspace G 1-complemented in E and such
that K C {x € £ : (3g € G)(]]x — gl < ¢€)}. Then the contractive projection S
from E onto G satisfies the desired property. O

Proof of Theorem 10.17. Without loss of generality, we may consider X as a subspace
of some £ (I") space (we write C in the sense of the obvious isometric embeddings) :

X CX™ Cloo(Bx+) =Lleo(l) = Z .

Fix any x € ET\ {0} and ¢ > 0. Since 7 is AM-compact, K = {Ty : |y| <
x} is relatively compact in X, and hence, in Z. By Lemma 10.25, there exists a
finite rank operator S € £(Z) such that ||z — Sz| < &/2 for each z € K. Then
U =SoT :E — Zis an order-to-norm continuous finite dimensional operator.
Choose by Lemma 10.24 an element y € E so that |y| = x and ||Uy| < &/2. Then
ITyl = 1UYI + 1Ty =S Tyl < 5 + 5 ==& O

10.3 T is narrow if and only if | T | is narrow

In this section we prove that the question whether a regular operator is order narrow
can be reduced to the same question for a positive operator. This is an important tool
for our further work.

Theorem 10.26. Let E, F be Dedekind complete vector lattices such that E is atom-
less and F is an ideal of some order continuous Banach lattice. Then, every order
continuous regular operator T : E — F is order narrow if and only if |T | is.

Proof. First we prove the theorem for F/ = L (u). By Proposition 10.9, instead of
order narrowness we will consider narrowness. Fix any x € E* and ¢ > 0. Since
O %=1 |Txi| : x = | lf=q1 *k» Xx € ET, n € N} is an increasing net, by (1.4)
and the order continuity of L;(u) there exists a finite collection (xg)y_, C E * so
that

n n
X = I_lxk and H|T|x—Z|Txk|H <e. (10.2)
k=1 k=1
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Now we make a general remark which will be used in the proof of both implica-
tions. Let x; = yx U zx be any decomposition. Note that we have

n n

0<|T|x=> (ITyel + |Tzi|) < |T|x =Y |Txil. (10.3)
k=1 k=1

Since |T| yx — |Tyx| and |T'| zy — |T zj | are positive elements of L (u), the sum

of their norms equals the norm of their sum. Thus, using (10.2) and (10.3), we obtain

n

SO (71 vk = 1Tl | + 171z = 1721 )

k=1

" n (10.4)
= |11 = S0l + 1Tz | < |iT1e = Y Tl | <
= k=1
Suppose now that 7" is narrow. Foreachk = 1,...,n, we decompose x; = y Llzg

sothat yg,zx € ET and | Ty — Tzl < e/n. Lety = | |j—; vk and z = | |f_; -
By (10.4) we get

n
N1y =TIz < Y 1T 1k — 1Tz |

k=1
n n
< Z NTyel = 1Tz || +Z(”|T|yk — Tyl |+ 1Tz — 1T z)
k=1 k=1
n
by(%OA) Z” Tyr — Tzx H +e<2e.
k=1

By arbitrariness of x € E™ and & > 0, this proves that |T| is narrow.

Now suppose that |T'| is narrow. Fix any x € E™ and & > 0 and let (¥x)p—; C ET
be a finite collection so that (10.2) holds. For each k = 1,...,n, we decompose
Xk = Vi U zg so that

&
Tl =171z ]| < — (10.5)
andlety = | [f—, yrandz = |} _ .
Since |a — b| + |a + b| = |a| + |b| + ||a| — |b|| for all a, b € R, we have that for
eachu,v € Li(un)
lu =il = [l = Jol|| + Nuell + [0l =l + 0] - (10.6)

Since the Lj-norm of a sum of positive elements equals the sum of their norms,
using the inequality (which follows from (1.4)) | Y7 _; (| Tye| + [Tz DIl < 1T x|,
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and putting u = Ty and v = Tz in (10.6), we obtain

n
1Ty =Tzl < Y | Ty — Tz
k=1

n n n
= SNl = 1Tzl | + | 22 (7wl + 1T zel)| = [ D2 17|
k=1 k=1 k=1

n

< ST~ 171z + S (T~ 170l |+ 12— (T2l )

T Hkimk\” |

Finally, using the above estimate, (10.5), (10.4) and the fact that

Ii71x] - H?WH - H|T|x_§|m|” <,

by (10.2), we obtain that |7y — Tz|| < &+ ¢+ ¢ = 3e. Since x = y LI z, this proves
that 7" is narrow.

Now we consider the general case. Since F is an ideal of some order continuous
Banach lattice G, we have by Proposition 10.10 that 7 : E — F is order narrow if
andonly it T : E — G is, and likewise, |T'| : E — F is order narrow if and only if
|T|: E— G is.

We consider 7, |T| : E — G. Fixany x € E, x > 0. Let E; and G; be the
principal bands in £ and G generated by x and |T'| x, respectively. Let T7 be the
restriction of 7" to Ej. Evidently, |T;| coincides with the restriction of |T'| to Ej.
Note that G, is an order continuous Banach lattice with the weak unit |7'|x. Thus,
by [80, Theorem 1.b.14], there exists a probability space (2, X, u) and an ideal G,
of Li(px) so that Gy is lattice isomorphic to G,. Let J : G; — G3 be a lattice
isomorphism. Let 7, = J o Ty. Obviously, |T2| = J o |T]|. Since J is a lattice
isomorphism, the order narrowness of 77 is equivalent to that of 7>, and the same
for |T1| and |T2|. By Proposition 10.10, 7> : E; — G5 is order narrow if and
only if 75 : E1 — Li(p) is order narrow, and likewise, |T>| : E1 — G» is order
narrow if and only if |73| : E; — Lq(u) is order narrow. Since E7 is an atomless
Dedekind complete vector lattice, we have already proved the theorem for the operator
T» : E1 — L1(u). Thus T5 is order narrow if and only if | 72| is order narrow.

Suppose now that T : E — G is order narrow. Fix any x € E, x > 0. Since 7
(the definition of which depends on x) is order narrow as well, so is 7> and hence

|T>|. Thus, there exists a net (xy) in £ with |xo| = x and |T3| xy > 0. Therefore,

|T1]| X > 0 and hence |T| o > 0. By arbitrariness of x, |T| : E — G is order
narrow. Analogously, if |T'| : E — G is order narrow, sois T : E — G. O
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Proposition 10.9 together with Theorem 10.26 imply the following result.

Corollary 10.27. Let E be an atomless Dedekind complete vector lattice and F be
an order continuous Banach lattice. Then, every order continuous regular operator
T : E — F is narrow if and only if |T| is narrow.

10.4 The Enflo-Starbird function and A -narrow operators

In this section we introduce a generalization of the Enflo-Starbird function A and
of the notion of A-narrow operators which were studied in Section 7.2 for operators
on L. These notions will allow us to prove a characterization of positive order narrow
operators, which is an important ingredient of the proofs of our main results.

Let E be a vector lattice and x € ET. We denote by I, the system of all finite
sets 7 C E™ such that x = | |, u. For /. n"" € Tl we write 7’ < " provided
for each u € ' there is a subset 7r;, C 7" such that u = | |, ¢, v. Surely, Iy is a
directed set.

Let E, F be vector lattices with F' Dedekind complete, and 7 : E — F be a linear
operator. We define the Enflo-Starbird function A7 : ET — F 7 as follows:

)=\ \/ ITul. (10.7)

rwell, Uem

Since F is Dedekind complete, A7 is correctly defined.

Definition 10.28. Let £, F' be Dedekind complete vector lattices with £ atomless. A
linear operator 7 : E — F is called A-narrow if A7 = 0.

Here 0 denotes the zero function. Obviously, if T is regular then A7 (x) < A|7|(x)
for each x € E™, hence if | T'| is A-narrow then so is 7.
The following result is an analog of Proposition 10.10 for A-narrow operators.

Proposition 10.29. Let E, F, G be vector lattices such that E is atomless and F is
an ideal of G. A linear operator T : E — F is A-narrow if and only if T : E — G
is A-narrow.

Proof. Fix any x € ET and set Ay = \/,,c, |Tu| for each = € TIx. By (10.7),
A7 (x) = infrem, Ax. Since F is an ideal of G, we have that infrerp Az = 0in F
if and only if infrepp, Az = 0in G. m|

Theorem 10.30. Let E, F be Dedekind complete vector lattices such that E is atom-
less and F is an ideal of some order continuous Banach lattice. Then a positive
operator T : E — F is A-narrow if and only if it is order narrow.
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Proof. By Propositions 10.10 and 10.29, without loss of generality we assume that F
is an order continuous Banach lattice. Moreover, by Proposition 10.9, instead of order
narrowness we will consider narrowness of 7.

Suppose first that 7 > 0 is narrow. We show that 7' is A-narrow. Fix x € E™*
and ¢ > 0. It is enough to prove that there is a partition (x;)7" € ITy of x with
| /7L, Txi|| < e. First choose n so that 27"||T x| < &/2. Using the definition of
a narrow operator n times, we find a partition (xi)%n € Il of x such that | Tx; —
27" Tx| < 27" Le. Note that

2N Tx
— = Tx,f——Tx1<Z‘——Tx,.

i=1 i=1

On the other hand, fori = 1,...,2",

(10.8)

Txi = %+(Txi—2>< B_;_Z‘Q_ij),

Therefore

and hence

2)‘[ 2"
Tx T x
V-5 = X]5 -] < 3
= i=1
Thus, we obtain

2 2" £ e
V] =|Vra- S|+ ] 5] <5+5 =2
i=1 i=1

as claimed.

Suppose now that 7" > 0 is A-narrow and 7' # 0. We shall prove that 7' is nar-
row. As in the proof of Theorem 10.26, we consider the case when F = L(u) (the
general case can be reduced to this one exactly like we did it in the proof of Theo-
rem 10.26). Fix any x € E™T and ¢ > 0. By positivity of 7', the net (\/,c; T%)rer,
is decreasing. Thus, we can write

Ar(x) = 11m \/ Tu=0.

Yuem
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Since F is order continuous, there exists a 7 = (x;)3" € I1y with

&2
«= V7] <
\/ = 20T
Let z; = Tx; fori = 1,...,2n. Note that K = Zl_l lzill = |ITx||. By
Lemma 7.50, there exists a permutation 7 : {l,...,2n} — {1,...,2n} such that
[ 21_1( D'zl < V20K < e Lety = Zizil(—l)’xr(i). Then |y| = x and
|Ty| < e, and hence T is narrow. |

10.5 Classical theorems

In this section we present classical results which we will need later.

Order dense sublattices

Recall that a sublattice G of a vector lattice E is called order dense in E if for each
0 < x € E thereexists y € G with0 < y < x. Let E be a vector lattice and
e € ET. We denote by €., the Boolean algebra of all components x = e and by x|,
the band projection of an element x € E to the band Band{e} generated by e. By [6,
Theorem 3.13],if x,e € E™ then x|, = \/oe, (x Ane) € €.

Lemma 10.31. Let E be a Dedekind complete vector lattice. Then for each e €
E™ the linear subspace G = span'€, is an order dense sublattice of Band{e}. In
particular, {y € GT : y < x} 1 x holds for all x € Band{e}™.

Proof. First we prove the following claim.

Givenany 0 < x < e € E, there exist a fragment 0 < e’ C e of e and
m € N such that e’ < mx.

Let x; = lle —x fori = 1,2,.... Since E is Archimedean, x; | —x and hence

x,, # 0 for some m € N. We show that the order projection given by ¢’ = e[y =
\/Zo=1 (e A nx,,) is the desired fragment of e. First we prove that ¢/ # 0. Observe
that x,, < |xm| < %e + x < 2eand x,, A2e < 2(x,, Ae). Hence,
1 1 1
e >enx, > E(x; A2e) > E(x;/\x,;) = Ex;’ >0.
Thus, ¢’ > 0 is established.

Now we prove that ¢/ < mx. To do this, we show that e A nx,, < mx for each
n € N. Indeed,

e Anx, —mx = (e —mx) A (nx,, —mx)

+

< mxm A nx, <mx, Anx, =0,

which ends the proof of the claim.
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Now let 0 < y € Band{e}. By [6, Remark after Theorem 3.13], y A ne 1 y and
hence there exists » € N such that x = (%y) Ae > 0. Since 0 < x < e, by the
claim, there exists a fragment 0 < ¢’ C e and an integer m so that % e’ < x. This
means that 7 e’ <y Ane < y. Thus, G is order dense in Band{e}. By [6, Theorem
3.1],{y € G : y < x} 1 x holds for all x € Band{e}™. O

Monteiro’s theorem on the extension of Boolean homomorphisms

We need to extend a Boolean homomorphism which is estimated from above by a
given suprema-preserving map, from a subalgebra to the entire algebra. The first the-
orem of this kind was obtained by Sikorski [133] but without preserving the upper
estimate. The version we need is a kind of a Hahn—Banach extension theorem which
is due to Monteiro [99]. There are various proofs of slightly different versions of Mon-
teiro’s theorem in the literature (see, e.g. [12, 23, 93]). In our proof we follow [93].

Definition 10.32. Let X, Y be lattices (not necessarily vector spaces). A map ¢ :
X — Y is called

o V-preserving if p(x vV y) = ¢o(x) v (y) forall x,y € E;
o A-preserving if (x A y) = ¢(x) Ap(y) forall x,y € E;
e a lattice homomorphism provided it is both V-preserving and A-preserving.

If, moreover, X and Y are Boolean algebras then in each of the above definitions
we additionally require that ¢(0y) = Oy and ¢(1x) = 1y (here Ox = min X, 1y =
max X, Oy = minY, 1y = maxY). In this case we insert the word “Boolean”: a
Boolean \/-preserving map; a Boolean N-preserving map; a Boolean homomorphism.

Theorem 10.33 (Monteiro’s theorem). Let X,Y be Boolean algebras with Y Dede-
kind complete, Xo a Boolean subalgebra of X, and ¢ : X — Y be a Boolean V-
preserving map. Then every Boolean homomorphism Vg : Xo — Y with ¥o(x) <
@(x) for each x € X¢ can be extended to a Boolean homomorphism ¥ : X — Y with
Y(x) < p(x) foreach x € X.

Proof. First we prove that ¥ can be extended by one step, i.e. assume that X is the
minimal Boolean algebra containing Xo LI {xo}, where xo ¢ Xo. In this case each
x € X is of the form x = (y A xo) V (z \ xo) where y,z € Xj. Let

n

Hoz{nz(xl,...,xn): neN, x; € Xg, 1y = I_lxi},

i=1

and foreach w € TIg set y; = \/ e (Yo (x) Ap(x Axo)) and y; = Ve, Wo(x)\
o(x\ xo)). ‘We show that y; | and y; 1. Indeed, let 7’ > 7, that is, for each x € 7
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o / — /
there exists a subset 77y © 7 such that x = \/ /¢, X". Then

yi = \/(wo( \/ x/)/\<p(\/ x//\xo)>

XEm x/'en’ x’en’,

=V (V %) r V o' axo)
XET x'emh x/'en’

> \/ \/ Vo(x) A p(x A xo) = \/ (Yo(x') A (X" A x0)) =y,
XET x'ex), x'en’

and analogously, y,; < y_. Since ¢(x A xo) V @(x \ x0) = ¢((x Axo) V (x \ Xo)) =
@(x) > Yo(x) for each x € X, we obtain that Yo (x) \ @(x \ x0) < ¥o(x) A @(x A
x0), and hence y; < yf,. Letyy 1 y~and yJ | y™. Then y~ < y*.

Let yo € Y be any element with y~ < yg < y ™. Foreach x = (x1Axg)V (x2AXp)
with x1, x2 € Xo we set

¥ (x) = (Yo(x1) A yo) V (Yo(x2) \ yo) .

We show that v is the desired extension. First note that if x’ < x¢ < x” where
x’,x" € Xy then for the partitions 7’ = {x’,x’“} and 7" = {x”, x" °} from IT we
have y_, < yo < y;{/,. Therefore

vo <yt = (Yo(x") A o(x" A x0)) vV (Yo(x" ) A o(x" € A xp))
= Yo(x") A p(x" A x0) = Yo(x")

and
yo = yp = (Vo(x)\ ¢(x"\ x0)) v (Yo(x" ) \ o(x"“\ xo))
> Yo(x') \ o(x"\ x0) = Yo(x').
Thus,
V' v <yw=s A v
xo>x"€Xo xo<x"€Xp

Using the same arguments as in the proof of Sikorski’s theorem on extensions of
homomorphisms [134, Section 33], we see that ¢ is a homomorphism, and v (x) does
not depend on the choice of x1,x3 € X¢ such that x = (x1 A xg) V (x2 \ Xxp). In
particular, if x € X then

Y(x) = Yo((x Axo) vV (x\ x0)) = (Vo(x) A yo) Vv (Yolx)\ yo) = vo(x) .

It has yet to be proved that ¥ (x) < ¢(x) for each x € X. Fix any x1,x2 € X
such that x = (x1 A xo) V (x2 \ xo). Then ¥/ (x) = (Yo(x1) A yo) V (Yo (x2) \ yo).
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Consider the partitions 7; = {x;,x{},7 = 1,2. Since ¥o(x1) A Yo(x]) = Ox, we
obtain that

Yo(x1) A yo < Yo(x1) A i,
= vole) A (olr) A g Ax)) v (Vo(x§) A @(x§ A x0)))
= Yo(x1) A @(x1 AXo) < @(x1 A Xp).

Analogously,

Vo(x2) \ yo < Vo(x2) \ ¥y,

= Vo) \ ((¥olx2) \ @lx2 \ x0) v (o(x5) \ 9(x5 A x0))

< Yo(x2) \ (l/fo(xz) \ p(x2\ Xo))

= Yo(x2) A @(x2 \ xo) < ¢(x2 \ Xo).
Thus,

V(x) = (Wo(xl) A yo) v (%(Xz) A yo) < o(x1 Ax0) V @(x2\ x0)

= ¢((x1 Axo) V @(x2\ x0)) = @(x).

We now consider the general case. Let ¢ be the set of all extensions 4 : X, — Y
such that X D X is a subalgebra of X and % is a homomorphism with 2 < ¢. We
set i’ < h”if X’ € X" and h'’|x, = h’. Since J is partially ordered, by Zorn’s
Lemma, there exists a maximal element {» € 4. By the above arguments, concerning
an extension by one step, Xy, = X. Thus, v is the desired extension of . O

10.6 Pseudonarrow operators are exactly
A-narrow operators

The following characterization is an analog of Theorem 7.45, and connects the notions
of pseudonarrow (recall Definition 1.32) and A-narrow operators.

Since we already know that an operator 7 is narrow if and only if | 7| is (see Theo-
rem 10.26), and since the same is evidently true for pseudonarrow operators, it suffices
to prove the main result of the section for positive operators only.

Theorem 10.34. Let E, F be Dedekind complete vector lattices with E atomless. If
a positive operator T : E — F is A-narrow then it is pseudonarrow.

Proof. Suppose that T is not pseudonarrow. Let 0 < § < T bead.p.o.and x € E*
be such that Sx > 0. Then for each representation x = |_[{_, x; we have

n n n
Sx = I_lek: \/Sxk§ \/Txk,
k=1 k=1 k=1

which implies that A7 (x) > Sx > 0 and T is not A-narrow. O
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The converse assertion will be proved under the additional assumption of order
continuity of 7.

Theorem 10.35. Let E, F be Dedekind complete vector lattices with E atomless.
Then a positive order continuous operator T : E — F is A-narrow if and only if it is
pseudonarrow.

For the proof we need a number of lemmas.

Lemma 10.36. Let E, F be Dedekind complete vector lattices with E atomless, T €
LT (E, F) be an order continuous operator,e € EY, f € FT™, and ¢ : €, — Cr be
a Boolean homomorphism such that ¥ (x) < T x for each x € €,. Then there exists a
dp.o. S € LY(E,F) suchthat S < T and Sx = vy (x) for each x € €,.

Proof. For each m = (x;)} € I, set Ly = span{x; : i < n}. Note that 7, < m, in
IT, implies L,,l - an . In particular, (L )rem, is a net with respect to the inclusion.
Note that the following linear subspace is a sublattice of £

G = U Ly =span®, .

nell,

For each m = (x;)} € Il., define the linear operator Sy : L, — F which extends
the equality S,x; = ¥ (x;) fori = 1,...,n to L, by linearity. Since 1 is a Boolean
homomorphism on €., we have that if 711 < m, in II,, then Sn ’ L, = S,T Thus, we

can define the following linear operator S:G—>F by setting Sx = limgem, Szx
for x € G. Since 0 <S < T and T is order continuous, S is order continuous on G.
Now we are ready to define an operator S € LT (E, F). For x € E* set

Sx=sup{§y:yeG and 0 <y <«x}.

Sx is defined correctly since the set under the supremum is bounded above by T x.
For the same reason we also have that Sx < Tx forallx € ET.

Obviously, Sx = Sx foreachx € G .

We prove additivity of S on ET. Fix any x,y € ET. Foreach z1,z, € GT with
z1 < x and zp < y we have

S(x+y)>8(z1 +22) =821+ 525

Passing to the supremum in the right-hand side of this inequality, since 0 < z; < x
and 0 < z, <y, we obtain that S(x 4+ y) > Sx + Sy.

To prove the converse inequality, fix any z € GT with z < x + y. Since x|, y|e €
Band{e}, by Lemma 10.31, there exist nets x4, yo € G such that x, 1 x| and
Va T Vle- Letzg = z A (Xxq + Ya). Since z4 < Xq + Yo and all these elements
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belong to the lattice G, by the Riesz decomposition property [6, Theorem 1.9], there
exist nets z, and z)j € G so that zy =z}, + z[J, z}, < xo and z; < yo. Thus

Szq =Szl + Szl < Sxy +Sys < Sx|e + Syle < Sx + Sy.

Since z, 2 zA (x+y) =zand S is order continuous on G as observed above,
Sza > Sz and hence Sz < Sx + Sy. Thus S(x + y) < Sx + Sy and the additivity
of S on ET is proved. By the Kantorovich theorem [6, Theorem 1.7], S uniquely
extends to a positive operator from E to F'.

It remains to prove that S is a d.p.o. Evidently, S = S|G is a d.p.o. Suppose, for
contradiction, that there exist orthogonal x,y € ET withu = Sx A Sy > 0.

We claim that there exists a z; € G1 suchthat z; < x and v = Szy Au > 0. If
not, then for each y € G+ with y < x we obtain that Sy A u = 0. By the definition
of S and distributivity (see [129, p. 52]), we have that u = Sx Au = sup{Sy Au :
y € Gand 0 < y < x} = 0, which is a contradiction. Analogously, there exists a
zp € G such that z, < yand w = Sz Av > 0. Thus, Sz1 A Sz > v A Sz =
w > 0. This is impossible since S|g is a d.p.o. (obviously, z; Az < x Ay =0). O

Definition 10.37. Let X, Y be lattices (not necessarily vector spaces). A map f :
X — Y iscalled a lattice antihomomorphism if for eachu, v € X we have f(uvv) =

J@) A f(v)and f(uAv) = f(u) Vv f(v).

Lemma 10.38. Let E be a Dedekind complete vector lattice, e € E +. Then the
formula 1¢(x) = e — e|(,_y)+ defines a lattice homomorphism 1, : E T — €, such
that 1,(x) < x forall x € ET,1,(0) = 0 and 1,(e) = e.

Proof. The last two equalities are obvious. Since e = et > (e — x)+, we have that
ele—x)+ = (e —x)+|(e_x)+ =(e—x)T >e—x. Thus, x > e —el(e—x)+ = le(x).
Since the maps x — x* and x — x + e are lattice homomorphisms and x — —x is
a lattice antthomomorphism, it remains to show that the map 0 < x — e|y is a lattice
homomorphism. By distributivity of E, one has

3

elxvy = <7 (e A (n(x \Y, y))) = \/ ((e A (nx)) \Y, (e A (ny)))

n=1 n=1
o o
= (\/ en (nx)) \Y (\/ en (ny)) =e|x Vely.
n=1 n=1
Since e A (nx) 1 elx, we obtain
elxny = le en(n(xAy) = li)m (e Anx) A (e Any)
n o n o0

= lim (e Anx) A lim (e Any) =e|x Aely.
n—oo n—oo



Section 10.6 Pseudonarrow operators are exactly A-narrow operators 249

Lemma 10.39. Let E, F be vector lattices with F Dedekind complete. Let T :
E = F be a linear operator and e € E™ be such that f = Ar(e) > 0. Then

(p(x) lf (A1 (x)) is a Boolean V-preserving map ¢ : € — €y such that ¢(x) <
IT|x.

Proof. Note that ¢(0) = 17(A7(0)) = 1£(0) = 0 and ¢(e) = 1r(Ar(e))
17(f) = f. Moreover,

p(x) =1, (Ar(0) <Ar) = N\ \/ITul< N\ VIT|u

well, Uem mell, UeEm
< AN ITI\/u= / ITIx=]T|x.
mwelly UEm mwelly

It remains to be shown that ¢ is a V-preserving map. First we show that ¢(x U y)
@(x) V(). Letx,y C e with x L y. Then

Ar(xuy)= lim A \/ |Tu| = lim AV ITu|

well Sr>{x
Y s nouen! xuy S 2{x,} n'>m uem’

= lim /\ \/ |Tu|
welly, telly,

n'>m,t/>t uen’'Ut’

= im_ A (\/|Tu|\/\/|Tv|)

n'>m,t/>1 uen’ vet’
- atm (A m) (A Vo)
welly, telly, ,/>\” u\e{r/ ,/>\t v\e/r’
znleirllll /\ \/ |Tu| v hm /\ \/ |Tv|
n'>mw uen’ />t ver
= A\ VITulv A\ VITvl=2rr(x) Vv Ary).
well, UET tell, Vet

Therefore, ¢(x U y) = le(/\T(x U y)) =1, ()LT(x) \ AT(y))
= 1(Ar () VL (A7(») = ¢(x) V ().

Ifx,y Eeandx < ythen p(y) = ¢((y —x) Ux) = ¢y —x) Vo(x) = ¢(x).
This easily implies that ¢(x VvV y) > ¢(x) VvV ¢(y) for each x, y. Moreover, p(x V y) =
p((x —y)Uy) =9ox —y) Vo) < @) Vo). Thus, o(x v y) = ¢(x) v ¢(y)
forall x,y C e. O

Proof of Theorem 10.35. By Theorem 10.34 we only need to prove that a pseudonar-
row operator is A-narrow. Suppose that 7 is pseudonarrow and is not A-narrow
and e € ET is such that f = Ar(e) > 0. By Lemma 10.39 we construct a
Boolean Vv-preserving map ¢ : € — €y with the corresponding properties. Let
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X =%C., Y =€, Xo ={0,e}, Yo : Xo — Y be the trivial Boolean homomor-
phism (i.e. ¥¢(0) = 0 and yo(e) = f). Evidently, ¥o(x) < ¢(x) for each x € Xj.
By Theorem 10.33, there is a Boolean homomorphism v : €, — €y such that ¥
extends o with ¥ (x) < ¢(x) for all x € €,. By the choice of ¢, we have that
@(x) < Tx forall x € €. Thus, ¥ (x) < Tx for all x € €,. By Lemma 10.36, there
existsad.p.o. S : E — Fsuchthat0 < S < T and Sx = ¢ (x) forall x € €. In
particular, Se = ¥ (e) = Yo(e) = f > 0 and hence S > 0. This means that 7" fails
to be pseudonarrow. m|

10.7 Regular narrow operators form a band in the lattice
of regular operators

Using all the properties and technical tools presented in this chapter we now are able
to prove the main results. First of the results gives a partial answer to Problem 10.11.

Theorem 10.40. Let E, F be Dedekind complete vector lattices such that E is atom-
less and F is an ideal of some order continuous Banach lattice. Then we have the
following:

(1) A regular order continuous operator T : E — F is order narrow if and only if it
is pseudonarrow.

(i1) The set of all order narrow regular order continuous operators and the set of all
order continuous pseudo-embeddings are mutually complemented bands in the
vector lattice of all regular order continuous linear operators from E to F.

(iii) Each regular order continuous operator T . E — F is uniquely represented in
the form T = Tp + Ty, where Tp is a sum of an order absolutely summable
family of disjointness-preserving order continuous operators and Ty is an order
continuous order narrow operator. Moreover, max{||Tp|, ||Tn |} < T |-

Proof. Note that by [80, p. 7], F is Dedekind complete. We prove (i) by the following
scheme

Theorem 10.26 Theorem 10.30
T is order narrow <= |T| is order narrow <= |T| is A-narrow

Theorem 10.35 by definition
<= |T| is pseudonarrow <= T is pseudonarrow .

Items (ii) and (iii) follow from (i) by Corollary 1.34. O

If E and F are order continuous Banach lattices then the order continuity of 7" in
Theorem 10.40 can be removed because in this case every regular operator is order
continuous. Thus, by Proposition 10.9, our main result on Banach lattices can be
formulated as follows.
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Theorem 10.41. Let E, F be order continuous Banach lattices with E atomless.
Then we have the following:

(1) A regular operator T : E — F is narrow if and only if it is pseudonarrow.

(ii) The set Ny(E.F) of all narrow regular operators and the set Lpe(E, F) of
all pseudo-embeddings are mutually complemented bands in the vector lattice
L,(E, F) of all regular linear operators from E to F.

(iii) Each regular operator T : E — F is uniquely represented in the form T = Tp +
Tn, where Tp is a sum of an order absolutely summable family of disjointness-
preserving operators and Ty is narrow. Moreover, max{||Tp |, |Tn I} < |IT|-

We do not know whether the assumption of order continuity of the operators in
Theorem 10.40 can be omitted.

Open problem 10.42. Is Theorem 10.40 true for regular operators, which are not
order continuous?

In particular, what happens for £ = L? The following question was posed
in [93] (cf. also Open problem 11.62).

Open problem 10.43. Is the set of all order narrow regular operators 7' : Loo — Loo
a band in the vector lattice L, (L) of all regular linear operators on Lso?

Lattice versions of some problems on the isomorphic structure of L,

One of the most interesting easy to formulate problems in Banach space theory that
is still unsolved, is to characterize, up to an isomorphism, infinite dimensional com-
plemented subspaces of Lj. In particular, is it true that they have to be isomorphic
to either £1 or L1? An attentive consideration of papers devoted to the geometry of
the space L of the last 30 years confirms that many authors were really motivated by
this problem in their investigations.

A lattice approach to narrow operators explained why in L the sum of two narrow
operators is narrow, and why this is not the case for operators on L, with 1 < p < oo.
The reason is that there are “few” operators on L1, all of them regular. In contrast,
there are many operators on L, for 1 < p < oo. In particular, nonregular ones that
make many subspaces complemented by means of nonregular projections. The same
reason explains why the Haar system is unconditional in L, but not in L1, and many
other properties that distinguish L, from L. This has led the authors of [93] to define
the following notion that makes it possible to generalize the complemented subspaces
problem for L1 to the setting of the spaces L, with 1 < p < oco.

Definition 10.44. Let E be a Banach lattice. A subspace F of E is called regularly
complemented if there exists a regular projection from E onto F'.
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Open problem 10.45. Let 1 < p < oo, p # 2. Is every regularly complemented
subspace of L, isomorphic to either £, or L,?

The following lattice version of Open problem 7.52 was posed in [93].

Open problem 10.46. Let £ be an order continuous Banach lattice and 7 € L,(E)
be a regular operator. Suppose that for each band F C E the restriction 7'|F is not an
isomorphic embedding. Must T be narrow?

Theorem 7.30 gives an affirmative answer for £ = L.

10.8 Narrow operators on lattice-normed spaces

There is a generalization of narrow operators to the domain space which is a gener-
alization of a vector lattice. New domain space is called a lattice-normed space, and
was introduced by Kantorovich in 1936 and later developed by a number of mathe-
maticians, see Kusraev’s book [74]. In [111] Pliev adopted the notion of a narrow
operator to the setting of operators defined on a lattice-normed space and valued in a
Banach space, and to order narrow operators acting between lattice-normed spaces.
All results in this section are from [111], with preliminaries from [74].

Definition of a lattice-normed space

As before, all vector lattices are assumed to be Archimedean. Let V' be a vector space
and E be a vector lattice. Amap || : V — ET is called a vector norm if the
following conditions hold for all x,y € V and A € R:

M Ix|=0 & x=0;
(2) [Ax] = [A[lx]:

3) Ix+yl = Ixl + Iyl

If these conditions hold, the triple (V.| - |, E) is called a lattice-normed space. The
vector lattice E is called the norm lattice of the vector norm | - |. We will also denote
a lattice-normed space (V.| - |, E) by (V, E); this is especially convenient if one
considers two lattice-normed spaces, because in this case we denote both vector norms
by the same symbol | - | (as we do for norms on different normed spaces), and then
understand which vector norm we mean in each case by the context.

A vector norm | - | is called decomposable it

(4) foreach x € V and ey, e, € ET with |x| = e + e; there are x1, x5 € V such
that x = x1 + xp and |xg| = ex fork = 1,2.

A lattice-normed space (V, | - |, E) is called decomposable if its vector norm is de-
composable.
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Examples

(a) The special case when V = E with |x|] = |x| for each x € V shows that the
notion of a lattice-normed space generalizes the notion of a vector lattice, and
its decomposition property follows from Riesz decomposition property for vector
lattices [6, Theorem 1.9].

(b) Let VV be a normed space and £ = R with the vector norm equal to the scalar
norm |x| = || x|| for each x € V. The decomposition property trivially holds.

(c) Let (2, X, i) be a finite measure space, E an order dense ideal in Lo(u), and X
a Banach space. Let Lo(u, X) be the linear space of all equivalence classes of
strongly measurable functions x : 2 — X. For any x € Lo(u, X), we define
an element |x] € Lo(u) by |x](w) = |x(w)| for almost all w € 2. Define
E(X)={xe Lo(n,X) : |x] € E}. Then E(X) = (E(X),| - |, E) is a lattice-
normed space having the decomposition property [74, Lemma 2.3.7]. Moreover,
if E is a Banach lattice then the lattice-normed space E(X) is a Banach space
with respect to the norm |||x||| = ||[|x()|x |-

A space with a mixed norm

Let E be a Banach lattice and let (V, E) be a lattice-normed space. Since | x| € E for
each x € V, we can set

Xl =[xl

Then ||| - ||| is a norm on V and the normed space (V, ||| - |||) is called a space with
a mixed norm, or a Banach space with a mixed norm if it is complete with respect to
this norm.

In view of the inequality ||x] — |y]| < |x — ] and monotonicity of the norm in E,
we have |||x] — Yl < |llx — y||| forall x,y € E, so a vector norm is a norm
continuous map from (V. ||| - |||) to E.

, foreach x e V. (10.9)

Different notions on a lattice-normed space

Notions of order convergence, order boundedness, Dedekind (order) completeness,
order ideal, disjoint elements, fragment, atom, atomlessness, disjoint tree, positive
operator, dominated operator, regular operator, modulus of an operator, and many
related ones are defined in a similar way as for ordered vector spaces and vector
lattices. Note that for the order convergence in a lattice-normed space the following

. bo . .
notation is used: x, — x. More precisely, let (V, E) be a lattice-normed space. Then

b . .
Xq 2 x for a net (xq) in V and x € V means that |x, — x| 2 0in E. Here (bo)
stands for “Banach order.”
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There is one more difference. It is not hard to show that a vector lattice is Dedekind
complete (that is, every order bounded from above nonempty set has the least upper
bound) if and only if it is order complete (i.e. every order Cauchy net order converges).
However a lattice-normed space need not have the lattice property that every two-
point set has the least upper bound. Thus the two possible notions of completeness in
a lattice-normed space are not equivalent to each other. We say that a lattice-normed
space V' is (bo)-complete if every (bo)-Cauchy net in V' is (bo)-convergent in V. A
decomposable (bo)-complete lattice-normed space is called a Banach—Kantorovich
space.

Let V' be a lattice-normed space. A subspace Vp of V is called (bo)-ideal of V if for
each x € V and y € 1} the inequality |x| < |y| implies x € V. A subspace Vj of VV
is a (bo)-ideal in V if and only if Vo = {x € V : |x]| € L} for some ideal L of E [74,
Item 2.1.6.(1)]. As in vector lattices, two elements x, y € V are called disjoint (write
xLly)if |x] Aly] = 0, that is, |x]L]y] in E. Given a subset M < V, we set
M = {xeV:(NMyeM)xLly)} Anelementz € V is called a fragment x € V
(write z C x) provided 0 < |z| < |x] and z_L(x — z) (cf. definition of a fragment on
p-13). Two fragments x1, xp of x are called mutually complemented if x = x1 + x2
(MC fragments, in short). As in vector lattices, the equality v = |_[;_, vk means that
v=>jp_ vrandv; Lv;ifi # j.

Narrow operators

Definition 10.47. Let (V, E) be a lattice-normed space with an atomless vector lat-
tice £, and X be a Banach space. A linear operator 7 : V — X is called (bo)-narrow
if for every v € V there are two mutually complemented fragments vy and v, of v
such that ||T'(v; — vp)|| < e. If, moreover, for each v € V there are two MC frag-
ments v and v, of v such that || 7(vy —v2)|| = 0 then T is called (bo)-strictly narrow.

The following statement shows that for a lattice-normed space (V, | - |, £) which
coincides with E = (E, | - |, E), Definitions 10.1 and 10.47 are equivalent.

Proposition 10.48. Let E be an atomless Dedekind complete vector lattice and X be
a Banach space. A linear operator T : E — X is narrow (resp., strictly narrow) in
the sense of Definition 10.1 if and only if it is (bo)-narrow (resp., (bo)-strictly narrow),
being considered as an operator defined on the lattice-normed space E = (E, ||, E)
in the sense of Definition 10.47.

Proof. If T is (bo)-narrow (resp., (bo)-strictly narrow) then 7 is obviously narrow
(resp., strictly narrow) in the sense of Definition 10.1.

Let T be narrow in the sense of Definition 10.1. Fix any v € E and ¢ > 0, and
write v = vt — v, By Definition 10.1, there exist y; and y; so that |y1| = v,
[y2l = v7, I Ty1ll < &/2and | Ty,|| < /2. Setvy = y{ — y3 and vy = yi — 5.
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Then vy Lvs and v = v —v™ = |y1| — | 2| =yi"+y1_—y;'—y2_=v1+v2,

that is, vy and v, are MC fragments of v. Moreover,

& &
|71 = v2)ll = IT1 + y2)ll < ITy1ll + [ Ty2]l < s t5==

Dominated operators

Definition 10.49. Let (V, E) and (W, F) be lattice-normed spaces, T € L(V,W) a
linear operator and S € LT(E, F). We say that S dominates or majorizes T, and
that S is a dominant or majorant for T, if |Tv| < S|v| foreachv € V.

The set of all dominants of 7 is denoted by maj 7. If there is the least element of
maj T in L, (E, F) then it is called the least or the exact dominant of T and is denoted
by |T'|. The set of all dominated operators from V to W is denoted by M(V, F).
Denote by ESL the conic hull of the set |V| = {|v] : v € V}, that is, the set of all
elements of E of the form Y y_; |vg| where n € N; vy,...,v, € V. If E has the
principal projection property, that is, each band in E generated by one element is a
projection band, then ESL = |V| [74, Theorem 4.1.4]. By Lemma 1.24, this holds for
a Dedekind complete vector lattice E. Note that, on the other hand, EJ is the positive
cone of the band Eg = |V[|%¢ in E.

Let us present some auxiliary known statements useful for beginners.

Proposition 10.50 ([74, Theorem 2.1.2(2)]). Let (V, E) be a lattice-normed space. If
V1, vy € V are disjoint elements then |v1 + v2| = |vi] + Jval.

Proposition 10.51 ([74, Theorem 2.1.2(3)]). Let (V, E) be a lattice-normed space. If
e1,ex € E are disjoint elements then for each v € V the decomposition v = v1 + v,
with |vi| = ey and |v2| = ey is unique.

Proposition 10.52 ([74, Theorem 4.1.2]). Let (V, E) and (W, F) be lattice-normed
spaces with (V, E) decomposable and F Dedekind complete. Then every dominated
operator T € L(V, W) has the exact dominant |T|.

Proposition 10.53 ([74, Theorem 4.1.5]). Let (V, E) and (W, F) be lattice-normed
spaces and let an operator T € L(V, W) have the exact dominant |T|. Then

(@ Yee Ef |Tle= sup{zzzl [Tvel : neN, v €V, Y0 okl = e};
(b) Ve € ET |T|e = sup{|T]eo : eo € EJ, eo <e};

(c)Ve € E |Tle=|Tlet —|T]e".
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Order narrow operators

Definition 10.54. Let (V, E) and (W, F) be lattice-normed spaces with atomless E.
A linear operator 7' : V' — W is called (bo)-order narrow if for every v € V there is

b
a net (v),,v/!) of pairs of MC fragments of v such that T'(v/, — v//) = 0.

The following two statements are analogs of Propositions 10.7 and 10.9.

Proposition 10.55. Let (V, E) be a lattice-normed space with an atomless vector
lattice E and let (W, F) be a space with a mixed norm. Then every (bo)-narrow
operator T : V. — W is (bo)-order narrow.

We omit the proof which is the same as the proof of Proposition 10.7.

Proposition 10.56. Let (V, E) be a lattice-normed space with an atomless vector
lattice E and let (W, F) be a space with a mixed norm where F is a Banach lattice
with an order continuous norm. Then a linear operator T : V. — W is (bo)-narrow
if and only if it is (bo)-order narrow.

Proof. By Proposition 10.55, we need to prove only one implication. Suppose that 7'
is (bo)-order narrow. Fix any v € V and ¢ > 0. Then there exists a net (v, v)y) of

b
pairs of MC fragments of v such that T (uy) 20, where ug = v}, — vjy. The last

condition means by definition that |7 uy]| 2o0. By the order continuity of the norm
in F, |||Tugll| = |[ITuglll = 0. Thus, there is a with ||| Tuy||| < e. O

We will use also the following auxiliary lemma.

Lemma 10.57. Let (V, E), (J, F1) and (W, F) be lattice-normed spaces, E an atom-
less vector lattice, J a (bo)-ideal of W and Fy an order ideal of F. If a dominated
linear operator T : V — J is (bo)-order narrow then sois T : V — W. Conversely,
for a dominated linear operator T .V — J, if T : V — W is (bo)-order narrow
thensoisT :V — J.

Proof. The first part is obvious. Let T : V — J be a dominated operator with
T : V — W (bo)-order narrow. For any v € V there exists a net (vy) in V such that

every element v, is a difference u; — up of two MC fragments of u with T'v, ﬁ) 0,
that is, |Tvg| < yo | 0 for some net (y,) in F. Since |T| : E — Fi, we have that
ITve]l < IT]lv] = g € Fi1. Hence, |Tvy| < zo | 0 where za = g A yq is a net
in Fy. Thus, the net (T'vy) (bo)-converges to 0 in (J, Fy). O

GAM-compact operators

We introduce analogs of order-to-norm continuous and AM-compact operators for the
new setting.
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Definition 10.58. Let (V, E) be a lattice-normed space and X be a Banach space. A
linear operator 7 : V' — X is called:

e (bo)-to-norm continuous if it sends (bo)-convergent nets from V' to convergent nets
in X;

o generalized AM-compact or GAM-compact if it sends (bo)-bounded sets from V' to
relatively compact sets in X .

Observe that if V' = E is a vector lattice then Definition 10.58 gives exactly order-
to-norm continuous and AM-compact operators.
The following theorem is a generalized version of Theorem 10.17.

Theorem 10.59. Let (V, E) be a Banach—Kantorovich space, where E is an atomless
Dedekind complete vector lattice, and X be a Banach space. Then every GAM-
compact (bo)-to-norm continuous operator T : 'V — X is (bo)-narrow.

We omit the proof of Theorem 10.59 which repeats the proof of Theorem 10.17
with minor adjustments (the reader can find the proof in [111]).

Main results

The following results are due to Pliev [111].

Theorem 10.60. Let E, F be Dedekind complete vector lattices with E atomless
and F an ideal of an order continuous Banach lattice, and (V, E) be a Banach—
Kantorovich space. Then every (bo)-continuous dominated linear operator T : 'V —
F is (bo)-order narrow if and only if |T| : E — F is order narrow.

Proof. As in the proof of Theorem 10.26, we first prove the theorem for F = L (u).
By Propositions 10.56 and 10.9, we equivalently replace order narrowness with nar-
rowness. Fix any e € E(;" and ¢ > 0. Since E is Dedekind complete, E(;r = |V]
by the discussion after Definition 10.49. Let v € V be such that |v] = e. Let I1,
be the system of all finite sets 7 C V suchthatv = ), v and e = | |, lu].
For n’,n” € T1, we write 7’ < n”, if for each u € 5’ there is a subset n,, < 7"
such that u = ) c v w and Ju| = ||,y [w]. By decomposability of (V. E)
and Proposition 10.51, Tl is a directed set. Consider the net (3, ey [Tul), oy i
L1(1). By the triangle inequality, this net increases. By Proposition 10.53(a),

n

n n
ITle = sup{> " ITvel :n e Novg € V.Y oyl = e}

k=1 k=1

= sup{z |[Tu|:7 € He} .

UET
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By the order continuity of L (u), there is = € I, such that [[[T|e — ), ¢, |Tulll <
e. Letw = (vg)z_,. We have that

n n n
v = ka, e = I_l |vi| and H|T|e—Z|Tvk|H <e. (10.10)
k=1 k=1 k=1
Now we make a general remark. Let vy = uy U wy, foreachk = 1,...,n,bea

decomposition into MC fragments. Then setting u = | [j_, ux and w = |_[§_; wg,
we obtain that v = u + w, and

n n n

byProposition 10.50
e = | 1ol = || tuedu [ ] Bwrd ™= 1 4wl

k=1 k=1 k=1
is a decomposition into MC fragments. Hence

n

ITle = > (1T Hukl + 17 1wl) - (10.11)
k=1
By Proposition 10.53(a),

n

n
0<ITle =Y (ITuk| + |Twil) < 1Tle = [Tvil. (10.12)
k=1

Since | T ||ug| — |Tug| and |T|Jwi | — |T wg | are positive elements of Lj(u), the
sum of their norms equals the norm of the sum. Thus,

n

S (T Wsed = 1Tl | + |IT 1 ewel = [ Twe]) (10.13)
k=1
n
by(g.ll) HITI@ _ Z(lTuk| n |ka|)H by (10 2) HlTle B Z ITUkIH by(lO 10) ..

k=1
Suppose first that 7T is (bo)-narrow. Then, for each k = 1,...,n, there exist MC

fragments uy and wy of vg so that ||Tur — Twy|| < &/n. Thus, as observed above,
u=||p—ur and w = | [y, wy are MC fragments of v. Hence

n
NTEd = 171wl < D271 ] = 171w |
k=1
n

< inwm = Twel | 20 (Il = 1Tt |+ 0Tl = e )

b 1013)
O S | Tl [Tugl |+ = 3 | Tug = T+ < 2.
k=1 k=1
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By arbitrariness of ¢ € E(')" and ¢ > 0, |T'| is narrow.

Suppose now that |T'| is narrow. Fix any v € V and ¢ > 0. Let e = |v]. By the
order continuity of Lj(u), there exists w7 = (vg)7_, € I, so that (10.10) holds. By
narrowness of |T'|, we decompose vy = uy U wg so that ||T| Jur] — 1T Jwell <

e/n. Setting u = |_[y_; ug and w = |_|{_, wg, we obtain by Proposition 10.53(a),

”Zn:(lTukl + IkaI)H < [1T1e] . (10.14)
k=1
By (10.10),
[171e] - HZ|TU"|H = HlTle— |Tvk|H <s. (10.15)

Since the norm of the sum of positive elements in L(u) equals the sum of their
norms,

n
|Tu—~Twl < Y | Tug — Twg|
k=1

n n "
by (104 Z|||Tuk|—|ka||| + HZ(|Tuk|+|ka|)H -2 7|
k=1

by (10.14) "
Z|||T||uk| |T||wk|||+Z(H|T||uk|—|Tuk|n

+ 1Tl = Tl + [171e] - Hi ol

by (10.13)

< 26+ |ITle| - HZ IToel| ™ <

by (10 15)

By arbitrariness of v € V' and ¢ > 0, T is (bo)-narrow.

Now we consider the general case. Since F is an ideal of an order continuous
Banach lattice H, we have by Lemma 10.57 that 7 : V — F is (bo)-order narrow
ifand only if 7 : V — H is. Consider T : V — H and |T| : E — H. Fix
any v € V. Let E1 and H; be the principal bands in £ and H generated by |v]|
and |T||v], respectively. By [74, 2.1.2 (1)], there exists a Boolean isomorphism
h: B(Eg) — B((V, E)) between the Boolean algebras of all bands in E¢ and (V, E)
(the assumption of [74, 2.1.2 (1)] is satisfied since Eg' = |V]). Let V1 = h(E))
and T be the restriction 7’|y, of T to Vj. Since V7 and E; are bands, the operator
IT1] : E1 — H coincides with the restriction |T'||g, of |T'] to E;. Since H; is an
order continuous Banach lattice with the weak unit | 7'||v], by [80, Theorem 1.b.14],
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there exist a probability space (€2, X, u) and an ideal H, of Li(u) such that Hy is
isomorphic to H,. Let S : Hy — H; be a lattice isomorphism and 7, = S o T7.
Observe that |T2] = S o |T1]. Since S is a lattice isomorphism, the (bo)-order
narrowness of 77 is equivalent to that of 75, and the same is true for |77] and |73 ].
By our previous considerations, 7> : V3 — Hj is (bo)-order narrow if and only if
|T2| : E1 — H> is order narrow.

Let T : V — H be (bo)-order narrow. Fix any v € V. Since T (the definition of
which does depend on v) is (bo)-order narrow, so is 7> and hence |73 ] is order narrow.
So there exists a net (vy) in V7 such that every element vy is a difference u; — up of

two MC fragments of v with |T2]|vg| > 0. Therefore, ITHval = 1T1Hval 20
By arbitrariness of v € V, |T| : E — H is order narrow. Analogously, if |T] : E —
H is order narrow then 7 : V — H is (bo)-order narrow. O

Let (V, E), (W, F) be lattice-normed spaces and let M(V, W) be the space of
all dominated operators from V' to W. Let L,.(E, F) be the set of all pseudo-
embeddings from E to F and set Ly (V, W) ={T e M(V. W) :|T]| € L;e(E, F)}.

Theorem 10.61. Let E, F be order complete vector lattices with E atomless, F an
ideal of some order continuous Banach lattice, and (V, E) be a Banach—Kantorovich
space. Then every (bo)-continuous dominated linear operator T : V — F is uniquely
represented in the form T = Tpe + Ton, where Tpe € Lpe(V. W) and Tyy is a (bo)-
continuous (bo)-order narrow operator.

Proof. By [74,4.2.1], the set M(V, E) is a lattice-normed space with the vector norm
p:M(V,E)— LT(E,F)defined by p(T) = |T| forevery T € M(V, E). By [74,
4.2.6], p is decomposable. This means that for every dominated operator 7 : V' — F
its exact dominant | 7’| : E — F has the following property:

if |[T] = S1 + S5 then there are T1, T € M(V, F) such that

(10.16)
IT1] = S1, |T2] = S2, 0 < 81,82 and S1.1.S5.

Fix an arbitrary (bo)-continuous dominated operator 7' : V' — F. By [74, 4.3.2],
every dominated operator T : V' — F is (bo)-continuous if and only if |T]| : E —
F is order continuous. Hence, |T| is order continuous. Thus by Theorem 10.40,
the positive order continuous operator |7'| is uniquely represented as a sum of order
continuous operators |T'| = Sp + Sy, where Sp € Lpe(E, F) and Sy is an order
narrow operator. Since |T'| is positive and Sp LSy, we have that Sp and Sy are
also positive. By (10.16) we obtain that there exist Tpe, Tpn € M(V, F) such that
|Tpe]l = Sp and |Tpn| = Sy . By Theorem 10.60, the proof is completed. O

10.9 £,-strictly singular regular operators are narrow

In this section we present a generalization of a result of Flores and Ruiz [39] which
gives a partial positive answer to Open problem 2.7, cf. also Open problem 7.1(b), for
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regular operators. Another, incomparable, partial answer to this problem is presented
in Section 9.5.

Recall that a Banach lattice E is called g-concave, for 1 < g < oo, if there exists
M > 0 such that for every n € N and any x1,...,x, € E we have

" 1/q " 1/q
(];uxku‘J) sMH(kZmW) -

The following theorem is the main result of the section.

Theorem 10.62. Let E be a Kothe—Banach space with an absolutely continuous norm
on a finite atomless measure space (2, %, u) such that E is a q-concave Banach
lattice for some 1 < q < oo, and let F be an order continuous Banach lattice. Then
every regular L,-strictly singular operator T € L,(E, F) is narrow.

Let E be a Kothe-Banach space (2, X, 1). Given a set A € X and a sub-o-
algebra X1 of X, by E(A, X1) we denote the subspace of E(A) consisting of all
3 1-measurable functions.

The following lemma is a generalized version of a result of M. Kadets-Pelczyn-
ski [50]. The idea of the proof below is taken from [80, Proposition 1.c.8].

Lemma 10.63. Let E be a Kothe—Banach space on a finite measure space (2, 2, [t)
with an absolutely continuous norm. Let (x,) be an order bounded sequence from E
so that for every ¢ > 0 there exists n € N such that x,, ¢ ME, where

ME ={xeE:p{teQ: |x()| 2 elxlg) = ¢}

Then there exist a subsequence (yy) of (x,) and a disjoint sequence (z) in E such
that |zn| < |yn|foralln, and ||y, — zn| — 0.

Proof. Lete € E™ be such that |x,| < e for all n € N. Choose a subsequence (x,)
of (x») so that x}, ¢ ME, forall n. Foreveryn € N, let A, = {t € Q : |x},(1)| >
27 x} 1y and By = U, A

Note that jt(4,) < 27", By,+1 € By and u(B,) < 27"F! for each n. Let (n;); be
a strictly increasing sequence of integers so that ||e - 1 ;A | <1/i.

Observe that the sets C; = Ay, \BniJrl are disjoint. Let y; = x,’“ andz; = y; -1¢;
fori = 1,2,.... Then (z;) is a disjoint sequence, |z;| < |y;i|, and

lyi —zill = “x;l- : IQ\Ci I =< ”xl/’li ’ IQ\Ani I+ ”x’/li ’ IB",'+1 I
=< 127" flxp, - 1gva,, | + lle - 1s,,, |l

<27"™|elll@ll +1/i = 0 as i - co.

Theorem 10.62 follows from the next result.
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Theorem 10.64. Let E, F be Kothe—Banach spaces with absolutely continuous
norms on finite measure spaces (Qg,Xg,g) and (QF,XF,LF), respectively,
the first of which is atomless. Let T € L,(E, F) be a nonnarrow regular opera-
tor. Then there exist A € Eg and a separable atomless sub-o-algebra b of LE(A)
such that the restriction T | E(4T) is Li-to-L1 bounded, and its continuous extension

T: Li(A, f) — Li(uF) is an isomorphic embedding.

Proof of Theorem 10.64. Our first observation is that, by Proposition 1.26, E and F
are o-order continuous Banach lattices. Further, without loss of generality we may
assume that both measure spaces are [0, 1] with the Lebesgue measure.

Indeed, since T is nonnarrow, there exist C € EE and 1 > O such that | Tx|| > 7
for every sign x on C. Let X; be any separable atomless sub-g-algebra of X g (C)
and £y = E(C,%1). LetTy = T|g, and F; = T(E(C, X1)). Since Fj is a sepa-
rable subspace of F, the sub-o-algebra ¥, of X generated by F] is also separable.
Thus, 77 : E; — Fp is a nonnarrow operator. By the Carathéodory theorem, the
measure spaces (C, X1, ug|x,) and ([0, 1], X, i) are isomorphic, and the measure
space (2F, X2, F|x,) is isomorphic to ([0, 1], X3, u) for a suitable sub-o-algebra
Y30f X. Lett; : C — [0,1] and 75 : QF — [0, 1] be measure preserving, up to
constant multiples, maps that generate isomorphisms of the corresponding measure
spaces. Define Kothe-Banach spaces E; and F> on [0, 1] as the ranges of the maps
Ji: Ey —> Lyand J, : Fi — Ly defined by (J1x)(t) = x(z71(2)), for x € Eqy,
and (J2y)(1) = y(z5 (1)), for y € Fy, endowed with the norms [|J1x||g, = [|x| £,
and ||J2y||F, = ||y F,. respectively. Then the operator 75 : E5 — F, defined by
Tox = Jo(T1(J~'x)) is nonnarrow, and the spaces E;, I are Kothe-Banach spaces
on [0, 1] that are o-order continuous Banach lattices. Moreover, E, and F5 have ab-
solutely continuous norms. Thus, if the theorem holds for the case when both measure
spaces are [0, 1], then the operator 7>, and hence, 7" have the desired properties.

Our goal is to find B € 1 such that the restriction T'| E(B) 18 L1-to-L1 bounded.
By Corollary 2.11, E is separable, and so is the subspace Z = T(E) of F. By
Lemma 1.28, there is an ideal X of F' with a weak unit and containing Z. By
Lemma 1.29, there exists a probability space (R, X', i) so that X is order isometric
to some Banach lattice (Y, || - ||y) which is an ideal of L (i), and such that (b)—(d)
of Lemma 1.29 hold.

For simplicity of the notation, we assume that Y = X € Ly(u)and || |lx = |||y
on X. By our convention, 7,7+, T~ : E — X C L{(u'). By Proposition 1.9(iii),
there exist A’ € X1 and § € (0, ju(A’)/4) such that | Tx|| > § for each sign x with
suppx = B’ € A’ and u(B’) > u(A’)/2. Since 1o € X' = X*, we have that
(TH*1g, (T )*1g € E¥ = E' C L. Let A; € ©(A’) with (A’ \ A1) < § and
My > 0 sothat 14, - (TT)*1g/ < My - 1[o,1]. Then there exist B € X(A4;) with
u(A1\ B) < §and My > 0 sothat 1z - (T7)*1g: < M3 - 1[¢,1]. We claim that B
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has the desired property. Indeed, given any x € E(B)™, we have

17 x| = /Q Trxdp' = (1. T"x) = ((T)"1g.x) = /[ (TH)"1g - xdu

s

=/ L - (TH* g xdp < [ My-1gy-xdu = Mylx])
[0,1] [0,1]

Analogously, |T7x|li < Ma|x]||y for all xT, and hence, T|g(p) is Li-to-L;
bounded.

Since E(B) is dense in L1 (B), there is a continuous extension 7’ : L1(B) — L;.
And since § < u(A’)/4, we have

pA) _ pd)

1(B) = p(A") = A"\ A1) = (A1 \ B) > p(A") =28 > p(A') - 5 5

Hence, by the choice of A’ and 8, || T x| > § for each sign x on B.

Our next goal is to show that, by regularity of 7', ||Tx||; > &; for some §; > 0
and every sign x on B. Assuming the contrary, we choose a sequence (v;) of signs
on B with |Tvy|l; — 0. If Tv, € MX for all n and some & > 0, then ||Tv,|l1 >
&2|| Ty |lx > €28, for all n, which is a contradiction. Thus, we obtain that for every
e > 0 there is n so that Tv, ¢ MX. Since the sequence (v,) is order bounded
and T is regular, the sequence (7vy), and hence, (z,) is order bounded as well. By
Lemma 10.63, there exists a disjoint sequence (z) in X so that |z, | < [T v,|, foralln
and ||z, — Tv,|lx — 0. By the Fremlin—-Meyer-Nieberg theorem [6, Theorem 12.13,
p- 1831, |lznllx — 0. This is impossible, since ||z, |lx = T vallx — l1zn — Tonllx >
8§—lzn — Tonl|x — 6. .

Thus, || Tx]||; > 8; for some 8; > 0 and every sign x on B. Hence, T’ : L1(B) —
L is nonnarrow. By Theorem 7.30, there exists 4 € X (B)* such that the restriction
T = T'|p,(4) is an isomorphic embedding. As a restriction of T'|g(p) to E(A),
T'|E(a) is L1-to-L1 bounded and has the continuous extension 7" : L1(A) — Li. O

Proof of Theorem 10.62. Let T € L,(E, F) be nonnarrow. By the definition of a
narrow operator, there exist C € X7 and a separable atomless sub-o-algebra X1 of
X (C) such that the restriction 71 = T|g, is nonnarrow where £; = E(C, X1).
By Corollary 2.11, E; is separable, and so is the subspace Z = T(E;) of F. By
Lemma 1.28, there is an ideal X of F containing Z and having a weak unit. By
Lemma 1.29, there exists a probability space (', X', ') such that X is order iso-
metric to a Banach lattice (Y, || - ||y) which is an ideal of L;(u). For simplicity of
the notation, we assume that Y = X < Ly(w/) and ||-|[x = | - ||y on X. By
Theorem 10.64, there exist A € Ei" and an atomless sub-o-algebra S of 31(A) such
that the restriction 75| E (AT is Li-to-L1 bounded, and its continuous extension

T : L1(A,§) —>~L1(M’ ) is an isomorphic embedding. Let (r;) be a Rademacher
system in L1(A,X) and R = [ry] its closed linear span in Lq(A, X). Since E
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is g-concave for some g < oo, by the generalized Khintchine inequality [80, The-
orem 1.d.6(i)], R is closed in E and is isomorphic to £,. Then for each x € R we
have . ~

ITxllF = 1Txllh = 1Tl = 1777 7Y xe

where C is the constant from the generalized Khintchine inequality. O



Chapter 11

Some variants of the notion of narrow operators

In this chapter we consider a few variants of the notion of narrow operators and their
applications.

In Section 11.1 we present hereditarily narrow operators which were introduced by
V. Kadets, Kalton and Werner in [53] (2005). These are narrow operators with the
additional property that they remain narrow when restricted to certain subspaces of
the domain (see Definition 11.1). The biggest difference between this property and
the usual narrowness is that the class of hereditarily narrow operators is closed under
addition. Using this notion, V. Kadets, Kalton and Werner [53] proved that L, does
not sign-embed in any Banach space with an unconditional basis (Corollary 11.12)
which generalizes a result of Petczynski concerning isomorphic embeddings.

In Section 11.2 we introduce, following [102], a notion weaker than narrowness,
where instead of requiring an existence of a {1,—1,0}-valued function x so that
ITx| < e, we have a weaker condition saying that x does not grow too rapidly
(see Definition 11.19). We prove that for operators on L, 1 < p < 2, the gentle nar-
row condition implies that the operator is narrow in the usual sense (Theorem 11.20).
This partially answers Open problem 7.52 which asks whether it is possible to drop
any restrictions on an element x, except for the support of x, in the definition of
narrowness.

In Section 11.3 we present C-narrow operators, introduced by V. Kadets and Po-
pov [57] in 1996, which extend the notion of narrow operators to operators defined on
C(K)-spaces. This approach is based on the idea of Rosenthal’s characterization of
narrow operators on L1 (Theorem 7.30). A different approach, based on the Daugavet
property, was introduced by V. Kadets, Shvidkoy and Werner [63] in 2001. We discuss
it briefly in the introduction to Section 11.3.

The last two sections are devoted to the usual notion of narrow operators but in
somewhat unusual settings. Majority of results in the theory of narrow operators use
the absolute continuity of the norm of the domain space. This assumption fails for
L, so the study of narrow operators on the norm of L, requires different tech-
niques and many surprising results are true in this setting. For example, continuous
linear functionals do not need to be narrow (Examples 10.12 and 11.46). In Chap-
ter 10 we showed a few initial theorems about narrow operators defined on L, but
the full account of known results and open problems in this setting is presented in
Section 11.4. In Section 11.5 we prove that every 2-homogeneous scalar polynomial
on Lp, 1 < p < 21is narrow. We are not aware of any other results concerning nar-
rowness of polynomials on Banach spaces, however we believe that they will appear
in the future.
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11.1 Hereditarily narrow operators

Definition and first properties

As we know, the class of a narrow operators in general is not closed under addition
or restrictions of operators to subspaces of the domain space (see Corollary 4.16).
V. Kadets, Kalton and Werner in [53] introduced a variant of the notion of narrow
operators, which has good ideal properties and is closed under certain restrictions of
the domain; they called this new notion hereditarily narrow operators.

Definition 11.1. Let £ be a Kéthe—Banach space on a finite atomless measure space
(2, X2, u), and let X be a Banach space. An operator T € £(E, X) is called hered-
itarily narrow if for every A € X1 and every atomless sub-o-algebra ¥ of Z(A)
the restriction of T to E(¥) is narrow (here E(¥) = {x € E(A) : xis F —
measurable}).

Clearly, each hereditarily narrow operator is narrow, however, the converse is not
true (see Corollary 4.16).
Our first result is that hereditarily narrow operators behave very well under addition.

Proposition 11.2 ([53]). Let E be a Kothe—Banach space on [0, 1] with an absolutely
continuous norm, and X be a Banach space. Then the sum T = Ty + T of a narrow
operator Ty € L£(E, X) and a hereditarily narrow operator T, € £(E, X) is narrow.
In particular, the sum of two hereditarily narrow operators is hereditarily narrow.

Proof. We fix any A € £ and ¢ > 0. By Proposition 2.19 we choose an atomless
sub-o-algebra ¥ of £ (A) such that ||T1|| < &/2 where Ty = T|go(y,), where
E%Z)) ={x € E(Z1): f[O,l] x dp = 0}. Since T5 is hereditarily narrow, we can
choose a mean zero sign x € E(X;) with ||T2x|| < &/2. Then x is a sign on A and
ITxIl = IThxll + IT2x]l < &/2+&/2 =e. O

The following direct consequence of the definition, along with earlier results, will
give us many examples of hereditarily narrow operators.

Proposition 11.3. Let X be a Banach space, and E be a Kothe—Banach space on a
finite atomless measure space (2, X, ju) such that for every A € X and every atomless
sub-o-algebra ¥ of (A), the conditional expectation operator M¥ : E — E(F)
is well defined and bounded. If every operator T € £(E, X) is narrow then every
operator T € £(E, X) is hereditarily narrow.

Thus, if there exists a class of operators closed under restrictions, whose members
are all narrow operators, then they are hereditarily narrow. In particular, we have the
following.
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Corollary 11.4. Operators from the following classes are hereditarily narrow:

e every compact or AM-compact operator T € £(E, X), for any Banach space X
and any r.i. Banach space E with an absolutely continuous norm on the unit on a
finite atomless measure space (cf. Proposition 2.1);

e cevery Dunford—Pettis operator T € L(E, X), for any Banach space X and any
ri. Banach space E with an absolutely continuous norm on the unit on a finite
atomless measure space (cf. Proposition 2.3);

e cvery representable and thus, every weakly compact operator T € £(L1(), X),
for any Banach space X (cf. Proposition 2.4);

o every {-strictly singular operator T € £(L1, X), for any Banach space X (cf.
Theorem 7.2);

o cvery operator T € L(E,co(I")), where E is a Kothe F-space over the reals on a
finite atomless measure space (2, X, () for which there exists a reflexive Kithe—
Banach space E1 on (2, X, ) with continuous inclusion embedding E; C E (cf.
Theorem 9.3);

o every operator T € £(Lp, L), for1 < p <2and p <r < oo (cf. Theorem 9.7);

e cvery operator T € £(Lp.{;), where 1 < p,r < oo, and eitherr # 2 orr = 2
and p < 2 (cf. Theorem 9.9);

o cvery {y-strictly singular operator T : L, — X, for p with 1 < p < oo, and any
Banach space X with an unconditional basis (cf. Theorem 9.15);

o cvery non-Enflo operator T € £(Lp), for 1 < p < 2(cf. Theorems 7.45 and 7.55).

In fact, it follows from Theorem 7.80 that operators from the last item in Corol-
lary 11.4 are the only hereditarily narrow operators on Lj. That is, we have the
following characterization.

Theorem 11.5. An operator T € £(L1) is hereditarily narrow if and only if T is
non-Enflo.

As a consequence, by Theorem 10.41, we obtain that the set of all non-Enflo oper-
ators on L1 is a band in £(L1) (this was observed by Liu in [81]).

Note that Theorem 11.5 does not hold for L, with2 < p < oo (see Example 7.56).
We do not know whether it holds for 1 < p < 2.

Open problem 11.6. Let 1 < p < 2. Is every hereditarily narrow operator 7 €
£(Lp) non-Enflo?

We remark that an affirmative answer to Open problem 7.81 for 1 < p < 2, would
imply the same answer to Open problem 11.6.
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Next we show that the class of hereditarily narrow operators is strictly larger than
the classes of AM-compact and Dunford—Pettis operators. To do this, we use the
example from Proposition 4.7 for E = L, (u).

Proposition 11.7. Let (2, X, 1) be a finite atomless measure space, 1 < p < 00,
p # 2 and let G be a purely atomic sub-o-algebra of ¥ with the atoms (A;)jecy. Then
the conditional expectation operator

s = 3 f, x9) 1

iel

is a hereditarily narrow operator on L (i) which is not Dunford—Pettis and non-AM-
compact.

Proof. Since M ¥ fixes a copy of £p, it is not Dunford—Pettis and non-AM-compact.
The fact that M ¥ is hereditarily narrow follows from

e Rosenthal’s Theorem 7.45, for p = 1;
e Johnson—Maurey—Schechtman-Tzafriri’s Theorem 7.55, for 1 < p < 2;

e Mykhaylyuk—Popov—Randrianantoanina—Schechtman’s Theorem 9.9, for 2 <
p < o0. O

Another interesting example is the natural projection of L, onto the subspace span-
ned by the Rademacher system, which is hereditarily narrow when 1 < p < 2.

Proposition 11.8. Let 1 < p < 2. Then the orthogonal projection

szi(/

X du)rn (11.1)
n=1 [0.1]

of L onto the span R of the Rademacher system (ry,) is hereditarily narrow, but it is
neither AM-compact, nor Dunford—Pettis.

Proof. The boundedness of P is explained in [79, p. 72]. Hereditary narrowness
follows from Theorem 7.55. Since P is a projection onto R, it is neither AM-compact,
nor Dunford—Pettis. O

It is well known that the subspace R is uncomplemented in L, as well as in any
reflexive subspace of L. However, Rosenthal proved in [123] that there exists § > 0
such that for every ¢ € (0, §) there exists T, € £(L1) such that Twy; = elllw;y for
each finite set / of the integers N, where (wy) is the Walsh system (cf. Definition 1.4).
The operator Ty is called the e-biased coin convolution operator. Among the proper-
ties of 7, we mention that T restricted to R is the identity multiplied by e. Hence,
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T¢ is not Dunford—Pettis, not AM-compact and not representable, and it is non-Enflo,
and hence, it is hereditarily narrow.
We do not know whether Proposition 11.8 is true for 2 < p < oo.

Open problem 11.9. Let 2 < p < oo. Is the orthogonal projection P, defined
by (11.1), from L, onto the span R of the Rademacher system (r,), hereditarily
narrow?

It is not hard to show that if the projection P defined by (11.1) is well defined
and bounded on a r.i. space £ on [0, 1] then it is narrow. Indeed, if aset B € X
is a union of dyadic intervals IX¥ = [(k — 1)/2",k/2") of a fixed level n, then for
Y = In+1 - tn+2 - 1p we have Py = 0. Given any A € ¥ and ¢ > 0, we choose
n € N and a set B € X which is a union of dyadic intervals I,f = [(k—1)/2",k/2")
of level n so that u(AAB) < ¢/|| P||. Then x = rp41 - ry+2 - 14 is asignon 4, and
by the above argument, for y = r, 417,42 -1p we obtain || Px|| < || P|lx—y]| < e.

More generally, we can prove that every operator that sends the Walsh system to a
norm null system as the number of the Rademacher factors grows to infinity then the
operator is narrow.

Proposition 11.10. Let E be a Kothe—Banach space on [0, 1] with an absolutely con-
tinuous norm on the unit, and X be a Banach space. If T € L(E, X) has the property

lim Twy; =0
|I]|—o00

then T is narrow.

Proof. By Corollary 2.11, the Walsh system (wy), whose linear span is equal to the
span of all simple functions, is complete in E. Fix any 4 € 1 and ¢ > 0. We
approximate 14 in E by a suitable linear combination of (wy) so that

H 14 - Z apwry

Choose ng € N so that if I € N=® with |I| > ng then |Twy || < /(2 maxy |ag|).
Since Iy = Jj— Ix is finite, we can choose J € N=? with / C N\ Iy and
|J| = no. Let x = wy - 14. Obviously, x is a sign on A. We show that ||T x| < e.
Observe that

)x - Z akwIkUJ‘ = ‘U)J(IA - Zakwlk>

k=1

11.2
<37 (112

m
= )IA - Y apwy,
k=1

and hence by (11.2), ||x — y|| < &/(2||T||) where y = >_3'_; agwy, uJ. Then

&
1Tl = WTY I+ 1T Wx =yl < 1Tyl + - -
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It remains to show that | Ty| < &/2:

m m
P g
Ty| < a ‘Tw ‘< ap| ——— = —.
1Tyl < lakl|Twrus k§—1| k|2m|ak| 3

k=1

By Proposition 1.9, T is narrow (the sign x we have constructed is not necessarily of
mean Zero). O

Kadets—Kalton—Werner’s theorem

The aim of the rest of the section is to prove the following nice theorem of V. Kadets,
Kalton and Werner [53].

Theorem 11.11. Let X be a Banach space with an unconditional basis. Then every
operator T € L£(L1, X) is hereditarily narrow.

An important consequence is the following Rosenthal’s unpublished generalization
of the Petczynski theorem that L cannot be isomorphically embedded in a Banach
space with an unconditional basis [105].

Corollary 11.12. The space L1 does not sign-embed in a Banach space with an un-
conditional basis.

The key idea of the proof is the following result which is of independent interest.

Theorem 11.13. Let X be a Banach space. Then the pointwise unconditional sum
T = Y02, Ty of hereditarily narrow operators Ty, € £(L1, X) is hereditarily nar-
row.

First, we show that Theorem 11.11 is an immediate consequence of Theorem 11.13.

Proof of Theorem 11.11. Let (Py,) be the basis projections associated with an uncon-
ditional basis of X and T € £(L1, X) be any operator. Then T = Y > | (Pp41 —
P,) T is a pointwise unconditionally convergent series of rank-one operators, which
are hereditarily narrow. By Theorem 11.13, T is hereditarily narrow. O

For the proof of Theorem 11.13, we need several lemmas. To formulate the first of
them, we observe that, if T = ) 7o, T, is a pointwise unconditionally convergent
series of operators 7,, : E — X then, by the Banach—Steinhaus theorem, the number

= sup HZ 0, Ty

0,==%1

(11.3)

is finite.
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Lemma 11.14. Let 1 < p < oo, X be a Banach space, and T,, : L, — X be
hereditarily narrow operators with pointwise unconditionally convergent series T =
S o Tn. Then, for any ¢ € (0,1/2), there exists a Banach space Y, operators
W e £(Y.X)and T € E(Lp,Y) with |W| <1and T = W o T, IT| < M,
where M is the constant defined by (11.3), and there exists an atomless sub-o-algebra
X1 C X, asystem (gn)ae, which is a basis in L,(X1) isometrically equivalent to the
L oo-normalized Haar system, and operators U,V € £(Lp(X1),Y) withU +V =
T|L (z,) such that |V || < & and (Ugyn)72, is a 1-unconditional system.

Proof. We define Y to be the linear space of all sequences y = (y1, ¥2,...), ¥i € X,
such that the series Zzozl v, converges unconditionally, equipped with the norm

oo
Il = sup |3 by
=1 1

For each x € L, and foreach y = (y1,y2,...) € Y " we set Tx = (Thx,Trx,...) €
Y and Wy = Zn_l yn € X. Obviously, T = W o T and |W| < 1.

Given n,m € N with n < m, we define contractive projections Py ;; by setting
Pomy = 0,....0, 0. Yn41,---,Ym—1,0,0,...) foreach y = (y1,y2,...) € Y,
and Py 00 by Prooy = (0,...,0,¥n, Yn+1....). Observe that lim, o0 Procy =0
foreachy e Y.

Fix any ¢ > 0. For the first step, we set g1 = 1jo,1], and choose n1 € N so
that ||P,,1Tg1|| < ¢/2. Weput Ugy = P angl and Vg, = Pp,, oo T g1. Denote
Aip ={t €[0,1] : g1(t) = 1} and A1 = {t € [0,1] : g1(¢) = —1}. Observe
that, by Proposition 11.2, the operator P ,, T as a finite sum of hereditarily narrow
operator is hereditarily narrow, and hence, narrow. We choose a mean zero sign g» on
A1 1 such that || Py ang2|| < ¢lg2ll/8., and find np > ny such that || Pp,, OoTg2|| <
ellg21l/8. We set Ugz = Pnl,nzTgZ and Vg = (P1n, + Pnz,oo)TgZ Note that
Vg2l < 27%¢llg2.

Continuing the procedure in this fashion, we obtain a sequence (gn);—, isomet-
rically equivalent to the Loo-normalized Haar system in L, and operators U, V:
[gn] = Y suchthatU + V = T|L (z,) and

IVenll <27"¢|lgnll. for each n € N, (11.4)

where X1 is the sub-o-algebra of X generated by (g,)52,. The boundedness of V/
and the inequality ||V || < & follow from (11.4), and the boundedness of U follows
from the equality Ug, + Vg, = 7gn for each n € N. It remains to observe that
(Ugn)y2, is a disjoint sequence, and hence, is 1-unconditional by the definition of
the normin Y. |

Lemma 11.15. Let (E -)°° be the Loo-normalized Haar system, X a Banach space,
and U € ¥(L1,X) an operator such that (Uh ])°° 1 is l-unconditional. Then for
each x = ij ajh; € Ly, we have |Ux| < 2||U|| sup; |a;|.
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Proof. Fixanyn € Nandm = 1,...,2", and let y, » = 2"1;m — 1. Then

[Yaml < 2" g + 11 < 2. (11.5)
Since ‘/‘[0’1] Yn.m .El du =0 and f[O,l] Yn,m -E2i+k du =0 for each i > n and
k=1,...,2", we can write
n—1 2! B
Ynm = Z Z([ Ynm +hoi 4k dﬂ)h2i+k ) (11.6)
i=0k=1 v10-1]

where (/) is the L1-normalized Haar system. Observe that

/ Yn,m h2i+k d/L = / 2"1[}2" . h2i+k d/,L = 2”/ h2i+k d,l,L
[0,1] [0.1] Iy

_ { Oim - 28, if 17 C supphyi

0, else

where 0; ,, € {—1, 1}. Hence we can continue (11.6) as follows:

n—1

Ynm = Z Oi,m i 'EZf+k(i,m) )
i=0
where k (i, m) is the unique number such that ;" C supp h,i 4 my- By (11.5) and
the 1-unconditionality of (U Ej ;”;1, we get

n—1
|32 27U R iy | = 2101
i=0

Averaging the last inequality over allm = 1,...2", we obtain

n

2
1 _ _ o
2001 = |55 32 (Uhikim + 2URaskem + -+ 2 Wkt s |-

Since for any fixed i and k, the term 2! U 1, +J occurs 2"~ times, we have

n—1 2¢

2001 2 303 kg

i=0k=1

By the I-unconditionality of (U;), this implies that for each x = Y52, ajh; € L,

2n—1 n—1 21
DRI ) oPRIEL N
j=1 i=0k=1

n—1 2!

= sup [ Y2 3 Ul | = 2101 sup oy .
J i=0k=1 J

By continuity of the norm, |Ux|| < 2||U|| sup; |a;|. O
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In the next lemma, it is convenient to enumerate the Haar system in a different way.

Lemma 11.16. Let (EO,O) U (En,k)ff:() ]2€=1 be the L s-normalized Haar system. Then

Sor every e > 0, there exists a sign x on [0, 1] of the form x = Z;c’:o 212::1 an,kﬁn,k
such that |oy, k| < e foreachn =0,1,...andk =1,...,2".

Proof. Letm € N so that m~! < e. We define recursively a sequence (x,)32, by
. 15 n —
setting xo = m lho,l and x, = Z/zc=1 Oy kchn i, forn > 1, where

1 : n—1 _.
e it ‘Zi=1 X
Qp k=

0, else.

<1lon suppﬁn’k,

By the construction, | Z:’;ll xi| < 1on]0,1] foreachn > 1, since xj takes values
from {0, m ™!} only. Thus, all partial sums of the series x = Z?:o Xp, are bounded in
modulus by 1. Since (x5) is an orthogonal system in L, the series converges in L,
and hence, in L;. By the construction, x = Y 2 Zill an,kﬁn,ka and |o, x| < €
foreachn =0,1,...and k = 1,...,2". It remains to show that x is a sign on [0, 1].
Weset A = {t € [0,1] : |x(t)| # 1}. By the construction, for eachn = 0,1,...

AC{tel0,1]:x,() #0} ={r €[0,1] : [x(1)| = %}

Thus 1(A) < m| x| for each n. Since lim,— oo || X5 || = 0, we get u(4) =0. O

We note that the idea behind the proof of Lemma 11.16 is the stopping time of a
martingale, similar to the idea of the proof of Step 1 of case (iii) of Theorem 9.9. The
idea of applying a stopping time in this way originated in [59]. Below we outline the
proof of Lemma 11.16 using martingale terminology.

For simplicity of notation we will work with the classical Haar system hy, ks, ...
on [0,1]. Let&, = >y hy and T = inf{n : |&,| > m}. Then (&,) is a martingale,
T is a stopping time and (§),) = (§,A7) is a uniformly bounded martingale. Hence
(€;,) converges almost surely and in L; to a limit & that takes only the values £m
on {T < oo}, but since (&,) fails to converge pointwise, the event {7 = oo} has
probability 0. This shows that £ = +m almost surely and E¢ = 0. Hence f = &/m
is the sign that we are seeking.

Proof of Theorem 11.13. Fix any A € £, any atomless sub-o-algebra ¥ of X(4),
any B € ¥ and any ¢ > 0. Applying Lemma 11.14 to the restrictions of T;, and T to
L1(F (B)), we obtain a system (g, ) isometrically equivalent to the L o-normalized
Haar system in L, a Banach space Y, and operators U, V € £(L{(F (B)),Y), W €
L(Y,X) suchthat |[W| <1, T = Wo (U + V)on L1(F(B)), |[V| < e/2 and
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(Ugy) is 1-unconditional. By Lemma 11.16 there exists a sign x = Z;iz ajgjonB
such that |oj| < &/(4||U|) for each j > 2. By Lemma 11.15 we obtain that

|Ux]l < 20U

x| < — =

4ol 2

Therefore, | Tx|| < ||Ux|| + [|Vx| <e&/2+¢/2 =¢. O

11.2 Gentle narrow operatorson L, with1 < p <2

In this section we study Open problem 7.52. This problem essentially asks whether
in the definition of a narrow operator one could drop the restrictions on the form of
the element x with |7 x| < &. In Definition 1.5, x is required to be {1, —1, 0}-valued,
while in Theorem 7.30, x is of any form with ||x|| = 1. In this section we identify a
condition, called p-gentle, on the rate of growth of the distribution of x and we say
that an operator 7 is gentle narrow if for every ¢ > 0 and every measurable subset
A C [0, 1], there exists an x supported on A and with a p-gentle the rate of growth
so that |Tx|| < & (see Definition 11.19). We prove that on L,, 1 < p < 2, such
operators have to be narrow, which partially answers Open problem 7.52.
Results of this section were obtained in [102].

Definition 11.17. For any x € Lo and M > 0 we define the M -truncation x™ of x
by setting

x(1)
x(1)

§M7

XM(Z)Z{ x(1), if S

M -sign(x (1)), if

Definition 11.18. Let | < p < 2. A decreasing function ¢ : (0, +00) — [0, 1] is
called p-gentle if

. 2—p p _
i M) =0

Definition 11.19. Let1 < p < 2, and let X be a Banach space. We say that an opera-
tor T € £(Lp, X) is gentle narrow if there exists a p-gentle function ¢ : (0, +00) —
[0, 1] such that for every € > 0, every M > O and every A € X there exists x € L,(A)
such that the following conditions hold:

@ llxll = p(a)'7;
(i) [lx = xM || < p(M) u ()7
(iii) || Tx|| < e.
Observe that every narrow operator is gentle narrow with

1—M, if0<M<1,
‘”(M)_{o, it M > 1.
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Indeed, for every sign x on A, |x — xM|| = @(M)u(A)/? for each M > 0,
where ¢ is the function defined above.

Another condition of an operator T € £(L,, X) implying that T is gentle narrow
is that for each A € ¥ and each ¢ > 0 there exists a mean zero Gaussian random
variable x € L, (A) with the distribution

e A (¢ _2
dxd:f tef0,1]:x() <a} = at e 202dt
wir < l0.1] } V2762 J-00

and such that |7 x| < e. One can show that in this case T is gentle narrow with
2

_ M2
@(M) = Ce 202, where C is a constant independent of M.
The main result of this section is the following theorem.

Theorem 11.20. Let 1 < p < 2. Then every gentle narrow operator T € £(Lp) is
narrow.

For the proof, we need several lemmas. First of them asserts that in the definition
of a gentle narrow operator, in addition to (i)—(iii) we can claim one more property.

Lemma 11.21. Suppose 1 < p < 2, X is a Banach space and T € £(Lp,X) is a
gentle narrow operator with a gentle function ¢ : [0, +00) — [0, 1]. Then for every
&> 0, every M > 0 and every A € X there exists x € Ly(A) such that the following
conditions hold

() x| = p(A)V?;
(i) [|lx —xM|| < o(M) u(A)"/7;
(i) | Tx| <&
@iv) xdu =0.
[0,1]

Proof of Lemma 11.21. Without loss of generality we assume that ||7']] = 1. Fix

€>0,M>0and A € X. Letn € N so that (u(4)/n)"/? < g/4, and decompose

A= AjU...UA, with A € Y and u(Ax) = n(A)/nforeveryk = 1,...,n. Bythe

definition of a gentle narrow operator, foreachk = 1,...,n, thereexist x; € Lp(Ag)

so that [|x |7 = p(A)/n, [|x = x| < p(M)p(A)V/P, and || Txi|| < &/(2n).
Without loss of generality, we may and do assume that

5:‘/ xndu‘z‘/ X dp
[0,1] [0,1]

fork = 1,...,n — 1 (otherwise we rearrange Ay, ..., A,). Observe that

’

<

”“(A))l/p (11.7)

el = (25

e
n 4"
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Inductively, we choose sign numbers 6; = 1 and 65,...,6,—; € {—1, 1} so that
foreachk =1,...,n — 1, we have

‘/[.O’l]iXi;Qixi d,u’ <$.

Choose a sign r on A, so that

n—1
rx,dpu = —/ Oix;du . (11.8)
/[0,1] [0,1] ;

This is possible, because

n—1
‘/ ZGﬂqdu‘sz‘/ xnd,u).
0,11, =, [0,1]

We set x = Z?:_% Ok Xk + rxn and show that x satisfies the desired properties:
. A
@) [l = Yy Iel? = - 252 = pu(A);

(i) [lx =M 17 = Y5y [l =17 < - (p(M)P - L2 = (o(M)? u(A):;
(iii) Since || T'|| = 1, by (11.7) and the definition of x we get

n—1 n
€
1Tl < D 7%l + 1T rall < 3 NT el + len = rxall < 5 + N2xal < e
k=1 k=1
Property (iv) for x follows from (11.8). O

Lemma 11.22. Assume 1 < p <2,a > 0and |b| < a. Then

p(p—1) b

P _ Pl P
(@a+b)? —pa? b >a? + =

(11.9)

Proof of Lemma 11.22. Dividing the inequality by a” and denoting t = b/a, we pass
to an equivalent inequality

—1
FoEatnr —pr—1- 222D -

for each t € [—1, 1], which we have to prove. Observe that

_plp—1
22-p

pip—1  plp—-1

fl() = p( + DL 4 (1+41)2-» 22—p

t and f"(t) =

Since f”(¢t) > O for every t € (—1,1) and f’/(0) = 0, o = 0 is the point of a
global minimum of f(¢) on [—1, 1]. Since f(0) = 0, the inequality (11.9) follows. DO
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=< < |a| for
eacht € Aand [, ,1ydp = 0. Then

pp—1 lyl3

p p .
lata +ylly = lal® (D) + =5= 125 -

Proof of Lemma 11.23. Evidently, it is enough to consider the case when a > 0 which
one can prove by integrating inequality (11.9) written for b = y (). |

Lemma 11.24. Let 1 < p <2 and T € £(Lp) be a gentle narrow operator with a
gentle function ¢ : [0,+00) — [0,1] and ||T|| = 1. Then for every M > 0, every
§ >0, every B € 7, everyn € (0,1/2), and every y € L, withn < |y(1)| < 1—n
forallt € B, there exists h € By __(p) satisfying the following properties:

@ [Th] < 2M(B)1/1’#;

p(p—1 gy (Lme(M)?

) Ly nhl? > Iyl1? + F5= o n(B)

— 4.

Proof of Lemma 11.24. Fix M, §, B, n and y as in the assumptions of the lemma.
Since we need to prove strict inequalities, we may and do assume without loss of
generality that y is a simple function on B

m
y 1= blp,. B=BiU--UBp n=|b|<1-7. (11.10)
k=1

Foreachk = 1,...,m we choose x; € L,(By) so that
(@ lxll” = u(B);
Qi) [l — <27l < e(M)p(B)'/7;

1/
i) | T | = PEDRENT,

@iv) X du = 0.
[0.1]

Letx = ZZI:l xg and b = M~'xM  We show that / has the desired properties:
(a) Observe that (iii) implies that

1/
PIDRETT — ponyusy'?. ara

m
ITxl < 3 Tkl < m
k=1
and (ii) yields

m

e =x™ 17 =" b =117 Z o(M))” 1(B) = (9(M))" 11(B). (11.12)

k=1 k=1
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Combining (11.11) and (11.12), we get
M M
TGN _ 1T x|l n llx —x™
M - M M
(b) Using the well-known inequality for norms in L, and Ly (see [25, p. 73]),
(1) and (11.12) we obtain

1Ml = x™ |, w(B)V27VP = (x|l = lx — xM ) (B)/271/ P
> u(B)YP (1 — (M) w(B)V/271P = (1 — (M) (B)V/?

< 2M(B)1/P%.

ITh| =

and hence, 5
IxMI3 = (1= @(M))” 1(B) . (11.13)

Thus,

m
Ly £ nhll? = |y -1ana|” + Y |k - 18, £ oM~ |
k=1

p P(p—1) el
Iy 10,1\8 H —I-kX:I |br| P 1 (B) + 23-p Mz Z b2~

by Lemma 11.23

(usmg (11.13), |bg| < 1 — n and the equality ) y—, ||xk 13 = ||xM||§>

p(p—1) n? (1—o(M))*
73-p .(1_77)2_17 /’L(B)T -

> Iyl? +

Note that the reason for including § in the second inequality is to make possible the
reduction to simple functions in the proof.

Proof of Theorem 11.20. Let T € &£(L,) be a gentle narrow operator with a p-gentle
function ¢ : [0, 4+00) — [0, 1]. To prove that T is narrow, by Theorem 7.59, it is
enough to prove that it is somewhat narrow. Without loss of generality, we may and
do assume that | T|| = 1. Fixany A € £7 and & > 0, and prove that there exists a
sign x € L,(A) such that || Tx|| < ¢|x]||. Consider the set

={y € Bro: 1Tyl =ellyl-
By arbitrariness of ¢, it is enough to prove the following statement:
(Ver > 0)(3 asign x € Lp(A))(y € Ke) : x =yl <ellyll - (11.14)

Indeed, if (11.14) is true for each ¢ and &1, we choose a sign x € L,(A) and
y € Ko suchthat ||x — y|| < ey where

e
2e 42

& = (11.15)
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Since &1 < 1, the inequality ||y || < ||x|| + ||lx — ¥|l < ||x|| + e1]|y| implies

Iyl < (B3

1— €1
and hence,

&
ITxl = WTy I+ llx =yl < S Uyl + eyl

= (Ere)ivlh < (5 +en)ly
- e E T g e

To prove (11.14), suppose for contradiction that (11.14) is false. Let £; > 0 so that

by (11.15)

eflx].

(Vsignx € Lp(A))(Vy € Ke) : [lx—y|l = erlly] - (11.16)
Let A = sup{||y|l : v € K¢}. Since T is gentle narrow, A > 0. Let

81)&

= W (11.17)

n

and observe that Y
A)HP 1
apA 7 1 (11.18)
41/p (AP 2

Since ¢ is p-gentle, there exist M > 0 and §; > 0 so that

(1—p(M))* > 1/2 (11.19)
and
_ -1 [ n \*7? M?2eP(1 —2PqP)

M2P (p(M))? < e» 2P _5 11.20
()" =" == (1 TRV

Choose &> > 0 and then 6, > 0 so that

2—-p Pyp
s, P=D (7 A »

(A—e2)? + 22012 \T—7 T—2mp 8 > A (11.21)

(by (11.18) the second summand in the left-hand side of the inequality is positive).
Let 6 = min{§1,d2}. By (11.20) and (11.21), we obtain

S P =) (o \TP MZeP(1-27y7)
- 16 1—7p np22r—2¢P ) p

(11.22)

M*P(p(M))”?

and

pp=1) (1 \*7 ar
(/\—82)11+26_2PM2 (1—7]) 'm—8>kp. (1123)
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Choose y € K with

Iyl > max{m, A— ez} : (11.24)

Define a sign x on A by

~ if [y(0)] < 1/2.
X0 = { sign(y). if [y(1)] > 1/2.

and put
B={reA:n=|y@)=1-n}
Since x isa signon A and y € Kg, it follows from (11.16) that
DI < e=? = [ x=ylrdus [ - yian
B A\B

~ K(B)
==

+ (u(A) — u(B))n?

Hence, using (11.24) and (11.17), we deduce that

1 AP ePar AP
w(B) (35 —17) z e Iyl? —u? = of S = = =
that is,
2P72eP )P

In particular, by (11.18) we have that ;(B) > 0. Observe that (11.22) and (11.25)
imply

gy <op POy -2
M ((P(M)) <e¢ 16M? (1—7]) np22p—2€f)tp
pp—1)  n \2P ePs
=ef - 11.26
o 16 M2 (1—;7> nP2P 1(B) ( )

By Lemma 11.24, we choose 7 € By __(p) so that (a) and (b) hold. By Lem-
ma 7.63(1), there exists a sign number 6 € {—1, 1} so that

ITy + OnTh|? < |Ty|” + n?|ITh||” .
Let z = y + Onh. Then by (a) and the choice of y € K,

IT217 < ITYI” + n? ITAIP < P11 + 0?27 w(BYM P (9(M))”

11.26 2
(11.26) PP =1 1)( n ) P g

(11.27)
= ePIvI? +nP2Pu(B)e? = m s 7
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On the one hand, by condition (b) and (11.19), we have

pp—1 n?

M-pp2 (1—n)2->

IzI? = [Iyl? + -u(B)—§. (11.28)

Then (11.27) together with (11.28), give

I7z)1”

<P
[z]?

’

and this implies that z € K, (note that z € By __(4) by definitions of z and B). On the
other hand, we can continue the estimate (11.28) taking into account the choice of y,
(11.24) and (11.23) as follows:

p(p—1) "
p _o\P . . _
217 > 0= e2)? o ST iy (B =8
by (11.25) -1 2 2P—2P)p by (11.23)
PNV AV k) B S VA SV
24=PM2 (1—n)?2=P 1-2PpP
This contradicts the choice of A. O

Example 7.56 demonstrates that an analog of Theorem 11.20 for p > 2 is false.

11.3 C-narrow operators on C(K )-spaces

In 1996 V. Kadets and Popov [57] extended the notion of narrow operators to operators
defined on C(K)-spaces. The definition in this setting needs to be different since
{1, —1,0}-valued functions are never continuous unless they are constant. V. Kadets
and Popov used the idea of Rosenthal’s characterization of narrow operators on Lj
(see Theorem 7.30) to generalize them to C(K)-spaces. This approach proved quite
fruitful as presented in this section. Following a suggestion from [63] here we call
these operators C-narrow, even though in [57] they were just called narrow.

Another generalization of the notion of narrow operators to C(K)-spaces was in-
troduced by V. Kadets, Shvidkoy and Werner [63] in 2001. Their approach came from
the theory of spaces with the Daugavet property, and thus their definition of narrow
operators is quite different — it was designed to work on spaces with the Daugavet
property, including C(K)-spaces and L. We do not present the theory of these oper-
ators here, since it is really a part of the modern theory of spaces with the Daugavet
property, which is broad enough for a monograph of its own, and would take us too
far away from our principal subject. For the interested reader, we list here the relevant
literature, which continues to grow: [15, 16, 53, 54, 60, 61, 63, 132].

V. Kadets, Shvidkoy and Werner [63] proved that their notion of narrow operators
coincides with the notion presented in this section for operators defined on C(K) if K
is a perfect compact Hausdorff space. They also showed that every narrow operator
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on Lj (in the usual sense of Definition 1.5) is narrow in the sense of [63], and they
asked whether these two notions coincide for operators on L.
For simplicity of the notation, we consider the space C [0, 1], however the same no-
tions and results hold for C(K), where K is any compact set without isolated points.
In this section all spaces are considered over the reals.

The definition of C-narrow operators on C[0, 1]

Given a Banach space X, an operator T € £(C|0, 1], X), and a segment I = [a,b] C
[0, 1], by C°[a,b] = C°(I) we denote the subspace of C [0, 1] consisting of all func-
tions vanishing off 7, and by 77 we denote the restriction of 7' to C°(I).

Definition 11.25. Let X be a Banach space. An operator T € £(C|0, 1], X) is called
C-narrow if for every I = [a, b] C [0, 1] the operator 77 is not an into isomorphism.

In other words, T is C-narrow provided for every I = [a,b] C [0, 1] and every
& > 0 there exists f* € Sco(ry such that [|[Tf| <.

The following two propositions describe the relationships between C-narrow and
C10, 1]-singular operators.

Proposition 11.26. Let X be a Banach space. Then every C |0, 1]-singular operator
T € £(C[0,1], X) is C-narrow.

To prove Proposition 11.26, it is enough to observe that C%(7) is isomorphic to
C0, 1] whenever a < b.

Proposition 11.27. There exists a C-narrow projection T € £(C|0, 1]) that fixes a
copy of C|0, 1].

Proof. Let A be the Cantor set on [0, 1]. We define an operator 7 € £(C|0, 1]) by
setting (Tf)(t) = f(¢) fort € A, and extending 7'/ to any constituent interval («, 8)
of [0, 1] \ A by linear extrapolation
o ==L e+ L= p).
a—p B—a
Observe that T is a projection of CJ0, 1] onto the subspace X of C[0, 1] of all
functions that are linear on any constituent interval (o, 8) of [0, 1] \ A, and that the
restriction f|a of an element f € X to the Cantor set is an isometry between X and
C(A). By the Milyutin theorem [107], C(A) is isomorphic to C[0, 1]. Hence, X is
isomorphic to C[0, 1]. Since T'|x is an isometry, T fixes a copy of C[0, 1]. To show
that T' is C-narrow, observe that for any interval / = [a,b] C [0, 1] with a < b there
exists a constituent interval («, 8) C [a,b] of [0, 1] \ A, on which T, g} = 0. O

The following statement asserts that in the definition of a C-narrow operator one
may claim the existence of a positive function at which the operator is small.
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Proposition 11.28. Let X be a Banach space. An operator T € £(C][0,1], X) is
C-narrow if and only if for every I = [a,b] C [0, 1] witha < b and every ¢ > 0 there
exists f € Sco(yy such that f > 0and ||Tf | < e.

Proof. By the definition of a C-narrow operator, we only need to prove one implica-
tion. Fix any I = Iy = [a,b] C [0, 1] witha < b and &€ > 0. We choose n € N so
that

(1—8)‘1(§+ ”nﬂ) <e, (11.29)

and f1 € Sco(y,) so that |Tf1]| < e/2. Without loss of generality, we may and
do assume that max;cs, f1(f) = 1 (otherwise we multiply f; by —1). Choose a
nontrivial interval /; C Iy such that fi(¢) > 1 — ¢, forallz € I;. Next we choose
f2 € Scoqr,y so that [Tf2|| < €/2 and max;er, f2(¢) = 1, and a nontrivial interval
I, C Iy sothat f>(t) > 1 —¢eforallt € I,. Likewise, foreachk = 2,...,n — 1,
we choose fry1 € Sco(y,) so that | Tfg4 1| < e/2 and maxsey, fr+1(1) = 1, and
a nontrivial interval x4 € If so that fp1(t) > 1 —¢, forall t € Ix4q. Let
g = %ZZ=1 Jk» and note that g € Sco(py, [Tgll < ¢/2, and g(¢) > 1 — ¢, for all
t € I,, and hence, | g|| > 1 —e. We claim that g > —1/n. Indeed, by definition, g
vanishes outside /,and g > 1 —& > —1/non I,. Let 0 < k < n — 1. Thus for all
t € Iy \ Iy we have

%(k(l—s)—l)z—%.

k
1
g0 = ~( Y &) + g1 () =
i=1
This proves the claim, because I = [, U Uz;})(lk \ Tg+1)-
Let

+
+_ 8+tlgl g
g = and f = .
2 g+l
Since g > 1—gon I, we have that ||g*|| = ||g|| € [1—e. 1], and since g > —1/n,

one has ||g — g7 < 1/n. Hence,

ITg™ | 1 17 e |IT|N by129)
1771 = 5 = —(ITel + =) =o' (5 +50) T < e
gl — 1—e n 2 n

It remains to observe that /> 0 and f € Sco(yy- O

Vanishing points of an operator and ideal properties of C-narrow
operators

We give a characterization of C-narrow operators on C [0, 1].

Definition 11.29. Let X be a Banach space. We say that an operator 7" : C[0,1] — X
vanishes at a point ¢ € [0, 1] (and write t € vanT) if there exists a sequence of
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intervals I, = [a,, b,] C [0, 1] with lim, o a;, = lim, 00 by, = ¢, and a sequence
of nonnegative functions f, € Sco(z,), converging pointwise to

1, ift=r1,
8 (r) = )
0, ift #t1,

and such that lim, o || T /5| = O.

Proposition 11.30. Let X be a Banach space and T € £(C[0,1], X). Then T is
C-narrow if and only if van T is dense in [0, 1].

Proof. Let T be C-narrow, and I = Iy = [a,b] C [0, 1] be any segment with a < b.
Using Proposition 11.28, we construct a nested sequence of segments /,+1 C [,
and a sequence of nonnegative functions f, € Sco(z, ) such that fn (1) > 1 —1/n
for all t € Iy41, and ||Tf,|| < 1/n. Without loss of generality, we assume that
lim, o0 (1) = 0. Then the point 7 such that {r} = (1, =, I» belongs to van 7. By
arbitrariness of 7, van T is dense in [0, 1].

The converse implication is immediate. O

Proposition 11.31. Let X be a Banach space and T € £(C|[0,1], X). Then the set
van T is a Gg-set in [0, 1].

Proof. Let T be given. For eachn € N, we define a set D, C Sc[o,1] as follows:

1 1
Dn ={f € Scioa1: (f =0&(ITf] < ;)&(diamsuppf < ;)} ,

and for any f € Scio,1) let

F,,(f)={te[0,1]:f(t)>l—%} and 7 = | Fa(f).

feDn

Observe that all Fj, are open in [0, 1], and vanT < F, for each n. Hence, the set
F = (n2, Fn is a Gs-set containing van 7. We show the converse inclusion. Let
t € ¥, thatis, t € ¥, for all n. Hence, for cach n € N there is f, € D, with
fn = 1 —1/n. Thus, the sequence (f,) together with the sequence of segments
I, = [inf(supp f»). sup(supp f»)] satisfy Definition 11.29. Thus, vanT = F. ]

The following statement characterizes vanishing points of an operator.

Proposition 11.32. Let X be a Banach space, T € £(C[0,1],X) and t € [0, 1].
Then t € vanT if and only if for any x* € X*, the point t is not an atom of the
measure corresponding to T*x™.
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Proof. Suppose that ¢ € vanT with functions ( f;,) that appear in Definition 11.29.
Letx* € X* and v be the measure corresponding to 7*x*, i.e. foreach f € C[0,1],

(T*x*, f) = fdv.

[0,1]

Then ¢ is not an atom for v, since

v({t}):‘/ 8,(r)dv(r)‘= lim f,,dv’
[0,1] n=0 Jo,1]
= | Jim x*(Tf)| = x| Jim |Tfull = 0.

For the other direction, let I, = [t —1/n,t + 1/n] and gn € Sco(z,) be any
sequence with g, > 0 and g,(¢) = 1. Since 7 is not an atom of the measure corre-
sponding to T*x* for any x* € X*, (g,) is weakly null. By Mazur’s theorem, there
is a sequence f, € conv{gy : kK > n} such that lim,— || 7 /5| = 0. Then sequences
(1) and ( f;,) satisfy Definition 11.29 for ¢. O

Note that in Proposition 11.32 it suffices to consider only extreme points x* of
By .

Now we are ready to show that the sum of two C-narrow operators defined on
C10, 1] is C-narrow.

Theorem 11.33. Let X be a Banach space. The set of all C-narrow operators from
C[0,1] to X is a (norm closed) subspace of £(C]0, 1], X).

Proof. Tt is enough to prove that the sum of two C-narrow operators is C-narrow (the
rest of the properties are obvious). Let S, 7 € £(C|[0, 1], X) be narrow. Note that if
two measures have no atom at a point ¢ then neither does the sum of these measures.
Hence, by Proposition 11.32, van S N van7T C van(S + 7). By Proposition 11.31,
van S and van T are dense Gg-sets in [0, 1]. By the Baire category theorem, van .S N
van T is dense in [0, 1], and thus, so is van(S + 7T'). By Proposition 11.30, S + T is
C-narrow. m|

The remaining ideal properties are similar to those of narrow operators on Kthe—
Banach spaces.

Proposition 11.34. Let X,Y are Banach spaces. If an operator T € £(C|0, 1], X)
is C-narrow then for every S € £(X,Y) the composition operator S o T is C-narrow.
On the other hand, there exists a bounded operator S € £(C|0, 1]) and a C-narrow
operator S € £(C|0, 1]) such that the composition T o S is not C-narrow.

Proof. The first part follows easily from the definition. Let 7" be the operator from
Proposition 11.27, and X be a subspace of CJ0, 1] isomorphic to C[0, 1] such that
T|x is an into isomorphism. Let S : C[0, 1] — X be an isomorphism. Then T o § is
an into isomorphism, and hence, is not C-narrow. O
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C-rich subspaces of C[0, 1]

In analogy with Kothe-Banach spaces, a subspace X of C|0, 1] is called C-rich if
the quotient map t : C[0,1] — CJ[0,1]/X is narrow. By Proposition 11.28, we
can equivalently say that a subspace X of C|0, 1] is C-rich if and only if for every
I =[a,b] € [0,1] witha < b and every & > 0 there exist f € Scocy with | > 0
and g € X suchthat || f —g|| < e. Of course, a complemented subspace X of C[0, 1]
is C-rich if and only if any projection P of CJ[0, 1] with ker P = X is C-narrow
(equivalently, there exists a C-narrow projection P of C[0, 1] with ker P = X).

It is easy to see from the definition that if X is a C-rich subspace of C|[0, 1] then
any subspace Y of C[0, 1] with Y D X is C-rich as well. On the other hand, distinct
C-rich subspaces may have trivial intersection. In analogy with Proposition 5.4, one
can construct quasi-complemented C-rich subspaces.

Proposition 11.35. There exists a pair of C-rich quasi-complemented subspaces of
Clo,1].

Proof. We split the Schauder system in C [0, 1] into two subsequences ( f;) and (g5),
attributing the functions vanishing precisely off some interval of length 272”+1 to the
first subsequence, and those vanishing precisely off some interval of length 272" to
the second one. Then [ f,] and [g,] are quasi-complemented C-rich subspaces. O

Nevertheless, Theorem 11.33 yields that C [0, 1] cannot be decomposed into a direct
sum of C-rich subspaces. Indeed, otherwise the identity (which is not C-narrow)
would equal the sum of two C-narrow projections, which contradicts Theorem 11.33.

Proposition 11.36. There is a decomposition C[0,1] = X & Y into subspaces iso-
morphic to C[0, 1] with Y C-rich.

Proof. Let T be the narrow projection of C|[0, 1] onto X from Proposition 11.27
with X isomorphic to C[0, 1], and let ¥ = kerT. Since Y evidently contains a
subspace isomorphic to C[0, 1] (for instance, C°[1/3,2/3]), by Pelczyfiski’s decom-
position method [108], Y is itself isomorphic to C |0, 1]. O

Corollary 11.37. Let a subspace Z of C |0, 1] be isomorphic to a direct sum C [0, 1] &
E, where E is a separable Banach space. Then Z is isomorphic to a C-rich subspace

of C[0, 1].

Proof. Note that in the decomposition C[0,1] = X & Y given by Proposition 11.36,
the space X is isomorphic to C[0, 1], and thus, is universal. If F C X is a subspace
isomorphic to E then F @ Y is a C-rich subspace of C[0, 1] isomorphic to Z. O

The converse assertion is also true: every C-rich subspace of C [0, 1] is isomorphic
to a direct sum C|0, 1] @ E for a suitable separable Banach space E. Equivalently
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speaking, every C-rich subspace of C|0, 1] contains a complemented copy of C[0, 1].
The proof is not so obvious (see [57]).

The Daugavet property of C-rich subspaces of C[0, 1]

Definition 11.38. Let X be a C-rich subspace of C[0, 1] and Y be a Banach space.
An operator T € £(X,Y) is called C-narrow on X if for each ¢ > 0 and each
I =la,b] € [0,1] with a < b there exist functions f € Sco(y and g € X such that
If =gl <eand |Tf] <e.

Definition 11.38 is consistent with Definition 11.25 for X = C][0,1]. Without
essential changes, one can prove the above results on C-narrow operators defined on
C10, 1] for the setting of operators defined on C-rich subspaces. In particular, one can
claim that f > 0 in Definition 11.38.

Theorem 11.39. Every C-rich subspace X of C|[0, 1] has the Daugavet property for
C-narrow operators on X.

Proof. Let T € £(X) be a C-narrow operator and ¢ > 0. Let f € Sy with ||[Tf] >
T — e, and g = Tf. Without loss of generality we assume that ||g|| = g(#) for
some tg € [0,1]. Let I < [0, 1] be any nontrivial interval such that g(¢) > ||T|| — ¢
foreach 7 € I. Since T is C-narrow, there exists s € Sco(yy withs > O and & € Sy
such that ||s — h|| < e/10 and |Th| < e. Letuy = (1 —e)f + Ah. Then |u, | isa
continuous function of A. Since ||ug|| = 1 — ¢ and ||uz| = 2||4]| — (1 — &) > 1, there
isA € (0,2) sothat ||uy] = 1. Letu = uy. Ift € [0,1] \ 7, then

u@)| = (1 =) f(t) + Ao(h —$)(t) + Aos(t)] < (1 — &) + Ao% <1,

and for all # € [0, 1] we have u(t) > (=1 — &) — Ag7p > —1. Thus, the function u
attains its norm at some point t € [, where u(r) = 1. We estimate ||/ + T|| as
follows:

I +TI =+ Tl =lu+ A =e)Tf + AoTh|
Z lu+ TF I = el TS| = Aol TR
> u(t) + g(t) —llT|| — eho
1+ (T —edTl +3).

By arbitrariness of ¢ > 0, the theorem is proved. O

Corollary 11.40. C|[O0, 1] has the Daugavet property for the set N of all C-narrow
operators on CJ0, 1].

Foiag and Singer [41] proved that C [0, 1] has the Daugavet property for the follow-
ing class M of operators: T € M C C][0, 1] if and only if for every [«, 8] < [0, 1]
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with @ < B and every ¢ > 0 there exists I = [a,b] C [&, B] with a < b such that
IT7|| < e. Evidently, M C N. However, the converse is not true. Indeed, let (e,)
be a sequence in C|0, 1] equivalent to the unit vector basis of c¢o, and let ( f,) and
(gn) be the subsequences of the Schauder system in C [0, 1] constructed in the proof
of Proposition 11.35. One can show that the operator 7' € £(C [0, 1]) which extends
by linearity and continuity the equalities 7'f; = ey and Tgr = 0 for each k € N is
C-narrow and does not belong to M.

The following statement, which is the main result of this subsection, is a conse-
quence of Corollary 11.37 and Theorem 11.39.

Corollary 11.41. Let X be a Banach space isomorphic to a direct sum C[0,1] ® E,
where E is a separable Banach space. Then there exists an equivalent norm on X
with respect to which X has the Daugavet property for C [0, 1]-singular operators.

The following statement is a consequence of Corollary 11.40 and Proposition 11.26.

Corollary 11.42. C|0, 1] has the Daugavet property for C |0, 1]-singular operators.

Independently (however, somewhat later) the same result was obtained in [140].

The well-known fact that C [0, 1] has no unconditional basis can be interpreted that
C|0, 1] cannot be decomposed into an unconditional sum of one-dimensional sub-
spaces. Using the Daugavet property, we can claim more.

Theorem 11.43. [If C[0, 1] is decomposed into an unconditional sum of subspaces
then, at least, one of them is isomorphic to C|[0, 1].

For the proof we need the following lemma.

Lemma 11.44. Let X be a Banach space and let M C £(X) be a linear subspace.
If X has the Daugavet property for M then the identity of X cannot be represented as
a pointwise unconditionally convergent series of operators from M.

Proof. Assume on the contrary that [ = ZZO=1 T, is a pointwise unconditionally
convergent series with 7,, € M for each n € N. Then the Uniform Boundedness

Principle implies that
2T
nel

By Theorem 11.33, for each / € N=® the operator ), .; T, is C-narrow. Thus,
using the Daugavet equation, we obtain
1+ D= sup ‘ Z Ty
neN\T7

-¥n
IeN<®
nel
< sup

< sup sup HZT,,
IeN=® JeN=®,JNI=0", JeN=w

¥ sup

IeN<®

< o0.

= sup
IeN<®

=D,

2T

neJ

which is a contradiction. O
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Proof of Theorem 11.43. Let C[0,1] = @ Y ;= X, be an unconditional decompo-
sition into subspaces, and let P, be the corresponding projection of C [0, 1] onto X,
parallel to all other X,,. Then I = Y > | P, is a pointwise unconditionally conver-
gent series. By Corollary 11.42 and Lemma 11.44, there is n € N such that P,
fixes a copy of C[0,1]. Thus X, contains an isomorph of CJ0,1]. Since X, is
complemented, by Petczyriski’s decomposition method [108], X, is isomorphic to
Clo,1]. O

We remark that using the same method and Lemma 11.44, one can prove the same
result for L1, which is due to Enflo and Starbird [37], that is, if L is decomposed into
an unconditional sum of subspaces then, at least, one of them is isomorphic to L.

Open problem 11.45. Ts the subspace of £(C|0, 1]) consisting of all C-narrow oper-
ators, complemented in £(C [0, 1])?

11.4 Narrow operators on L ., (j)-spaces

In this section we present the current status of the theory of narrow operators defined
on Ls. Here we use the standard definition of narrow operators, i.e. Definition 1.5.
We note that we do not know whether this is equivalent to Definition 10.1 for operators
on Lo (see Open problem 10.3). Majority of results about narrow operators rely
on the assumption that the domain space has an absolutely continuous norm. Since
L fails this condition, new techniques are needed for this setting. The theory of
narrow operators on Lo is quite different from the theory of narrow operators on
absolutely continuous spaces and there are many unresolved questions. It is not even
known whether in the definition of narrow operators the mean zero condition can be
omitted, like in the absolutely continuous case (see Open problem 1.10). Moreover,
not every compact operator on Lo is narrow and there exist nonnarrow bounded
linear functionals. We present here several surprising examples and the theory of
order-to-norm continuous narrow operators on Lo, as well as several natural open
problems. The results come from [71, 72] and [93]. We note that we presented a few
initial results about narrow operators defined on L in Chapter 10, Sections 10.1 and
10.2.

Nonnarrow continuous linear functionals

In Chapter 10 we saw an example of a nonnarrow continuous linear functional on
Lo (Example 10.12). V. Kadets has communicated to us an idea of the following
example.

Example 11.46. Let / € L} be a non-zero multiplicative functional. Then f is
Nonnarrow.
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Here we consider L, as a Banach algebra. A functional f : B — R on a Banach
algebra B is called multiplicative if f(x -y) = f(x)f(y) forall x,y € B. A
functional f € L% is multiplicative if and only if its kernel ker f is a maximal ideal
in L.

Proof. Since f # 0, there exists A € X such that f(14) # 0. Thus for every sign
xon Awehave 0 # f(14) = f(x-x) = (f(x))?. Hence f is not narrow. O

The following question was posed in [117].

Open problem 11.47. Does there exist a narrow functional f € L% which is not
strictly narrow?

Rich subspaces of L ,

The following is an analog of Theorem 2.8, which identifies conditions for the sub-
space X to be rich. Here, unlike in Theorem 2.8, we only obtain a sufficient condition
for X to be strictly rich.

Theorem 11.48. Let X be a weak™-closed subspace of Loo. Then X is rich if and
only if X N Loo(A) # {0} for every A € £,

Proof. The necessity of the condition is obvious. Let us prove its sufficiency. Assume
that X N Lso(A) # {0} for every A € ¥, For each A € ¥ we consider the set

Since the Lebesgue measure is atomless, we have that dim(X N Lo (A4)) = oo.
Since dim Loo(A4)/L%(A) = 1 < oo, we obtain that X N L9 (4) # {0}, by
Lemma 2.9, K4 # {0}. Since K4 is a subset of a weak*-closed set, the Banach—
Alaoglu theorem implies that K4 is compact in the weak™ topology of the space Loo.
By convexity of K4, the Krein—-Milman theorem yields that K4 has an extreme point
x € Ky4. It follows from a standard argument that |[x| = 14, see, for example, the
proof of Theorem 2.8. |

Corollary 11.49. Suppose that the kernel ker [ of a functional f € L% is weak*-
closed in Loo. Then f is strictly rich.

Order structure and order-to-norm continuous operators on L

As we already know, a compact operator defined on L, need not be narrow. However,
for every Banach space X every order-to-norm continuous AM-compact operator T €
L(Loo(it), X) is narrow (see Theorem 10.17 and Corollary 10.18). The proof of
Theorem 10.17 is very involved, however for the special case of L, we can now give
a much shorter proof of Corollary 10.18. Most of the results of this subsection were
obtained in [72].
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Theorem 11.50. Let (2, X, ) be a finite atomless measure space, and let X be a Ba-
nach space. Then every AM-compact order-to-norm continuous T € £(Loo(1t), X)
is narrow.

It is worth mentioning that the order boundedness and the norm boundedness for
sets in Lo (1) coincide. Thus, when speaking of bounded sequences in L (1), we
need not specify the kind of boundedness we mean.

Proof of Theorem 11.50. Let T € £(Lso(it), X) be AM-compact and order-to-norm
continuous. Fix any A € ¥ and ¢ > 0. Consider a Rademacher-type system () on
Lo (A). Since (ry,) is order bounded, (7'r,) is relatively compact in X. Hence, there
are indices n # m such that for x; = (r, — r;»)/2 we have |x1| = 1p,, B; C A4,
w(B1) = u(A)/2, [gx1dpn = 0and ||Tx| < &/2. Setting Ay = A\ By we do the
same with the set A; instead of A to find xo» € Loo(p) with |x2| = 1p,, By C Ay,
w(Bz) = (A1)/2 = u(A)/4, Jgx2dp = 0 and |[Txz|| < /4. Continuing this
procedure, we construct a sequence (x) in Loo(p) such that |x,| = 1p,, A =
L2 Bn (up to a set of measure zero), [oX, du = 0 and ||Tx,| < &/2". We set
X(w) = xu(w) for w € By, and x(w) = 0 for w € Q2 \ A, and observe that |x| = 14,
Joxduw = 0and > _; xg %5 xin Leo(t), by Proposition 1.18. By the order-
to-norm continuity of 7', the last condition implies that lim,— oo |73 f =1 X1)| =
[T x||. And since [|T (X f—q Xx)|l < Dk ITxk | < & we obtain |Tx| <e. O

So, the following question arises naturally:

Does there exist a Banach space X such that every order-to-norm con-
tinuous operator T € £(Loo, X) is narrow while not every operator of
this kind is AM-compact?

We will show that the answer is positive.
Our next goal is to give some characterizations of order-to-norm continuity for
operators with the domain L ().

Theorem 11.51. Let (2, X, i) be a finite atomless measure space, X be a Banach
space, and T € L(Loo(it), X). Then the following conditions are equivalent:

(1) T is order-to-norm continuous.
(1) T is order-to-norm o -continuous.

(iii) For any bounded sequence (x,) in Loo(lt) converging to zero in measure, one
has that | T x| — O.

(iv) Let p € [1,00). For any bounded sequence (xn) in Loo(it), the condition
x|, — O implies that | T x| — O.
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Proof. (i) = (ii) is obvious.

(ii) = (iii) Let (x;) be a bounded sequence in L (1t) converging to zero in mea-
sure. Suppose, for the sake of contradiction, that |7 x| > & > 0 for infinitely many
n € N. Without loss of generality we assume that this is true for all n € N. Passing
to a subsequence, we obtain that x,, — 0 a.e. and still |Tx,,| > § > 0, which
contradicts (ii).

(iii) = (iv) It is enough to note that | x|, — 0 implies that x,, — 0 in measure.

(iv) = (ii) Suppose that x; —°5 0. Then |Xn| < yn | O for some sequence (y,)
in Loo(p). By Proposition 1.18, y, — 0 a.e., and therefore ||y,||, — 0. Since
Ixnllp < llynllp for each n, we obtain that ||x, ||, — 0. By (iv), |7 x| — O.

(i) = (i) First we prove the following statement.

Claim. Let x4 | 01in Loo(t). Then there exists a strictly increasing sequence of
indices () such that inf, xg = 0 for any sequence of indices B, > ay.

Indeed, since 0 < Xp = Xa,» it is enough to show that inf, xo, = 0. Setfy =
foa du and observe that there exists o = limy #, because (#y) is decreasing and
bounded below by 0. Choose a strictly increasing sequence of indices () so that
lim, 00 fo, = fo. Since the sequence (xq,) is decreasing and bounded below by
0, z(w) = limp—c0 Xq, (@) > O exists a.e. Observe that z = infy, x4, and, by the
Lebesgue theorem, 7y = sz du. To prove the claim, it is sufficient to show that
to = 0. Suppose otherwise that 79 > 0. Since infy x4 = 0 and z # 0, there exists
an index B such that z A xg < z. For every n € N we choose an index y, so that
Yn = B and yp = ap. Then y = inf, x,, < z and [qydu = lim,o0ty, < lo,
which contradicts the choice of 7. Thus, the claim is proved.

Let T be order-to-norm o-continuous. It is enough to prove that 7" is order-to-norm
continuous at zero. Suppose that a net (x,) order converges to 0, i.e. there is a net
(ug) such that |xq| < uq | 0. By the claim, there exists a strictly increasing sequence
of indices (o) with infy, uy, = 0.

Fix any ¢ > 0 and consider the index set A = {« : || T xy|| > &}. We show that the
set A, is bounded from above, that is, there exists a 8 such that « < f foreacha € A,.
Indeed, supposing the contrary, we obtain that there exists a sequence () of indices
Bn € Ag such that B, > ay for each n. Then |xg,| < ug, < ug, and infy uq, = 0,

which implies that xg, —25 0. However, we have that |Txg, || > & which contradicts
the order-to-norm o-continuity of 7" at zero, which is another contradiction. Thus, the
set A, is bounded above by some 8 and hence, @ & A, (equivalently, |7 x| < ¢) for
every o > f3. This means that 7" is order-to-norm continuous at zero. O

By Theorem 11.51, if an operator T € £(Loo(it), X) can be continuously ex-
tended to L,(u) for some p < oo, then T is order-to-norm continuous. We will
show below that the converse is not valid: not every order-to-norm continuous oper-
ator from £(Loo(it), co(I")) can be extended to L,(u) for some 1 < p < oo (see
Example 11.57).
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Here is another characterization of order-to-norm continuity for operators from
Loo(p)to X.

Lemma 11.52. Let (2, X, 1) be a finite atomless measure space, and X be a Banach
space. An operator T € £(Loo(it), X) is order-to-norm continuous if and only if for
every ¢ > 0 there exists § > 0 such that for each x € Loo(t) with ||x|| < 1 and
u(supp x) < § we have | Tx|| < e.

Proof. For the “only if” part, suppose to the contrary that for some ¢ > 0 there exists
a sequence X, € Loo(it), ||xn]l < 1 such that u(suppx,) — 0asn — oo and

|7 xp|| = € for eachn € N. Then x,, — 0 a.e. and by Proposition 1.18, x, 0.
This contradicts the order-to-norm continuity of 7.

For the “if” part, let (x,) be a net order converging to zero and (1) be a net with
|Xa| < uy | 0. Further, we assume that ||uy|| < 1. Fix & > 0 and choose § > 0 so
that for every x € Loo(ut) with [x|| < 1 and p(supp x) < § we have that || T'x| < 3.
Then by the boundedness of T, there exists §; > 0 so that || Tx|| < 5 whenever
x|l < 81

For each o, let By = {w € Q : uy(w) > %‘} Since [quqdp > %/L(Ba)
and limg fguadu = 0, we obtain limy, t(By) = 0. Thus there exists a¢ such that
1(By) < & forevery a > ag. Let yo = xo —x¢1p, and z4 = xq1p,. The condition

|

[Xa(@)] < ug(w) < 871 for each w € Q \ By, implies ||yq| < 871 < 1. Hence,

ITyall < 5. On the other hand, since supp zy € By, we have that u(supp z¢) < 8

for each @ > g, and || z¢ || < ||xg| < [lug|l < 1. Therefore, || Tzy|| < 5 and so,

& &
ITxall = 1T (e + z2)ll = TG + T < 5+ 5 =¢

for each & > a. Thus, limy, ||T x| = 0 and T is order-to-norm continuous. O

The following two corollaries of Lemma 11.52 assert that an order-to-norm contin-
uous operator defined on L, has a separable “essential domain” and hence, a separa-
ble range.

Proposition 11.53. Let (hy,)52 | be the Haar system on [0, 1], X a Banach space and
S, T € £(Loo,X) order-to-norm continuous operators. If Sh, = Thy for each
neNthenS =T.

Proof. Note that for the characteristic function of any dyadic interval w = 1[k27l L&y
we have that Sw = T'w (since w belongs to the linear span of the Haar system). Fix
any x € Lo and any ¢ > 0. First, choose a simple function y = > 7 _, arly,,
[0,1] = [ |z=; Ak with [|[x — y|| < &/Q|S| + 2||T|)). Second, using Lemma 11.52,
choose a § > 0 so that for any u € Lo, ||u]| < 1 if u(suppu) < & then ||(S —
T)u| < ¢/2. Third, for each k = 1,...,n choose a disjoint union By of dyadic

intervals so that B; N Bj = @ fori # j and u(AxABy) < &/n. Then we obtain
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p(supp(y —z)) < 8 forz = Y j_, axlp,, and hence, |(S — T)(y — 2)|| < &/2.
Moreover, since z belongs to the span of the Haar system, (S — 7)z = 0. Hence,

[Sx =Tx| = [(S=T)x = + (S =T)(y =2

£
<[S=TIllx—=yl+ ;S5 t5=¢

| ™

By arbitrariness of ¢, Sx = T'x. O

Proposition 11.54. Ler (2, X, u) be a finite atomless measure space, X a Banach
space and T € L(Loo, X) an order-to-norm continuous operator. Then the range
T (Loo) is separable.

Proof. Using the same arguments as in the proof of Proposition 11.53, one can show
that the linear span of the set {T'h,, : n € N} is dense in T'(Lo). O

Different definitions of a narrow operator on L ., for order-to-norm
continuous maps

Since Lo (1) is a vector lattice, we can consider different definitions of narrow oper-
ators on Lo (): the standard one treating Lo (j4) as a function space, and the vector
lattice definition as in Definition 10.1. Let us consider several properties which could
mean different types of “narrowness” for an operator 7 € £(Loo(it), X):

(1) For every A € ¥ and every ¢ > 0 there exists x € Loo(it) such that [x| = 14,

xdu =0and ||Tx| <e.
Q

(ii) For every A € X and every ¢ > 0 there exists x € Loo(pt) such that |x| = 14
and ||[T x| < e.

(iii) For every y € Loo(i1)™ and every & > 0 there exists x € Loo(it) such that
|x| = yand | Tx| <e.

(iv) For every y € Loo(it)™ and every & > 0 there exists x € Loo(ut) such that

|x] =y,/xdu =0and ||Tx| <e.
Q

Note that (i) is Definition 1.5, (iii) is the definition of a narrow operator on a
vector lattice (Definition 10.1). Properties (ii) and (iv) are their weakest and strongest
form, respectively. Thus, either (i) or (iii) implies (ii), and (iv) implies all the other
properties.

The equivalence of (iii) and (i) was proved in Proposition 10.2 for operators defined
on a Kothe function space with an absolutely continuous norm. Here we prove that
all properties (i)—(iv) are equivalent for order-to-norm continuous operators defined

on Loo(it).
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Recall that Open problem 1.10 asks whether (ii) implies (i) for every Banach
space X and every operator 7 € £(Loso, X).

Theorem 11.55. ([72]) Let X be a Banach space and T € L(Loo(t), X) be an
order-to-norm continuous operator. Then all the properties (1)—(iv) are equivalent
forT.

Proof. By the above remarks, it is enough to prove the implication (ii) = (iv).

Let T # 0. Fixany y € Loo(u)™ and & > 0. Without loss of generality we assume
that 0 < |ly|| < 1. Choose a simple function u = Y /-, a;l4, # 0 witha; € R and
pair-wise disjoint sets A; € X so that A; C supp y = supp u and

|y —ull (11.30)

e
< —.
2Tl

By Lemma 11.52, there exists § > 0 so that for any z € Loo(nt), with ||z|| < 1, if

u(suppz) < § then
e

ITz| < (11.31)

Amlull -

Consider on X the measure u, generated by y, i.e. wy(A) = [ 4y du for any
A € X. We shall use the following simple fact whose proof we omit:

Claim: There exists n € N such that for any A € ¥ with A C supp y, if
My (A) < u(2)/n then u(A) < 4.

Choose an n, and for each i = 1,...,m, divide A; into n + 1 parts of equal
measure /iy
n+1
My (Ai)
Ai=| | ik ny(4ix) = P
k=1
Foreveryi = 1,...,mandk = 1,...,n, we use Property (ii) to find x; x € Loo(1t)
so that |x; x| = 14, , and
€
Txipll < ——. 11.32
” Xi k || 4nm”u” ( )
Let Bix = nyxi,k dufori =1,...,mandk = 1,...,n, and observe that
Py (4i)
[Bik] =y (Aik) = S (11.33)
foreachi =1,...,mandk =1,...,n.
Fix any i. Using (11.33) and inductionon £ = 1, ..., n, it can be easily shown that
there exist signs 0;,1,...,0; ¢ € {—1, 1} such that
y iy (A1)
y (A
‘]Z:l 0ijBij| < m .
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Thus, we choose such signs for £ = n. Then choose x; ,4+1 € Loo(ut) satistying
[Xin+1] =14; ,4, and

n
/nyi,n-f—l dw=—=>"6;xBik - (11.34)
k=1

By the above claim, since

py(Ai)  pu(S2)
ty(Ain+1) = nyTll <=

we have that j1(A4; ,+1) < 8 and hence, by (11.31),

&

| Txins1| < (11.35)

Amu

Letx; = ZZZI i kXi k + Xin41 fori =1,...,m. From (11.32) and (11.35) we
deduce

n
& &
ITxill < Txif| + |TXin+1]| <n + = . (11.36)
,;” ]+ | dnmull  dmlull - 2Zmu]|
Moreover, by the above construction, |x;| = 14; and | Y/ xi| = Lsuppy-
Now wesetx =y Y /. x; and v = ) 7~ a;x;. Observe that [x — v| = |y — u|

a.e.on 2 and hence, ||x — v|| = ||y — u||. Obviously, |x| = y. By (11.34),

m m n
Jovan=3" [ vman =33 0wk [ vmiseaut [ vrinirdu) 0.
Q@ i=17% k=1 Q@ =

i=1

Since ||x —v|| = ||y —u|| and |a;| < |ju]|, using (11.36) and (11.30) we obtain

=z & & &
Tx| = |[|[Tv|| + [[T]]lx—v] = ail || Txi || + = <m|u||m——+ <z =¢.
IT < N7+ 1T = vl = 3 lasl 1Tl + 5 < milull 3o + 2 ]

i=1

Order-to-norm continuous operators from L, (u) to co(I')

The main result of this subsection (Theorem 11.56) asserts that every order-to-norm
continuous operator from Lo (i) to co(I") is narrow, while not every order-to-norm
continuous operator from Leo (1) to co(I") is AM-compact, where I is any infinite
set. On the other hand, we construct an example of an order-to-norm continuous
operator from L to co which cannot be extended to a continuous linear operator on
any of the spaces L, with 1 < p < co. So Theorem 11.56 cannot be deduced from
the theorem of V. Kadets and Popov [56] that every operator T € £(L, co) is narrow
for any p, 1 < p < oco. Nevertheless, in our proof we follow the ideas of [56].
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Theorem 11.56. ([72]) Every order-to-norm continuous operator from Loo(1t) to
co(I") is narrow, but not every operator of this kind is AM-compact.

Proof. Fix any ¢ > 0and A € ¥ with u(A4) > 0, and consider the set
Kea = {x €Br :ITx]| <& and / xdu = O} .
Q

We claim that K, 4 is a convex and weakly compact subset of L, (u). The con-
vexity is easy to verify. The only thing that should be explained here is that K, 4 is
weakly closed. By convexity, it is enough to prove that it is norm closed in L, ().
Let x, € K¢ 4 and ||xn — x||1,(u) — 0 asn — oo. Then, obviously, |[x||z_ ) <1
and [ox du = 0. By Theorem 11.51, | T (x, — x)|| — 0 as n — oo, which implies
that ||T x| <e.

Thus, by the Krein—Milman theorem, there exists an extreme point xo € K, 4. We
show that |x¢| = 14. Suppose, to the contrary, that there exists § > 0 and a subset
B C A with u(B) > 0 such that [xo(w)| < 1—6 foreachw € B. Denote by (ey)yer
the unit vector basis for ¢o(T") and by (e})yer its biorthogonal functionals. Choose a
finite set I'g C I so that |e};(T'xo)| < &/2 foreachy € I" \ T'o.

Since Yo = [ey],er\r, has finite codimension in co(I"), by Lemma 9.4, the sub-
space

Xo=T""YoN{x € Loo() :/ xdp = 0}
Q

has finite codimension in Loo(u). Since dim Loo(B) = oo we conclude that
Loo(B) N Xo # {0}, so there exists yo € Loo(B) N Xo with yg # 0. Choose
a # 0sothat [|[ayollr ) < dand ||T(ayo)|| < &/2. Thus, xg £ ayg € K¢ 4, which
is a contradiction. Thus, by Corollary 11.55, T is narrow.

Finally, we construct an example of an order-to-norm continuous operator S €
£ (Lo, co) which is not AM-compact. This operator can be used in the obvious man-
ner to obtain an operator of &£(Lso(it), co(I")) with the same properties. Denote by
() the Rademacher system on [0, 1] and for every x € Lo set Sx = (£1,62,...)
where &, = forn du for each n € N. By Theorem 11.51, since S can be ex-
tended to a continuous linear operator S e £ (L1, cp), it is order-to-norm continuous.
Since the Rademacher system is an order bounded set in L, which is sent by S to a
nonrelatively compact subset of ¢y, the operator S is not AM-compact. m|

Now we show that not every order-to-norm continuous operator from L, to ¢g can
be extended to L, for some p < oo. Therefore, Theorem 11.56 cannot be deduced
from the results of [56].

Example 11.57. There exists an order-to-norm continuous operator 7" € £(L o, Co)
which cannot be extended to L, for any p < oco.
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Proof. First observe that it is sufficient to construct for each given p € [1, +00), an
order-to-norm continuous operator 7 = 7T, € £(Lo,co) that cannot be extended
to L, because then the desired operator can be easily obtained as the direct sum of
such operators for any sequence of p, tending to infinity.

Therefore, we fix p € [1, 00). For any sequence (A;) of disjoint sets from X and
any g € L1, we define for every x € L

Tx =(1.8,...), where §n=/ gxdu .

Since gx € L and u(A,) — 0, we have that Tx € cq by the absolute continuity of
the Lebesgue integral. Therefore, T : Loo — cg is a linear operator. Furthermore,
given any x € Loo, one has that [, |g[|x|du < |glz, x|, for every n € N,
hence 7T is bounded with ||T'|| < [|g]|L,-

To show that 7" is order-to-norm continuous, we consider any sequence (x;) in
L order converging to zero (i.e. |x,| < y, | O for some sequence (y;) in Lo).
By Proposition 1.18, (y,) tends to zero a.e. on [0, 1]. Thus, the sequence (|g|yn) is
decreasing and tends to zero a.e. By the Lebesgue theorem, G, = fQ lg|yndu — 0
as n — 00. On the other hand, for each n,m € N we have that

‘/ gxndu‘ 5/ IgllxnIdME/ lglyndp = Gy ,
AH‘L Q Q

from which it follows that || T x, || < G, — 0 asn — oco. Thus, by Theorem 11.51, T
is order-to-norm continuous.

We now choose a suitable sequence (4;) and g € L; as follows. Let (4,) be any
disjoint sequence in 3 with

o0

w(A4,) = an%l” where azzk%p
k=1
foreachn € Nand g = Y oo | n37721y,. Note that
o 3p—2 LS 3p2 3 e o, _ w2
/dil/v:r;”p p(An) = &nX::lnp n—P = anX::ln =5 <

We show that 7" cannot be extended continuously to L in this case. Indeed, putting
Xp = (/L(An))_l/plAn, we have ||x, |z, = 1 and

3p—2 -1 3p—2 1-1
| & du = P72 (u(An)) 7 u(An) = 1P (u(4,)) " 7
1 1_4
1 =Qur n—oo asn — Q0.

3p—2
(an3p)' ™7 0

=n
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By Theorem 11.56, every order-to-norm continuous operator from Lo (1) to co(I")
is narrow.

Let us now discuss possible extensions of this result for operators from L to €.

For1 < p < 2, every operator T € £(Loo(1),£p) is compact. Indeed, every
operator T € &£(Loo(u), £p) factors through a Hilbert space [77, Corollary 1, p. 285
and Corollary 2, p. 291], and hence is compact by Pitt’s theorem [3, Theorem 2.1.4].
Since compact operators are AM-compact, this fact and Theorem 11.50 give that for
1 < p <2, every order-to-norm continuous operator T € £(Loo(0),£p) is narrow.

The existence of noncompact operators from L, to £, with 2 < p < oo follows
immediately from the fact that L contains subspaces isomorphic to £, for I < g <
2 [3, Theorem 6.4.18] and so, Lo, contains quotient spaces isomorphic to £, for
p=>2

Moreover, for 2 < p < 00, there exists an order-to-norm continuous operator
T € £(Loo,p) which is not AM-compact. Indeed, the same operator 7" generated
by the Rademacher system as in the last part of the proof of Theorem 11.56 maps
Lo to €5, is not AM-compact but is extendable to an operator from L, to {5, so it is
order-to-norm continuous. For p > 2, {5 is continuously embedded in ¢ p and so the
same example works.

However the following is unknown.

Open problem 11.58. ([72]) Let 2 < p < oo. Is every order-to-norm continuous
operator T € &£(Loo, {p) narrow?

A sum of two narrow operators on L, need not be narrow

By Theorem 5.2, if an r.i. space E on [0, 1] has an unconditional basis then every
operator T € £(F) is a sum of two narrow operators. As noted by Krasikova in [71],
for E = L a weaker assertion is true.

Theorem 11.59. A sum of two narrow operators on Lo, need not be narrow.

The proof uses Theorem 5.2 and a factorization through L.

Lemma 11.60. For each p € [1,00) the identity embedding Jp : Looc — L is a sum
of two narrow operators T, S € £(Loo, Lp).

Proof. Suppose first that p > 1. By Theorem 5.2, the identity map I, : L, — Lj is
a sum of two narrow operators P, Q € £(Lp). LetT = PoJyand S = Qo J,. We
claim that 7 and S are narrow operators. Indeed, given any measurable set A C [0, 1]
and ¢ > 0, let x € L, so that x2 = 1y, f[o’l]xd,u =0 and |Px| < e. Since
X € Lo, we have that | Tx|| = || Px| < &, thus, T is narrow. Likewise, S is narrow.
Furthermore,

T+S=PoJy+Qo0J,=(P+Q)oJp=1Jp.
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Now let p = 1. Observe that J; = J o Jp where J : L, — L is the identity
embedding. Let J, = T+ S, where T, S : Lo, — L5 are narrow. By Proposition 1.8,
J oT and J o § are narrow operators from L, to L. Thus,

Ji=Jo(T+S)=JoT+JoS
is the desired representation. |

Proof of Theorem 11.59. Let U : L, — L be any isomorphic embedding and
T,S € £(Leo,L2) be any narrow operators such that 7 + S = J, where J :
Lo — L5 is the identity embedding (see Lemma 11.60). By Proposition 1.8, the op-
erators U o T and U o S are narrow members of &£(L,). We show that their sum V
is not narrow. Indeed,

V=UoT+UoS=UoJ,,

and hence for each x € Lo, with xZ = 1j9,1] we have

1Vl = U Jox | = ||U‘1||‘1/[ ]xzdu= lo=t=t,

s

and thus V' is not narrow. O

Open problem 11.61. Is the identity operator on Lo a sum of two narrow operators?

If yes, then by Proposition 1.8, every operator from £ (L) equals a sum of two
narrow operators.

By Theorem 10.5, the set of all narrow regular operators on L, is not a band in
the vector lattice of all regular linear operators on L. However, we do not know
whether it is a linear subspace.

Open problem 11.62." Is a sum of two regular narrow operators from & (L) nar-
row?

Even the following is unknown (see also Open problem 5.6).

Open problem 11.63. Is a sum of two narrow functionals from L% narrow?

Recall that we do not know whether the set of all regular order narrow operators on
L is a band (see Open problem 10.43).

! This problem has been recently solved in the negative by Mykhaylyuk and the first named author in
the paper “On sums of narrow operators on Kothe function spaces”. Preprint



Section 11.5 Narrow 2-homogeneous polynomials 301

11.5 Narrow 2-homogeneous polynomials

In this short section we observe that every 2-homogeneous scalar polynomial on L,
I < p < 2 is narrow. Polynomials on Banach spaces, according to Aron [10], play
a crucial “intermediate” role between linear mappings and arbitrary continuous or
differentiable functions. They have been actively studied by many mathematicians.
For a brief engaging introduction to the subject we refer the reader to [10], and for the
general work and bibliography on polynomials in infinite dimensional Banach spaces
to [30]. Here we present just one result concerning narrowness of polynomials. We
are not aware of any other results in this direction, but we feel that there may be some
attractive problems in this area.

Let X, Y be Banach spacesand n € N. Amap L : X" — Y is called polylinear
(more exactly, n-linear) if for any k, 1 < k < n, and all x1,...,Xg—1, Xk41,---»
Xp € X themap T : X — Y defined by

Tx =L(X1, .o X1, Xy X1 e s Xn) s

is a linear continuous map. If L : X" — Y is a polylinear map then the diagonal map
Px = L(x,x,...,x) is called an n-homogeneous polynomial. An n-homogeneous
polynomial P : X — K, K = R or C, is called an n-homogeneous scalar polyno-
mial.

In particular, for n = 1, the 1-homogeneous scalar polynomials are exactly the
linear functionals. Observe that for any 7' € £(X, X*) the map

P(x)=(Tx,x) =Tx(x), xeX (11.37)

is a 2-homogeneous scalar polynomial. By [40], the converse is also true: for every 2-
homogeneous scalar polynomial P on X, there exists T € £(X, X*) that generates P
by (11.37).

Proposition 11.64. Let | < p < 2. Then every 2-homogeneous scalar polynomial
P : L, — K is narrow.

Proof. Assume firstthat 1 < p <2 andsetg = p/(p —1). LetT € £(Lp,Ly). By
Theorem 9.7, T is narrow. This yields that the polynomial P is also narrow, defined
by (11.37), because of the following inequalities:

P(x)] = (/[0’1] Tx - xdu| < (/[0’1] |Tx|‘fdu)”q(/[071] el au)”

= [Tl - flx] -

Assume now that p = 1. Let P : Ly — K be any 2-homogeneous scalar
polynomial. Fix any r € (1,2) and consider a 2-homogeneous scalar polynomial
Py : L, — K defined by

Pi(x) = P(x), x € L,
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where P; is well defined by the continuity of the inclusion L, € Lj. By part one of
the proof, P; is narrow, and hence, so is P. O

The elegant proof shown above of Proposition 11.64 for p = 1 is due to V. Kadets.
Observe that the assertion of Proposition 11.64 is false for p > 2 because of the
following obvious example

P(f)=(ﬁf)=[[0 S
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Open problems

In this chapter, for the convenience of the reader, we list all the open problems that
were stated throughout the book. In this chapter we number them consecutively and,
for easy reference, in parenthesis we provide the original number from the text. We
refer the reader to the statement in the text for comments on the context of the listed
problems and for any relevant partial results. In square brackets we reference the
original source where the problems were first posed. If that reference is not present, it
means that this book is the first to pose the problem.
We group the problems by subject.

Definition of a narrow operator

Open problem 1. (1.10) [72] Does Definition 1.5 remain the same for £ = L if
the condition on a sign to be of mean zero is omitted?

Open problem 2. (10.3) [117] Are Definitions 1.5 and 10.1 equivalent for every
Kothe—Banach space E on a finite atomless measure space, and every Banach
space X? What if £ = L?

Strict singularity versus narrowness

Open problem 3. (2.6 and 7.1(a)) [110] Let E be a Kothe-Banach space with an
absolutely continuous norm, not isomorphic to an Lj(u)-space, and X be a Banach
space. Is every strictly singular operator 7 € £(E, X ) narrow?

Open problem 4. (2.7 and 7.1(b)) [110] Let £ be a Kéthe—Banach space with an
absolutely continuous norm, and X be a Banach space. Is every £,-strictly singular
operator T € £(E, X) narrow?

Open problem 5. (7.1(b)) Let T be an operator from E to X. Does T have to be
narrow, provided that 7' is Z-strictly singular for an appropriately chosen infinite
dimensional subspace Z of E?

Open problem 6. (7.1(c)) Let T be an operator from E to X. Does T have to be
narrow, provided that T is non-Enflo, that is, 7" is E-strictly singular?
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Strictly narrow operators

Open problem 7. (2.17) Let E be a Kothe F-space with an absolutely continuous
norm on (€2, X, ) and X be an F-space. Suppose that dens E(4) > dens X for
every A € 1. Does it follow that every operator T € £(E, X) is strictly narrow?
Invariant subspaces for narrow operators

Open problem 8. (2.18) Let E be a Kothe—Banach space on (2, X, ). Does every
narrow operator 7 € L(E) have a nontrivial invariant subspace?

Numerical index of a Banach space

Open problem 9. (5.12) [90] Let 1 < p < o0, p #2.
Npar(Lp) =1inf{v(T) : T € £(Lp), |T| =1, T is narrow} .

Does n(Lp) = npar(Lp)?

Generalizations of results from the setting of L-spaces to L ,-spaces

Open problem 10. (7.51) Characterize Banach spaces X for which a sum of two
narrow operators in £(L 1, X) narrow.

Open problem 11. (7.52) [102] Suppose an operator T € £(Lp), 1 < p < 2,is
such that for every A € 7 the restriction T'| L,(4) 1s not an isomorphic embedding.
Does it follow that T is narrow?

Open problem 12. (7.81) Suppose 1 < p < oo, p # 2. Let X be a Banach space
and suppose that T € £(L,, X) fixes a copy of L,. Do there exist A9 € = and an
atomless sub-o-algebra X of X(A4g) such that the restriction 7’|, »(A0,3) 18 an into
isomorphism? What if X = L,?

Weak embeddings of L

Open problem 13. (8.7) [101]

(a) Suppose that L sign-embeds in X. Does L; Gg-embed in X?

(b) Suppose that L1 Gg-embeds in X. Does L sign-embed in X ?

(c) Suppose that L sign-embeds in X. Does L semi-embed in X ?
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Open problem 14. (8.10) [101]

(a) Assume that L; semi-embeds in X, and Y is a subspace of X. Does L; semi-
embed either in ¥ orin X/Y?

(b) Assume that L Gg-embeds in X, and Y is a subspace of X. Does L; Gg-embed
eitherin Y orin X/Y?

Regularly complemented subspaces of L,

Open problem 15. (10.45) [93] Let 1 < p < o0, p # 2. Is every regularly comple-
mented subspace of L, isomorphic to either £, or Lj?

Narrow operators on vector lattices

Open problem 16. (10.42) [93] Is Theorem 10.40 true for regular operators, which
are not order continuous?

Open problem 17. (10.43) [93] Is the set of all order narrow regular operators 7 :
Loo — L a band in the vector lattice L,(L) of all regular linear operators on
Loo?

Open problem 18. (10.46) [93] Let E be an order continuous Banach lattice and
T € L,(F) be aregular operator. Suppose that for each band F C E the restriction
T|F is not an isomorphic embedding. Must T be narrow?

Rich subspaces

Open problem 19. (6.14) (Semenov, [118]) Let E be an r.i. space on a finite atomless
measure space, £ # L. Does there exist a constant kg > 1 such thatif P # [ isa
projection onto a rich subspace of E then || P|| > kg?

Open problem 20. (7.54) [110, p. 73] Let E be an r.i. Banach space on [0, 1], E #
L. Let X be a subspace of E such that p(L1(A), X) = O forevery A € £F. Must X
be rich?

Hereditarily narrow operators

Open problem 21. (11.9) Let 2 < p < oo. Is the orthogonal projection P, defined
by (11.1), from L, onto the span R of the Rademacher system (r,), hereditarily
narrow?

Open problem 22. (11.6) Let 1 < p < 2. Is every hereditarily narrow operator
T € £(Lp) non-Enflo?
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Narrow operators on L o, (i)

Open problem 23. (11.47) [117] Does there exist a narrow functional f € L%
which is not strictly narrow?

Open problem 24. (11.58) [72] Let 2 < p < oo. Is every order-to-norm continuous
operator T € £(L oo, {p) narrow?

Open problem 25. (11.61) Is the identity operator on Lo a sum of two narrow op-
erators?

Open problem 26. (5.6) Is the sum of two narrow operators from £(Loo), at least
one of which is compact, narrow?

Open problem 27. (11.63) [117] Is the sum of two narrow functionals from L3,
narrow?

C-Narrow operators on C [0, 1]

Open problem 28. (11.45) Is the subspace of £(C|0, 1]) consisting of all C-narrow
operators, complemented in £(C [0, 1])?
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